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TUE  LONDON  MATHEMATICAL  SOCIETY  is  instituted  for  the  promution 
and  extoiision  of  Mathotnatical  Knowlodf^e. 

It  Wiis  founded  in  1865,  and  incor|)or;itod  under  Soriion  23  of  the  Companiei 
Act  18()7  in  1894. 

Every  Candidate  for  Membership  must  be  proposed  and  recommended,  according 
to  a  form,  which  the  Secretaries  will  supply,  by  not  less  than  three  Members,  of 
whom  one  at  least,  except  in  special  cases  to  be  submitted  for  the  decision  of  the 
Council,  must  certify  his  personal  knowled^re  of  the  Candidate. 

This  form  is  road  at  one  of  the  Ordinary  or  Annual  General  Meetings,  and  the 
Candidate  is  balloted  for  at  the  next  ensuing  meetinjr,  provided  that  seven  Mem- 
UfiTB  are  present  thereat. 

The  Candidate,  if  eloctcvl,  is  informed  of  his  clectitm  by  one  of  the  Secretaries, 
and  supplied  with  a  copy  of  the  Meniornndum  and  Articles  of  Association  and 
Hy-Lnws.  He  must  pay  the  ctmtribution  which  in  due  from  him  within  six 
months  after  the  day  of  his  election,  otherwine  his  election  shall  Vie  void. 

An  entrance  fee  of  one  guinoa  w  required  to  be  paid  by  each  newly  elected 
Member. 

The  Annual  Subscription  to  be  paid  by  each  Member  is  one  guinea:  any 
.Member  may  compound  for  his  annu-al  subscriptions  by  the  payment  of  ten 
guineas  in  one  sum. 

Every  Member  is  considered  liable  for  his  annual  subscription  until  he  has 
signified  in  writing  his  desire  to  resign,  an«l  has  retnrnefl  all  books  and  property 
belonging  to  the  Society. 

The  affairs  of  the  Society  are  directed  by  the  Council  and  Officers. 

The  Council  consists  of  sixteen  Members,  including  the  Officers,  and  is  chosen 
from  among  the  Ordinary  Members  of  the  Society  at  the  Annual  General  Meeting, 
held  on  the  second  Thursday  in  November. 

The  Officers  are  a  President,  Vice-Presidents,  u  Treasurer,  and  SecreUiries. 

The  Ordinary  Meetings  of  the  Society  are  held  at  its  Rooms,  22  Albi>marle 
Street,  and  commence  at  6.30  o'clock  in  the  evening.  The  dates  of  meeting  for  the 
year  1904  are  the  second  Thursdays  in  January,  February,  March,  April,  May, 
Jane,  November  and  December. 

At  these  meetings  papers  ai-e  read  and  communications  made :  upon  each 
paper  or  communicatiim  the  Chairman  invites  discussion. 

The  Ctmncil  alone  decides  whether  any  paper  proptMed  for  reading  shall  or 
shall  not  bo  read. 

After  a  paper  has  been  presented  to  the  Society,  it  is  referred  by  the  Council 
to  two  or  more  Members,  who  report  to  the  Council  on  its  fitness  for  publication  in 
the  Proceedings,  After  hearing  the  reports,  the  Council  decides  by  ballot  whether 
it  shall  be  printed  or  not. 

Authors  of  Papers  intended  for  communication  to  the  Society  are  requested 
to  furnish  to  the  Secretaries  short  abstracts  of  their  Papers,  indicating  the 
nature  of  the  methods  employed  and  the  character  of  the  results  obtained. 


Communications  for  the  Secretaries  may  be  forwarded  to  them  at  the  following 
addresses: — 

London  Mathematical  Society,  22  Albemarle  Street,  W.  {  „1  J 

'  '  *  W.  BuKNSIDt. 

34  St.  Margaret's  Road,  Oxford.— -A.  E.  H.  Lovb. 
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EECOEDS  OF  PEOCEEDINGS  AT  MEETINGS 


SESSION   NOVEMBER,    1908-JUNE,    1904. 
Thursday^  November  \2thy  1908. 

Annual  General  Meeting. 
Prof.  H.  LAMB,  President,  in  the  Chair. 

Present  fifteen  members  and  a  visitor. 

Mr.  B.  S.  Wolfe  was  elected  a  member. 

Miss  C.  I.  Marks  was  admitted  into  the  Society. 

The  Treasurer  read  his  Report.  On  the  motion  of  Mr.  Dallas, 
seconded  by  Mr.  C.  S.  Jackson,  the  Treasurer's  Report  was  received. 

Dr.  J.  G.  Leathem  was  appointed  Auditor. 

The  Secretaries  reported  that  during  the  year  the  Society  had  lost 
by  death  two  honorary  members  and  six  members,  and  that  the  number  of 
members  (260)  at  the  beginning  of  this  Session  was  the  same  as  that 
at  the  beginning  of  the  previous  Session.  During  the  year  the  Upsala 
Society  of  Sciences  had  been  added  to  the  list  of  Societies  with  which  the 
Society  exchanges  publications. 

The  President  referred  to  the  loss  sustained  by  the  Society,  and 
by  mathematicians  in  general,  by  the  death  of  Luigi  Cremona,  and  gave 
an  account  of  his  scientific  work.  He  also  referred  to  the  loss  sustained 
by  the  Society  by  the  early  death  of  Augustus  Perronet  Thompson. 

The  Council  and  OflScers  for  the  ensuing  Session  were  elected.  They 
are  as  follows  :  —  President,  Prof.  H.  Lamb  ;  Vice-Presidents,  Prof. 
E.  B.  Elliott,  Dr.  E.  W.  Hobson,  Dr.  H.  F.  Baker;  Treasurer,  Prof. 
J.  Larmor;  Secretaries,  Prof.  A.  E.  H.  Love  and  Prof.  W.  Bumside; 
other  members  of  Council,  Mr.  J.  E.  Campbell,  Dr.  J.  W.  L.  Glaisher, 
Mr.  J.  H.  Grace,  Mr.  H.  M.  Macdonald,  Major  P.  A.  MacMahon, 
Mr.  G.  B.  Mathews,  Mr.  A.  E.  Western,  Mr.  E.  T.  Whittaker,  Mr.  A. 
Young. 


BbGORDS   of   PB00BBDIKO8   AT   MEETINGS.  V 

The  following  papers  were  communicated  : — 

Note  on  Borgnet's  Method  of  Dividing  an  Angle  in  an  Arbitrary 

Ratio  :   Prof.  J.  D.  Everett. 
The   Propagation  of   Wave-motion  in  an  Isotropic   Elastic   Solid 

Medium  :    Prof.  A.  E.  H.  Love.* 
On  Spherical  Curves  :  Mr.  H.  Hilton.* 
On  Sequences  of  Sets  of  Intervals  containing  a  given  Set  of  Points : 

Mr.  W.  H.  Young.* 
A  Formal   Generalization  of   Maclaurin's   Theorem :    Rev.  F.  H. 

Jackson.* 
On  the  Weddle  Quartic  Surface :   Dr.  H.  F.  Baker.* 
The  Theory  of  Dififraction  :  Mr.  W.  H.  Jackson.* 
A   General   Theorem   concerning  Absolutely   Convergent   Series : 

Mr.  G.  H.  Hardy.* 
Notes  on  Quaternions,  including  a  Geometrical  Interpretation  of 

Vafiy  :   Prof.  R.  W.  Genese. 
On  the  Expression  of  the  Electro-magnetic  Field  by  means  of  Two 

Scalar  Potential  Functions  :    Mr.  E.  T.  Whittaker.* 
Analogue  of  the  Jordan  Lemma  for  Four  Variables :   Mr.  P.  W. 

Wood.* 


Thursday,  December  10th,  1908. 

Prof.  H.  LAMB,  President,  in  the  Chair. 

Fourteen  members  present. 

The  following  were  elected  members : — Miss  A.  E.  Bennett,  Rev. 
M.  F.  Egan,  Major  Close,  Messrs.  W.  H.  Jackson,  T.  H.  Havelock, 
H.  Bateman,  Z.  U.  Ahmad. 

The  President  referred  to  the  loss  sustained  by  the  Society  by  the 
death  of  Mr.  G.  H.  Stuart. 

The  following  papers  were  communicated : — 

Proof  of  a  Formula  in  Elliptic  Functions  :   Mr.  R.  G.  Dallas. 
Modes  of  Convergence  of  an  Infinite  Series  of  Functions  of  a  Real 

Variable :  Dr.  E.  W.  Hobson.* 
Many-valued  Newtonian  Potentials  :   Prof.  A.  C.  Dixon.* 
A    Generalization    of    Neumann's    Expansion    of    an    Arbitrary 
Function   in   a   Series  of   Bessel's   Functions  :    Rev.  F.  H. 
Jackson.* 
On  Normal  and  Anti-Normal  Piling  :  Prof.  J.  D.  Everett.* 

*  Printed  in  Froeesdtnga,  Ser.  2,  Vol.  1. 
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On  the  Distribution  of  Points  of  Uniform  Convergence  of  a  Series 

of  Functions  :  Mr.  W.  H.  Young.* 
On  Functions  all  of  whose  Singularities  are  Non-essential :    Mr. 
P.  E.  B.  Jourdain. 
Lt.-Col.   A.    Cunningham   announced   a  property   of  Fermat's  num- 
bers. 


Thursday,  January  lAth,  1904. 

Dr.  E.  W.  HOBSON,  Vice-President,  in  the  Chair. 

Present  nineteen  members  and  a  visitor. 
Mr.  W.  M.  Roberts  was  elected  a  member. 
Miss  A.  E.  Bennett  was  admitted  into  the  Society. 
The  following  papers  were  communicated : — 

On  Various  Systems  of  Piling  :   Prof.  J.  D.  Everett.* 
Electric  Radiation  from  Conductors :  Mr.  H.  M.  Macdonald.* 
The   Notion  of   Lines  of  Curvature  in  the  Theory  of   Surfaces  : 

Dr.  G.  Prasad. 
Groups  of  Order  p'^q^  :   Prof.  W.  Burnside. 
The  Solution  of  Partial  DiflFerential  Equations  by  means  of  Definite 

Integrals  :   Mr.  H.  Bateman.* 
Open  Sets  and  the  Theory  of  Content :   Dr.  W.  H.  Young.  + 
Upi)er  and  Lower  Integration  :   Dr.  W.  H.  Young.  + 
List  of    Primes  of    the    form  4n-|-l   between   10®  and    10®+ 10^: 
Dr.  T.  B.  Spiague. 
The  Treasurer  presented  the  Auditor's  Report.      On  the  motion  of 
Mr.  Dallas,  seconded  by  Lt.-Col.    A.  Cunningham,    the    Report    of   the 
Treasurer,  read  in  November,  1903,  and  the  Report  of  the  Auditor  were 
adopted,  and  the  thanks  of  the  Society  were  given  to  the  Treasurer  and 
Auditor. 


Thursday,  February  11th,  1904. 

Prof.  H.  LAMB,  President,  in  the  Chair. 

Eighteen  members  present. 

Messrs.  R.  C.  Maclaurin,  E.  M.  Radford,  P.  W.  Wood,  J.  W.  Sharpe, 
were  elected  members. 

Mr.  Z.  U.  Ahmad  was  admitted  into  the  Society. 

*  Printed  iji  Proceediugft ^  Ser.  2,  Vol.   1. 
t  Printed  in  Proceedinff$,  Ser.  2,  Vol.  2. 
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The  President  referred  to  the  loss  sustained  by  the  Society  and  by 
mathematicians  in  general  by  the  death  of  Dr.  Salmon,  and  gave  an 
account  of  his  scientific  work. 

The  following  papers  were  communicated : — 

On  the  Roots  of  the  Equation  .^  =  c  :   Mr.  G.  H.  Hardy.  + 

Some  Extensions  of  Abel's  Theorem  on  Power  Series  on  the  Circle 

of  Convergence  :  Mr.  G.  H.  Hardy,  t 
On  Group -Velocity  :  Prof.  H.  Lamb.* 
On  a  certain  Double  Integral :  Prof.  A.  C.  Dixon.  + 
On  an  Appropriate  Form  of  Conductor  for  a  Moving  Point  Sing- 
ularity :  Prof.  A.  W.  Conway. 
On  the  Irreducibility  of  Perpetuant  Types :  Mr.  P.  W.  Wood.* 

The  Expression  of  I    enxte^^dt  and  other  Integrals  by  means  of 

Jo 

Continued  Fractions  :   Prof.  L.  J.  Rogers. 


Thursday,  March  10th,  1904. 

Dr.  E.  W.  HOBSON,  Vice-President,  and,  temporarily.  Prof.  ELLIOTT, 

Vice-President,  in  the  Chair. 

Fourteen  members  present. 

Mr.  S.  T.  Shovelton  was  elected  a  member. 

The  following  papers  were  communicated  : — 

On   Inner   Limiting   Sets   of   Points  in  a  Linear   Interval  :    Dr. 

E.  W.  Hobson.t 
Illustrations   of   Modes   of   Decay   of   Vibratory   Motions  :     Prof. 

A.  E.  H.  Love.t 
The  Unique  Expression  of  a  Quantic  of  any  Order  in  any  Number 

of   Variables,   with   an   application   to   Binary   Perpetuants  : 

Mr.  P.  W.  Wood.+ 
The  Derivation  of  Generalized  Bessel  Coefficients  from  a  Function 

analogous  to  the  Exponential :   Rev.  F.  H.  Jackson. t 
Transformation  of  Generalized  Legendre  Functions:   Rev.  F.  H. 

Jackson,  f 
Singularities  of   Functions   determined  by  Taylor's  Series  :    Mr. 

H.  M.  Macdonald. 


♦  Printed  in  FroMedings^  Ser.  2,  Vol.   1. 
t  Printed  in  ProceedingBy  Ser.  2,  Vol.  2. 
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Thursday,  April  Uth,  1904. 

Dr.  E.  W.  HOBSON,  Vice-President,  in  the  Chair. 

Twelve  members  present. 
The  following  papers  were  communicated  : — 
On  a  Plane  Quintic  Curve  :   Prof.  F.  Morley.* 
Note  on  a  System  of  Linear  Congruences  :   Rev.  J.  Cullen.* 
The  Tile  Theorem :  Dr.  W.  H.  Young.* 
Note  in  addition  to  a  Former  Paper  on  Conditionally  Convergent 

Multiple  Series  :  Mr.  G.  H.  Hardy.  * 
On   Functions  generated  by  Linear  Difference  Equations  of  the 

First  Order  :  Rev.  E.  W.  Barnes.* 
Mathematical   Analysis  of   Wave-Propagation   in  Isotropic   Space 

of  p  Dimensions:   Mr.  T.  H.  Havelock.* 
On  Spherical  Curves — Part  II. :  Mr.  H.  Hilton.* 
Perpetuant  Syzygies  of  Degree  Four :  Mr.  P.  W.  Wood.* 
Extension  of  Sylow's  Theorem :   Prof.  G.  A.  Miller.* 
Transformation  of  the  Function  i^([a][j8][y]x),  and  the  Extension 

of  Neumann's  Addition  Theorem  for  Bessel  Functions :  Rev. 

F.  H.  Jackson.* 
Informal  communications  were  made  as  follows  : — 

The   Singularities  of   Functions   determined   by  Taylor's  Series: 

Mr.  H.  M.  Macdonald. 
Behaviour  of  a  Power  Series  near  a  Point  on  the  Circle  of  Con- 
vergence at  which  the  Series  diverges  :  Dr.  H.  F.  Baker. 
Transvectant   Operators  in  connexion  with   Binary  Forms :    Mr. 

R.  J.  Dallas. 
Factorization  of  18^—1 :  Lt.-Col.  A.  Cunningham. 


Thursday,  May  12th,  1904. 

Dr.  E.  W.  HOBSON,  Vice-President,  in  the  Chair. 

Seventeen  members  present. 

Mr.  G.  Birt whistle  was  admitted  into  the  Society. 

The  following  papers  were  communicated  : — 

On  Perpetuant  Syzygies :  Messrs.  A.  Young  and  P.  W.  Wood.* 
On   the   Evaluation  of   certain   Definite    Integrals   by   means   of 
Gamma   Functions,  and  Generalizations  of  Legendre's  For- 
mula KE'-{K-E)K'  =  iTT :  Mr.  A.  L.  Dixon. 

•  Printed  in  Proetedingt,  Ser.  2,  Vol.  2. 
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Note  on  the  Integration  of   Linear   Diflferential   Equations :    Dr. 

H.  F.  Baker.* 
Some  Properties  of  the  Function  Tp :  Kev.  F.  H.  Jackson. 
Informal  communications  were  made  as  follows  :— 

The  Geometrical  Bepresentation  of  Imaginary  Points :  Mr.  6.  B. 

Mathews. 
A  Collation  of  Kessler's  and  Hertzer's  Tables  of  the  Besidue  Index 

with    Shanks'    Table   of    the    Hauptexponent :     Lt.-Col.    A. 

Cunningham. 


Thursday,  Jwie  9th,  1904. 

Prof.  H.  LAMB,  President,  in  the  Chair. 

Fourteen  members  present. 

The  President  referred  to  the  death,  on  May  80th,  of  Thomas  Savage, 

who  was  Second  Wrangler  and  First  Smith's  Prizeman  in  Cambridge  in 

1857,  and  a  Fellow  of   Pembroke   College,  Cambridge.     He   had   been 

elected  a  member  of  the  Society  in  June,  1865,  the  year  of  its  foundation. 

The  following  papers  were  communicated  : — 

Note  on  the  Application  of   Poisson's  Formula  to  Discontinuous 

Disturbances :  Lord  Bayleigh.* 
Wave  Fronts  considered  as  the  Characteristics  of  Partial  Differ- 
ential Equations :  Mr.  T.  H.  Havelock.* 
Illustrations  of  Perpetuants  :  Mr.  J.  H.  Grace.  + 
Types  of  Covariants  of  any  Degree  in  the  Coefficients  of  each  of 

any  Number  of  Binary  Quantics  :  Mr.  P.  W.  Wood.* 
Some  Expansions  for  the  Periods  of  the  Jacobian  Elliptic  Functions  : 
Mr.  H.  Bateman. 

•  Printed  in  Froeeedingt,  Ser.  2,  Vol.  2. 
t  See  p.  478,  footnote. 
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Presents. 


Between  June,  1908,  and  January,  1905,  the  following  presents  were 
made  to  the  Library  : — 

From  the  Royal  Society  of  Sciences  of  UpAala : — 

•'  Arsakrift  K.  Vetenskape-Soc.,"  Vola.  i.,  n.,  1860-1. 

"EsBai  sur  la  Soci^t^,  en  mexnoire  dn  400e  Anniversaire  de  rUniversit^  Rojale  d'Upsal,*' 

1877. 
And  numerotw  Diflsertations  presented  to  the  Uniyersity  of  Upsala  and  to  other  UniTersities. 

From  the  late  R.  Tucker,  Esq.  : — 

H.  J.  S.  Smith.— *'  Report  on  the  Theory  of  Nombers  *'  (British  Assodation,  1859-1865). 
J.  J.  Sylvester. — **  The  Syzygfetic  Relations  of  two  Rational  Integral  Functions**  (extract 

from  Phil,  Tram.,  1853). 
An  AdamH  Prize  Essay  for  1870. 

From  the  Acad^mie  Polyteohnique  de  Porto : — 

Teixeira,  F.  Gk)mes. — "  Obras  sobre  Mathematioa,"  Vol.  i. ;  Coimbra,  1904. 

From  Thomas  Colby,  Esq. : — 

Briggs  and  G^Uibrand. — **■  Trigonometria  Britannica ;  sive  de  Doctrina  Triangulorum  libri 

duo  ** ;  Grouda,  1633.     [Containing  Briggs*  Tables  of  the  Logarithms  of  Trignometrical 

Functions  to  14  Places  of  DecimalK.] 
'^Apollonii  Pergsei  Conioorum    libri  iv.,    cum  Commentariis  R.  P.  Claudii  Richardi**; 

Antwerp,  1655. 
Taylor,  Michael.— "  Tables  ** ;  London,  1780. 
Faraday,  M.—*' Bakerian  Lecture,**  1829. 

Cater,  Capt.  H.— *'  New  Standards  of  Weights  and  MeMiires,'*  1826. 
Airy,  G.  B.—*' Figure  of  the  Earth,**  1830. 
Hamilton,  W.  R. — ** Second  and  Third  Supplements  on  the  Theory  of  Systems  of  Rays** 

(Phil  Trans,,  1830,  1838). 
Babbage,  C. — *'  The  application  of  Machinery  to  the  Calculation  and  Printing  of  Tables  ** ; 

London,  1822. 
(}ompertz,  B.— '*  Hints  on  Porisms  "  ;  London,  I860. 
'*M6ohanique  C^eete,*'  Books  xxn.,  zxv.,  1824. 
And  eight  other  pamphlets. 

From  the  Helwing^he  Verlagsbuchhandlung : — 

Kiepert,  L. — ''Ghrundriss  der  Differential-  und  Integral-Reohnung,**  Theil  n. ;  Hannover. 
1903. 
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Cimnixigham,  Allui. — <*  Quadratic  Partitions  "  ;  London,  1904. 

Graoe,  J.  H.,  and  A.  Young. — **  Algebra  of  Invariants  " ;  Cambridge,  1903. 

Whittaker,  E.  T.— "  A  Course  of  Modem  Analysis  "  ;  Cambridge,  1902. 

Sprague,  T.  B.— **  The  Singular  Points  of  Plane  Curves." 

Ball,  Sir  R.— '*  The  Reflection  of  Screw  Systems." 

Teixeira,  F.  G. — <*La  Convergence  des  Formules  d' Interpolation.'* 

**  Sdentia/'  Nos.  22,  23,  edit.  C.  Naud ;  Paris,  1903. 

South  African  Association  for  the  Advancement  of  Science — ^Report,  1903. 

Muir,  T. — '*  Third  List  of  Writings  on  Determinants." 

Klein,  F. — *'  Uber  Umgestaltung  des  Math.-Unterrichts  "  ;  Leipzig,  1904. 

Peirce,  C.  S.— "  The  Century's  Great  Men  of  Science"  ;  Washington,  1901. 

Bashforth,  F.— *'  Historical  Sketch  of  the  Resistance  of  the  Air"  ;  Cambridge,  1903. 

Mukerjee,  C— **  Elementary  Algebra,"  Pt.  1 ;  Allahabad,  1903. 

**  Trigonometrical  Survey  of  India,"  Vol.  zvn. ;  Dehra  Dun,  1901. 

Lorenz,  L.~*<  GSuvres  Scientifiquee,"  Tome  n.,  Fasc.  2,  1904. 

Riecke,  E.— **  Zur  Frage  des  Unterrichts  in  Physik  '' ;  Leipzig,  1904. 

Brioschi,  F.— *<  Opere  Matematiche,"  Tomo  m.  ;  Milan,  1904. 

Anthony,  E. — **  Decimal  Coinage  and  the  Metric  System  "  ;  London,  1904. 

Mittag-Leffler,    G. — *'La   Representation   Analytique    d'une    Branche    Uniforme "     {Acta 

Math,,  1904). 
Polignac,  Prince  C.  de. — ** Elements   connected    Each    to    Each"  {Amer.    Jour,    of  Math,, 

1904). 
Darboux,  G. — ''  Le  D^veloppement  des  M^thodes  G^m^triqnes,"  1904. 
Fubini,  G.— <' II    Parallelismo    di   CHffoid,"    Pisa,    1900;     and    '*  Teoria   deUe     Funzioni 

Armoniche,"  Pisa,  1902. 
Grassi,  U.— "  Studii  d'Idrodinamica"  ;  Pisa,  1902. 
Yitali.  G. — '*  Equazioni  Differenziali  Lineari  Omogfenee  "  ;  Pisa,  1903. 
Educational  Times,  vol.  56,  nos.  507-512, 1903,  and  vol.  57,  nos.  513-524,  1904. 
Educational  Times,  Math.  Questions  and  Solutions,  voL  4,  1903,  and  vols.  5  and  6,  1904. 
Hamburg:    Math.  Gtesellschaft  Mittheilungen,  bd.  4,  heft  4,  1904. 
Indian  Engineering,   vol.  33,   nos.    21-26,    1903,  vol.  34,  1903,  vol.   35,  1904,  and  voL   36, 

1904. 
Kansas :  Univ.  Science  Bulletin,  vol.  1,  nos.  10-12,  1902,  and  vol.  2,  nos.  1-15,  1903-4. 
Mathematical  Gazette,  vol.  2,  nos.  40-42,  1903,  and  vol.  3,  nos.  43-49,  1904-5. 
Nautical  Almanac  for  1907  (presented  by  the  Admiralty). 

Paris:  L'Enseignement  Math.,  ann.  5,  nos.  4-6,  1903,  and  ann.  6.,  nos.  1-6,  19U4. 
Tokoyo  :  Siigaku-Buturigakkwai,  vol.  1,  nos.  16-20,  and  vol.  2,  nos.  1-12,  1904. 
Tokoyo :  Collegfe  of  Science  Journal,"  vol.  19,  no.  5,  1903. 
Warsaw  :  Wiadomosci  Matem.,  tom  7,  zeszyt  3-6,  1904,  and  tom  8,  zeszyt  1-3,  1904. 


Exchanges. 

Between    June,  1908,  and  January,    1905,  the  following  exchanges 
were  received  : — 

American  Journal  of  Mathematics,  voL  25,  nos.  3,  4,  1903,  and  vol.  26,  nos.  It  2,  4,  1904. 
American  Mathematical  Society,  Transactions,  vol.  4,  nos.  3,  4,  1903,  and  voL  5,  1904. 
American  Mathematical  Society,  Bulletin,  vol.  9,  no.  10,  1903 ;  vol.  10, 1904;  voL  11,  nos.  1-3, 

1904  ;  and  General  Index,  1891-1904,  of  the  Bulletin. 
American  Philosophical  Society,  Proceedings,  vol.  42,  nos.  172-177,  1904. 


xii  Library. 

AmBterdam :  Nieuw  Arohiev,  deel  6,  stnk  1-3,  1903-4. 

Amsterdam  :  Beyue  SemestrieUe,  tome  11,  pt.  2,  1903,  and  tome  12,  pta.  1,  2,  1904. 

Amsterdam :  Wiskundige  Opgaven,  deel  9,  sink  1,  2,  1904. 

Belgiqne  :  Aoad^mie  Rojale  des  Soienoee,  Amniaize,  1904. 

Belgiqne  :  Aoaddmie  Rojale  dee  Sciences,  Bulletin,  1903,  nos.  5-12,  and  1904,  noe.  1-11. 

Berlin :  Jahrbuch  uber  die  Fortscbiitte,  bd.  32,  1903,  and  bd.  33,  hefte  1,  2,  1904. 

Berlin :  Journal  fur  die  Mathematik,  bd.  126,  hefte  2-4,  1903 ;  bd.   127,  heft  2,  and  bd.  128, 

128,  hefte  1,  2,  1904. 
Berlin:  Sitzimgsberichte der  K.  Preuss.  Akademie,  1903,  noN.  25-53,  and  1904,  nos.  1-40. 
Bordeaux  :  Soci^t^  des  Sciences,  M^oires,  tome  2,  cah.  1,  1903,  and  tome  3. 
Bordeaux  :  Soci4t^  dee  Sciences,  Proo^-Verbaux,  1902  and  1903. 
Bordeaux  :  Sooi^t^  des  Sciences,  Observations  Fluviom^triques,  1902,  1903. 
Cambridge  Philosophical  Society,  Proceedings,  vol.  12,  pts.  3-6,  1903-4. 
Cambridge  Philosophical  Society,  Transactions,  toI.  19,  pt.  3,  1904. 
Cambridge,  Mass. :    Annals  of  Mathematics,  vol.  4,   no.  4,  1903,  vol.  5  and  voL  6,  no.  1, 

1904. 
Canadian  Institute,  Transactions,  no.  15,  1904. 
Canadian  Institute,  Proceedings,  no.  12,  1904. 

Coimbra :  Jomal  de  Sciendas  Mathematioas,  vol.  15,  nos.  3,  4,  1903-4. 
Connecticut  Academy,  Transactions,  voL  11,  pt.  2,  1903. 
Deutschen  Math.-yereinigung,  Jahresbericht,  bd.  11,  hefte  1-4,  1902. 
Deutschen  Math.-Vei-einig^ung,  Geschichte,  1904. 
Dublin :  Royal  Irish  Academy,  Section  A,  Proceedings,  vol.  24,  nos.  2,  4,   1903,  and  vol.  25, 

nos.  1,  2. 
Dublin  :  Jioyal  Irish  Academy,  Transactions,  vol.  32,  pts.  6-10,  1903-4. 
Edinburgh :  Mathematical  Society,  Proceedings,  vol.  20,  1902. 
Edinburgh  :  Royal  Society,  Proceedings,  vol.  23,  1902,  and  vol.  24,  nos.  1-3,  1902. 
Erlangen  :  Physik.-medidn.  Societat,  Sitzungsberichte,  heft  35,  1904. 
France:  Soci6t6  Math^matique,  Bulletin,  tome  31,  faso.  2-4,    1903,  and  tome  32,  fasc.  1-3, 

1904. 
Qt>ttingen:  Konigl.  (Resell,  der  Wissenschaften,  Naohrichten,  Math.  Klasse,  1903,  hefte  3-6, 

and  1904,  hefte  1-5. 
Q-ottingen:   Konigl.  (Resell,  der  Wissenschaften,  Mittheilungen,  1903,  hefte  1,  2,  and  1904, 

heft  1. 
La  Haye :  Arohiyes  N^landaises,  tome  8,  Uy.  3-5,  1903,  and  tome  9,  liv.  1-5,  1904. 
Leipzig:    Beiblatter   lu  den  Annalen   der  Physik,   bd.    27,   hefte  7-12,    1903,  and   bd.  28» 

hefte  1-24,  1904. 
Leipzig :    K.  Sachsische  G(esell.,  Math.  Klasse,   Berichte,  1902,  nos,  6,  7,  1903,  nos.  1-6,  and 

1904,  nos.  1-3. 
Leipzig:  K.  Siichsisohe  Gesell.,  Math.  Klasse,  Abhandlungen,  bd.  28, nos.  1-7,  1904,  and  bd.  29, 

nos.  1,  2,  1904. 
Livonio :    Periodico  di  Matematioa,    anno  18,   fasc.  6,  1903,    anno  19,  1904,  and  anno  20, 

faso.  1-3,  1904. 
Livomo :  Periodico  di  Matematica,  Suppiemento,  anno  6,  fasc.  8,  9,  1903,   anno  7»  faso.  1-9, 

1904,  and  anno  8,  fasc.  1,  2,  1904. 
Lombardo  :  Reale  Istituto— Rendioonti,  vol.  36,  fasc.  9-20,  1903,  and  voL  37,  fasc.  1-16,  1904. 
Lombardo :  Reale  Istituto — Memorie,  vol.  19,  fasc.  9-13,  1903,  and  vol.  20.  faso.  1,  2, 1904. 
London :  Royal  Society,  Proceedings,  nos.  476-502,  1903-4. 
London :  Royal  Society,  Obituary  Notices,  pts.  1-3,  1904. 
London:  Royal  Society,  Transactions,  Series  A,  vol.  199,  1902,  vols.  200  and  201,  1903,  and 

vols.  202,  203,  1904, 
London  :  Physical  Society,  Proceedings,  yoI.  18,  pts.  5-7,  1903,  and  vol.  19,  pts.  1-4,  1904. 
London  :  Institute  of  Naval  Architects,  Transactions,  vol.  44,  1902. 
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London :  Inutitute  of  Actuaries,  Journal,  vol.  37,  pta.  1-4,  1902-3. 

Manohester  literaiy  and  Philosophioal  Society,  Memoirs,  vol.  46,  pts.  5,  6,  1902,  and  ?ol.  47 » 

pts.  1,  2,  1903. 
Marseille  :  Annaliw  de  la  Faculty  des  Sciences,  tome  12,  1902,  and  tome  13,  1903. 
Milano :  Annali  di  Matematica,  tomo  8,  faso.  4,  1903,  and  tomo  9,  1904. 
Modena :  Regia  Accademia,  Memorie,  voL  4,  1902. 
Napoli :  Accademia  delle  Science — ^Bendioonti,    vol.  9,    fiiso.  5-12,  1903,  and  toI.  10,  faac. 

1-7,  1904. 
National  PhysiGal  Laboratory,  Beports,  1901,  1902,  and  1903. 
Natnre,    vol.    68,    noe.    1754-1775,    1903;    voL   69,    1904;    vol.  70,  1904;    and  vol.   71   to 

5  Jan.  1905. 
Odessa  :  Soci^te  des  Natoralistes,  tome  20,  1902,  and  tome  25,  pts.  1,  2,  1903-4. 
Palermo:  Rendiconti  del  Giroolo  Matematico,  tomo  17,  fasc.  4-6, 1903,  and  tomo  18,  faac.  1-6, 

1904. 
Paris :  Bulletin  dee  Sciences  Mathematiques,  tome  27»  Jain-D6c.,  1903,  and  tome  28, 1904. 
Paris :  Journal  de  T^le  Polyt.,  cah.  8,  1903,  and  cah.  9,  1904. 
Pisa :  Annali  della  R.  Scuola  Normale,  vols.  1-9,  1871-1904. 
Roma:    Reale  Accademia  dei  Lincei — ^Rendiconti,  vol.   12,   sem.  1,    fasc.  10-12,   1903;   and 

sem.  2,  fasc.  1-12,  1903  ;  vol.  13,  sem.  1,  fasc.  1-12,  and  sem.  2,  faac.  1-11,  1904. 
Roma :    Reale  Accademia  dei  Lincei — Rendioonto  dell*  Adonanza  Solenne,vol.  2,  1904. 
Stockholm  :  Acta  Mathematica,  bd.  28,  and  bd.  29,  pt  1,  1904. 
Toulouse  :  Facnlte  des  Sciences,  Annales,  tome  5,  1903,  and  tome  6,  fasc.  1,  2,  1904. 
United  States  Naval  Observatory,  Publications,  vols.  3,  5,  1903. 
Upsala :  Nova  ActaR.  Societatis  Scient.,  series  2,  parts  of  vol.  2,  1775,  and  of  vol.  4,  1784.  to 

vol.   14,  1850;   and  volume  extraordinaire,  1877.    And  series  3,  vol.  1, 1855,  to  Vol.  18, 

fasc.  2,  1900,  and  voL  20,  fasc.  2,  1904. 
Venezia  :  Atti  del  R.  Istituto,  tomo  61,  disp.  10,  1902,  and  tomo  62,  1903. 
Warsaw:  Prace  Matematyczno-Fizyczne,  tome  15,  1904. 

Wien :  Monatshefte  fiir  Mathematik,  jahr.  14,  viertel.  4,  1903,  and  jahr.  15,  1904. 
Zurich :  Vierteljahrsschrift,  1902,  hefte  3,  4,  1903,  and  1904,  hefte  1,  2. 
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International  Catalogue  of  Scientific  Literature. 

In  the  year  April,  1903,  to  March,  1904  (inclusive),  the  following 
exchanges  were  sent  in  the  first  instance  to  Prof.  Love  to  be  indexed  for 
the  Litemational  Catalogue  of  Scientific  Literature  : — 

«<Prooeeding8  of  the  Edinburgh  Msthematinal  Society,"  Vol.  xxi.,  1903. 

^'Ptooeedings  of  the  Bojal  Society  of  Edinburgh,'*  Vol.  xxiv.,  Nos.  4-6,  and  Vol.  xxy., 
No.  1,  1903-4. 

<*  Transactions  of  the  Institute  of  Naval  Architects,*'  London,  1903. 

'*  Journal  of  the  Institute  of  Actuaries,"  Vol.  xxxYia. ;  London,  1903-4. 

<*  Plroceedings  of  the  Manche^iter  Literary  and  Philosophical  Society,*'  VoL  xLvn.,  Ptn.  S-G. 
and  Vol.  xLYin.,  Pt.  1,  1903. 

The  following  were  also  sent  especially  for  the  purposes  of  the 
Catalogue : — 

''Mathematical  Gazette,"  Nos.  38-43;  London,  1903-4. 
"Educational  Times,**  Nos.  505-515  ;  London,  1903-4. 

**  Journal  of  the  Royal  Statistical  Society,"  Vol.  zlvi.,  Pts.  1-4  ;  London,  1903. 
*'  Transactions  of  the  Royal  Society  of  Edinburgh,"  Vol.  xl.,  Pt.  3,  1903. 
"  Transactions  of  the  Insurance  and  Actuarial  Society  of  Glasgow."  Series  5,  Nos.  11-14, 
1903. 


OBITUARY  NOTICES 


R.  W.  H.  T.  HUDSON 

[For  thiH  notice  the  Council  w  indebted  to  Mr.  J.  F.  Cameron.] 

Ronald  William  Henry  Turnbull  Hudson  belonged  to  a  mathe- 
matical family  which  had  many  ties  with  Cambridge,  and  from  his  earliest 
days  he  looked  forward  to  the  Mathematical  Tripos  as  lying  before  him 
as  a  matter  of  course.  He  gave  the  surest  signs  of  great  mathematical 
ability,  and  while  still  at  St.  PauFs  School  he  was  looked  on  as  an 
inevitable  Senior  Wrangler.  From  the  day  when  he  did  phenomenal 
entrance  scholarship  papers  onwards,  his  academic  career  was  one  of 
unbroken  success.  He  was  Senior  Wrangler  in  1898,  and,  after  taking 
the  Second  Part  of  his  Tripos  in  1899,  he  gained  a  Smith's  Prize  for 
an  essay  on  differential  equations  in  1900,  and  was  elected  a  Fellow  of 
St.  John's — his  own  and  his  father's  college — in  the  same  year. 

He  was  always  devoted  to  mathematics,  but  it  was  with  renewed 
enthusiasm  that  he  read  for  his  Second  Part,  and  the  following  years 
saw  a  rapid  increase  both  in  his  mathematical  knowledge  and  in  the 
manifestations  of  his  ability.  From  this  time  onward  his  work  was 
productive,  and,  though  only  a  few  years  of  life  remained,  he  contributed 
articles  *  to  the  Quarterly  Journal^  the  Messenger  of  Mathematics^  and 
the  American  Bulletin,  as  well  as  to  the  Proceedings  of  this  Society ; 
and  he  was  the  author  of  many  notices  and  reviews  of  books  in  the 
Mathematical  Gazette  and  in  Nature.  One  other  paper,  on  "  The 
Geometry  of  Rotation  about  an  Axis,"  was  published  in  the  Minera- 
logical  Magazine,  and  was  afterwards  translated  and  printed  in  the 
Zeitschrift  fiir  Krystallographie,  All  his  original  papers,  though  differing 
in  importance,  were  alike  characterised  by  the  neatness  and  finish  of  his 
methods.  His  mind  was  particularly  fond  of  a  geometrical  investigation, 
and  it  always  pleased  him  to  give  a  geometrical  interpretation  to  an 
analytical   result — ^a  tendency  which  was   probably   largely   fostered   by 

*  A  lint  of  his  papers,  with  references,  will  be  found  in  the  Mathematieal  Oazette,  Vol.  m.,  p.  74, 
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the  careful  study  he  made  of  Darboux's  Theorie  des  Surfaces  during  his 
fourth  year  of  residence  at  Cambridge. 

His  most  serious  contribution  to  mathematics  was,  however,  the 
Treatise  on  Kummer's  Quartic  Surface  which  occupied  the  last  two  years 
of  his  life.  The  manuscript  was  fortunately  finished  before  his  untimely 
end,  and  it  is  now  passing  through  the  Cambridge  University  Press  under 
the  care  of  Dr.  Baker.  In  this  book  he  discusses  line  geometry,  the 
theory  of  surfaces  in  general,  as  well  as  Rummer's  surface  more  par- 
ticularly, and  the  last  few  chapters  are  devoted  to  Abelian  functions. 
The  book  is  brief,  perhaps  too  brief,  but  it  is  written  with  a  very  broad 
knowledge  and  with  the  widest  sympathy  with  all  branches  of  pure 
mathematics.  Again  his  love  of  geometry  is  apparent,  and  perhaps 
the  most  valuable  portions  of  the  book  are  those  in  which  he  succeeds 
by  geometrical  methods  in  establishing  results  which  had  previously 
depended  on  higher  analysis. 

He  was  interested  in  model-making  and  might  be  said  to  have  made 
it  a  hobby.  In  his  book  there  will  be  found  drawings  of  wire  models 
of  Rummer's  surface  which  he  had  himself  made,  and  the  exhibition  of 
models  at  the  recent  meeting  of  the  British  Association  in  Cambridge 
was  due  to  his  initiative  as  secretary. 

He  joined  the  University  staflF  at  Liverpool  in  1902,  and  it  was 
during  term  time  there,  and  the  vacations,  mostly  spent  in  Cambridge, 
that  his  book  was  written.  His  life  in  Liverpool  and  his  work  there 
were  a  great  pleasure  to  him,  and  he  threw  himself  into  his  teaching 
with  his  usual  enthusiasm,  and  success  followed  it  accordingly. 

His  life  was  a  short  one,  but  a  full  one ;  and  the  terrible  accident 
on  the  Welsh  hills,  which  cut  him  off  at  the  age  of  twenty-eight 
in  the  midst  of  his  early  activities,  left  his  friends  with  a  sense  of 
the  great  things  which  might  have  lain  before  him.  His  zeal  for 
mathematics  was  great,  and  he  entered  with  energy  into  all  movements 
for  its  advancement.  At  the  time  of  his  death  he  had  a  full  programme 
of  work  before  him  :  he  had  already  begun  a  text-book  on  analytical 
geometry  and  he  was  thinking  over  the  possibility  of  another  on  pure 
geometry,  and  there  is  evidence  among  his  papers  that  he  might 
have  competed  for  the  Italian  prize  offered  for  a  discussion  of  "  Curves 
in  Space." 

But  no  sketch  of  Ronald  Hudson  can  omit  his  other  interests.  His 
mind  was  not  that  of  the  specialist  merely,  and  to  everything  he 
undertook  he  devoted  the  same  energy  which  characterised  his  work. 
Indeed,  his  chief  characteristic  was  his  many-sided  mental  activity. 
He  was  a  serious  student  of  music,  and  he  played  several  games  with 
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skill.  In  his  private  life  his  tastes  were  simple.  He  could  make  friends 
and  enter  into  their  interests  easily,  and  to  his  friends  he  was  ever 
loyal  and  true.  He  was  perfectly  straightforward  and  open  and  he 
would  express  his  opinions  frankly,  never  withholding  praise  where 
praise  was  due.  Once,  when  discussing  a  literary  article  in  one  of 
the  magazines,  he  said  that  he  often  wondered  at  the  excellence  with 
which  other  people  could  do  their  own  work.  He  was  not  fully 
conscious  of  it,  but  other  people  wondered  at  the  excellence  with  which 
he  did  his. 
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GEORGE   PIRIE. 

[For  this  notioe  the  Council  is  indebted  to  Prof.  W.  L.  Daridflon.] 

Professor  Pirie,  who  died  suddenly  at  Braemar  on  the  21st  August, 
1904,  was  bom  at  the  Manse  of  Dyce,  Aberdeenshire,  on  the  19th  July, 
1843.  He  was  the  eldest  son  of  the  Very  Reverend  Principal  Pirie,  D.D., 
whose  name  will  be  ever  associated  with  the  abolition  of  patronage  in  the 
Church  of  Scotland.  His  early  education  was  received  at  the  Grammar 
School  of  Aberdeen,  and  afterwards  at  the  University.  His  University 
course  coincided  with  the  fusion  of  the  two  Universities — King's  and 
Marischal — into  one ;  so  that,  although  he  began  as  a  student  of 
Marischal  College,  he  completed  his  curriculum  in  the  combined  Uni- 
versity. He  thus  just  missed  having  Clerk  Maxwell  as  his  teacher  in 
natural  philosophy  (for  Maxwell  ceased  being  Professor  at  Marischal 
College  at  the  union,  in  1860) ;  but  he  was  a  student  in  Bain's  first  class 
of  logic.  His  Arts  course  was  a  very  distinguished  one,  and  he  graduated 
M.A.,  with  highest  Honours  in  Mathematics,  in  1862 ;  carrying  off  also 
the  Natural  Science  Prize.  From  Aberdeen  he  proceeded  to  Cambridge, 
where  he  continued  his  studies  in  Queens'  College,  and,  in  due  time, 
achieved  high  distinction,  being  Fifth  Wrangler  in  the  Mathematical 
Tripos  in  1866.  Thereafter,  he  was  elected  a  Fellow  of  Queens'  College, 
and  discharged  the  duties  of  Mathematical  Lecturer  and  Tutor.  There  he 
wrote  his  two  scientific  works.  Lessons  on  Rigid  Dynamics  and  A  Short 
Account  of  the  Principal  Geometrical  Methods  of  Approximating  to  the 
Value  of  TT ;  one  in  1875,  and  the  other  in  1877.  These  may  be  taken 
as  exactly  expressive  of  his  distinctive  qualities.  On  the  one  hand,  they 
show  him  eager  to  render  natural  philosophy  and  the  higher  mathematics 
as  comprehensible  as  possible,  having  ever  in  view  their  practical 
applications,  and,  on  the  other  hand,  they  give  evidence  of  his  intense 
appreciation  of  the  historical  side  of  mathematical  problems  and  his 
delight  in  tracing  their  evolution,  and  in  according  to  each  great  name  in 
the  history  of  the  subject  its  due.  These  characteristics  marked  him  oflF 
as  essentially  a  teacher  in  mathematical  science.  Consequently,  when,  in 
1878,  a  vacancy  occurred,  through  the  resignation  of  Professor  Fuller, 
in  the  Chair  of  Mathematics  in  Aberdeen  University,  the  University  Court 
elected  him  to  the  position,  thus  necessitating  his  return  to  the  city  of  his 
early  education,  where  he  remained  energetically  doin^  his  work  till  his 
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life  ended.     Outside  recognition  of  his  merits  came  when,  a  few  years  ago, 
St.  Andrews  University  conferred  upon  him  the  honorary  degree  of  LL.D. 

Of  Professor  Pirie  as  a  man  it  is  easy  to  write.  If  manliness  consists 
in  nohility  of  character,  devotion  to  friends,  and  strenuous  regard  to  duty, 
few  have  been  manlier  than  he.  His  ideals  were  high,  and  he  succeeded 
in  embodying  them  in  his  life  and  conduct.  He  was,  further,  a  man  of 
business  capacity,  and  had  great  administrative  power.  In  this  way,  both 
his  aid  and  his  counsel  were  of  the  greatest  use  to  his  colleagues  in  the 
University,  and  many  institutions  in  the  city — educational  and  other — 
benefited  by  his  wisdom  and  his  services. 

Dr.  Pirie's  characteristics  as  a  professor  were  unvarying  courtesy, 
remarkable  lucidity  of  exposition,  and  never-failing  interest  in  his  students 
— an  interest  none  the  less  real  that  it  was  never  either  obtrusive  or 
effusive.  His  courtesy  was  no  mere  mannerism,  but  a  part  of  his  life,  and 
an  index  of  the  relationship  which  he  assumed  to  exist  between  himself 
and  his  audience.  It  met  with  a  willing  response ;  no  class-room  was 
quieter  than  his,  no  prselections  were  more  respectfully  received  ;  nor  did 
any  one  ever  fail  to  realize  that  behind  the  Professor's  imperturbable 
courtesy  lay  a  strong,  if  also  a  self-restrained,  character.  His  personal 
influence  in  this  respect  was  aided  by  the  nature  of  his  subject  and  by  his 
treatment  of  it.  The  tyros,  who  composed  the  large  proportion  of  his 
class,  felt  that,  if  they  failed  to  listen  to  him,  no  subsequent  study  would 
replace  what  they  lost.  The  effort  to  follow  was  not  too  great  even  for 
the  backward  student — so  clear  and  simple  was  the  exposition,  and  so 
conscious  was  the  Professor  of  the  limitations  of  some  of  his  hearers. 
The  best  men  in  the  class  may  have  sometimes  felt  the  reiteration  of  the 
non-important  steps  in  what  was  to  them  a  very  simple  affair ;  but  the 
weaker  brethren,  as  they  revised  their  note-books,  felt  that  the  mathe- 
matical degree  was  capable  of  attainment  after  all.  This  side  of  his 
teaching  was  the  most  characteristic  as  far  as  his  expositions  to  his 
general  class  are  concerned ;  but  his  activity  was  so  great  that  he  also 
conducted,  not  one,  but  several  higher  classes,  and  those  who  attended 
them  speak  to  his  stimulating  power  as  a  teacher  here  too.  One  ought 
also  to  add  that,  to  the  last,  he  strongly  insisted  upon  the  practical 
usefulness  of  his  subject,  and  delighted  in  historical  references  and  the 
evolution  of  his  science. 

The  greatest  reward  that  came  to  Professor  Pirie  as  a  teacher  was  the 
success  of  his  students  in  the  sphere  of  mathematics  after  they  left  him, 
particularly  at  Cambridge  and  in  the  Civil  Service  Competition.  This  was 
always  a  real  source  of  pleasure  to  him. 


CORRECTIONS. 


Sir  Robert  Ball  has  sent  the  following  corrections  in  his  Obituary 
Notice  of  Dr.  Salmon  (Ser.  2,  Vol.  1,  pp.  xxii-xxviii)  : — 

p.  xxii,  line  13  from  bottom, /or  **  three  **  read  "  those/* 

P.  xxviii,  line  9  from  bottom, /or  **  Murphy  *'  read  **  Morpby.'* 

The  Rev.  F.  H.  Jackson  has  sent  the  following  corrections  of  his  paper 
in  the  present  volume : — 

P.  198,  line  6  from  bottom,  in  the  third  term  of  the  Beriee, /or  *•  ^"  read''  (^)'.*' 

P.  199,  in  the  last  term  of  (17),/or  «« A  "  read  •*  jcX." 

P.  216,  in  the  second  term  of  (71), /or  **  [if][2«-l]*'  read  ♦♦  [2][2»-l]." 

P.  216,  line  6  from  bottom,/or  **  [2r+  1]  "  read  **  [2r-l]." 

Dr.  Hobson  has  sent  the  following  correction  of  his    paper  in  the 
present  volume : — 

P.  321,  line  13  from  bottom,  for  **  contained  in  L^,**  read  '*  contained  in  the  interralv 

complementary  to  (?]." 
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ON  THE  ROOTS  OF  THE  EQUATION  ^/,  ,,  =  c 

T{x+1) 

By  G.  H.  Habdy. 

[Reoeiyed  14th  January,  1904.— Read  11th  February,  1904.— Revised  March,  1904.] 

1.  The  present  paper  forms  part  of  some  investigations  concerning 
the  roots  of  a  number  of  transcendental  equations  of  particular  forms, 
which  I  have  undertaken  in  the  hope  of  throwing  some  light  on  the 
exceedingly  difficult  and  important  general  question  of  the  relations 
subsisting  between  the  roots  of  the  equations  comprised  in  the  form 
F{x)  =  ip{x)y  where  F(x)  is  a  given  integral  function,  and  ip(x)  a  constant 
polynomial,  or  integral  function  whose  increase  (croissance)  is  less  than 
that  of  F(x).  I  need  hardly  say  that  our  present  knowledge  about  this 
question  is  almost  entirely  limited  to  the  moduli  of  the  roots ;  what  we 
know  about  the  arguments  is  practically  nil :  and  I  think  that  the  results 
which  I  have  obtained  may  be  of  some  interest,  in  spite  of  their  very  special 
character,  as  indicating  to  some  extent  the  various  kinds  of  cases  which 
may  occur. 

I  have  considered  particularly  the  equations 

(1)  sinx  =  P(a:), 

(2)  e'^  =  P(x), 

(3)  €^smbx  =  P(x), 

(a  and  b  being  real  and  positive). 

(4)  U,(x)  =  ha+xl7i'^)  =  P{x) 

1 
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— Ilpix)  being  one  of  the  functions  considered  by  Mr.  E.  W.  Barnes  in  his 
memoir  "  On  Integral  Functions,"*  and  p  >  1 — and 

In  all  of  these  P{x)  is  an  arbitrary  polynomial.  The  question  to 
which  I  have  given  especial  attention  is  whether  there  is  in  each  case 
any  form  of  the  polynomial  for  which  the  nature  of  the  zeroes  is 
abnormal.  The  asymptotic  solutions  of  (1)  and  (2)  were  given  in  two 
papers  in  the  Messenger  A  In  the  case  of  (1)  there  is  no  abnormal  case  ; 
in  the  case  of  (2)  the  only  abnormal  case  is  that  of  P{x)  =  0,  the  familiar 
Picard  case  of  exception  in  which  there  are  no  roots  at  all.  In  the  case 
of  (3),  which  I  have  investigated  in  a  recent  paper  in  the  Quarterly 
JournalyX  there  is  again  one  abnormal  case,  that  of  P(ar)  =  0,  but  it  is 
abnormal  in  quite  a  different  way,  which  essentially  involves  the  arguments 
of  the  roots  :  and  the  same  is  true  of  (4)  if  1  <  /o  <  2 ;  but,  if  2  <  /o, 
there  is  no  abnormal  case.  I  hope  on  some  future  occasion  to  make  a 
further  communication  concerning  these  equations,  with  especial  reference 
to  the  case  of  />  =  2.  At  present  I  shall  confine  myself  to  the  equation 
(5).  I  may,  however,  remark  that  in  every  case  the  following  proposition 
is  true : — if  an(c)  is  the  n-ih  root  of  F{x)  =  c,  and  one  particular  value 
of  c  is  excluded  from  consideration,  then  the  roots  can  be  arranged  in  a 
finite  number  of  groups,  su^h  that  within  each  group 

,.      an (cQ  _-, 
imi  — 777;  —  A* 

It  is,  of  course,  supposed  that  in  each  group  the  roots  are  arranged 
according  to  ascending  order  of  moduli.  For  the  constants  c,  c\  c"  we 
may  substitute  polynomials.  That  any  such  theorem  is  true  in  general 
I  do  not  for  one  moment  suppose,  even  if  we  confine  ourselves  to  the 
moduli  of  the  roots  §  ;  but  it  is  certainly  true  for  large  classes  of  the 
most  important  functions.  I  may  add  that  it  may  be  shown  that 
the  exceptional  case  in  equations  (3)  and  (4)  is  exceptional  in  the  same 
way  with  whole  classes  of  functions. 

2.  I  come  now  to  the  equation  (5).     The  function   Tl{x)  =  j^ — p—  is 

•  Phil,  Trans.  (A),  Vol.  oxoix.,  p.  411. 

t  Vol.  XXXI.,  p.  161,  and  Vol.  xxxn.,  p.  36. 

X  Vol.  XXXV.,  p.  261. 

§  That  it  is  true  in  this  Bense  is  Baggested  by  Borel,  Fonetiom  entiireSf  p.  100. 
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an  integral  function  whose  apparent  and  real  orders*  are  each  unity. 
Now  M.  Borel  has  proved  the  two  following  theorems,  the  second  being 
a  generalization  of  Picard's  theorem  : — 

(i.)  If  the  apparent  order  of  F{x)  is  finite  and  not  integral,  the 
real  order  is  equal  to  it : 

(ii.)  If  the  apparent  order  is  an  integer  p,  then  among  the 
functions  0(a;)F(x)— ^(x),  where  0,  y/r  are  integral  functions  whose 
apparent  order  <  p,  there  is  one  at  most  whose  real  order  <  p. 

From  the  second  theorem  it  follows  that  the  real  order  of  all  the 
functions  IL(x)^c  is  the  same,  with  possibly  one  exception.  Is  there 
such  an  exception?  The  answer  seems  to  me  very  interesting.  It  is 
that  there  is  not,  and  yet  that  the  case  c  =  0  is  abnormal  not  merely 
as  regards  the  distribution  of  the  zeroes  in  the  plane,  but  also  as  regards 
the  increase  of  their  moduli.  In  fact,  the  increase  of  the  zeroes  for 
c^O  is  like  that  of  n/log  n,  whereas  that  of  the  zeroes  for  c  =  0  is,  of 
course,  like  that  of  n.  This  shows  the  possibility  of  cases  of  exception 
of  a  nature  too  subtle  to  be  indicated  by  any  alteration  of  the  real  order 
of  the  function.! 

The  result  is  also  interesting  in  connection  with  the  apparent  paradox 
originally  noted  by  M.  Borel,  that  the  increases  of  the  functions 

(6)     II  (a;),   sinjTraj 

are  different,  being  those  (roughly)  of 

(7)  e''^'^^   e^ 

while  the  increases  of  the  moduli  of  their  zeroes  are  the  same.  One  is 
tempted  to  say  that,  if  we  substitute  for  II  (x) 

(8)  U(x)-c, 

*  See  Lemons  mr  les  Fonctions  entiires.  The  real  order  p  of  a  function  ig  the  index  of  con- 
yergenoe  of  the  reciprocalit  of  the  moduli  of  its  zeroes  ;  the  apparetit  order  is  the  least  number  p' 

such  that,  however  smaU  be  c,  the  maximum  of  |  ^(j;)  |  on  a  circle  of  radius  r  is  less  than  exp  (r^ '*'') 
for  all  yalues  of  r  g^reater  than  a  certain  value.  It  follows  from  the  first  theorem  that  the 
Fioard  case  can  only  occur  if  p  is  an  integer ;  but  cases  in  which  the  behaviour  of  the  zeroes  is 
abnormal  for  a  particular  value  of  e  certainly  can,  as  is  shown  by  the  example  of  the  function 

t  Two  very  important  memoirs  on  integfral  functions  have  appeared  in  the  last  few  years — 
P.  Boutroux,  **  Sur  quelques  propri^t^s  des  fonctions  entidres  {Acta  Mathematical  Vol.  xxvin.) ; 
E.  Ldndelof,  **  Mteoire  sur  la  th^rie  des  fonctions  entiires  de  genre  fini  "  {Acta  Soc.  Fennica, 
Vol.  XXXI. ).  Each  of  these  writers  has  introduced  g^reater  precision  into  the  known  theorems 
concerning  functions  of  non-integral  order  and  has  proved  interesting  results  concerning 
functions  of  integral  order.  I  refer  further  in  the  text  to  some  of  M.  Boutroux*s  results. 
I  am  iodebted  to  M.  Boutroux  for  a  number  of  suggestions  concerning  the  results  prove4 
mid  ref erired  to  in  this  paper. 
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the  apparent  paradox  disappears,  as  we  have  then  for  the  increases 
of  the  moduli  of  the  zeroes 

(9)     n/logn,   n, 

which  correspond  naturally  enough  to  (7).  But  this,  as  M.  Boutroux 
pointed  out  to  me,  is  not  quite  a  sufficient  account  of  the  matter. 
M.  Boutroux  has  in  fact  shown  that  in  the  case  of  a  function  of  integral 
real  order  there  are  two  typical  laws  of  increase  of  its  modulus.  These 
typical  laws  may  be  said  roughly  to  correspond  to  the  cases  in  which 
all  the  roots  are  real  and  (a)  all  positive,  (6)  equal  and  opposite  in  pairs. 
The  two  laws  for  the  function  corresponding  to  the  law  n  for  the  zeroes 
would  be  e^f  e^^^^y  and  corresponding  to  the  law  n/logn  would  be 
^riogr^  gr(\ogry  fjij^g  sufficiently  elucidates  the  behaviour  of  the  functions 
(6) ;  but  seems  at  first  sight  to  raise  a  precisely  similar  difficulty  with 
reference  to  the  function  (8),  since  its  increase  is  the  same  whether  c  =  0 
or  not,  while  the  increase  of  its  zeroes  differs  in  the  two  cases.  This 
difficulty,  however,  disappears  when  we  note  (what  will  be  obvious  later 
on)  that  what  we  may  call  the  two  principal  sets  of  zeroes  of  (8),  i.e, 
those  whose  increase  is  least,  are  arranged  on  the  "  equal  and  opposite  '* 
type  (6),  approximately  of  course.  M.  Boutroux  when  writing  his 
memoir  was  of  course  not  aware  of  the  nature  of  the  zeroes  of  (8).  I 
proceed  now  to  the  proof  of  the  assertions  which  I  have  made  about 
them. 

2.  It  has  been  shown  by  Mellin*  that,  if  —  tt+c  <  am .x  <  ir—e, 

V(^'^)  ^  1  2)/(2i/ — 1) 

(A) 

where  J(ar,  /c)  =  h^.  -^^  ^  0)  dt 

(-2A;-l</c<-2A;+l), 

k  being  a  positive  integer,  ^{t)  the  Riemann  ^  function,  and  logn  having 
its  principal  value ;  and  that  |  !(«,  /c)  |  <  C  |  a;  |  *  where  G  depends  only 
on  K  and  on  €.     From  this  and  the  formula 

n(a;)n(— X— 1)  =— 7r"^sinxx 
we  easily  deduce  that 

n(a:)  =  -^^exp|-(a:+i)log(-a:-l)+a:+l  +  ...}, 
an  asymptotic  expression  for  11  {x)  vaUd  throughout  a  region  of  the  plane 

*  Acta  Soeietatit  Fmniea,  Vol. 
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which  includes  the  part  hitherto  excluded ;  and  it  is  easy  to  see  that 
the  two  expressions  are  equivalent  in  the  domain  common  to  their 
regions  of  validity.  Moreover,  these  expressions  hold  uniformly  for  all 
values  of  the  amplitude  of  x\  i.e,  the  ratio  of  11(2;)  to  one  or  other  (or 
to  either)  of  them  differs  from  unity  by  a  quantity  numerically  less  than 
C I  a;  I '»  C  being  independent  of  the  amplitude  of  x. 
Now,  if  X  =  re^9 

|exp  {— (a;+i)loga:+a;}|  =  exp  { —(r  log  r—r)  cos  0+r0  sin  0— J  log  r}. 

This  tends  to  cx)  with  r  if  ix^d^Tr— e  or  — 7r+e^  0<  —  ^tt, 
to  0  if  — i7r<d<j7r.  If  TT— €<0<x  or  — 7r<d<— 7r+e,  we 
see  by  the  help  of  the  other  asymptotic  expression  that  1 11  (x)  |  becomes 
on  the  whole  exceedingly  large,  except  in  the  immediate  neighbourhood 
of  its  zeroes.*  Thus  we  see  that  the  large  roots  of  Ii(x)  =  c  must  be 
sought  either  in  the  direction  of  the  negative  real  axis,  or  in  the  direction 
of  either  part  of  the  imaginary  axis ;  and  that  the  roots  (if  any)  in  the 
latter  directions  will  lie  to  the  right  of  the  imaginary  axis.t 

The  first  series  of  roots  does  not  particularly  interest  us  here.  It  is 
not  difficult  to  show  that,  if  we  draw  the  curves  |  II  (x)  |  =  |  c  |,  those 
of  them  which  lie  in  the  direction  of  the  negative  real  axis  at  a  great 
distance  from  the  origin  are  small  closed  curves  surrounding  the  points 
— n;  and  hence  that  the  roots  of  11(2;)  =  c  tend  asymptotically  to  the 
points  — n,  one  and  only  one  being  associated  with  each  point,  and 
passing  continuously  into  it  for  c  =  0.  I  proceed  to  consider  the  other 
sets  of  zeroes.     Suppose  that 

lL(x)  =  c  =  ye^,      x  =  i+ifj, 

^,  fi  being  positive  and  fj  large.     If  we  make  A;  =  1  in  (A),  we  find  that 

logn(a;)  =  —  log  V(2^)— («+J)loga;+a; 


—  :?i4- -L-f  "  '~     '"'      ^ 


o    +5^1   *^*"-T-^,  T^Wd^     (-3</c<-l). 
2x      27rtJ«-.ioo    smirt  t^ 


If  we  vary  k  so  that  the  line  (/c— too,  K+ico)  lies  to  the  right  of 
the  point  —1,  as  by  taking  /c  =  —  J,  we  obtain 

*  As  do  ciimpler  functions,  such  as  ^  tdn  ^  when  x  is  large  and  positive. 

t  It  is  essential  to  the  truth  of  these  statements  that  we  should  know  that  |  n  (j?)  |  tends 
uniform^  to  oo  with  \x\  throughout  the  region  v c<0<— ir-(-«.  It  is  perfectly  possible 
for  the  modulus  of  a  function  to  tend  to  qo  with  |  ^  |  in  every  direction,  and  yet  for  it  to  have 
an  infinity  of  roots  near  qo  ;  but  in  such  a  case  it  must  tend  to  qo  non  •uniformly.  See  a  recent 
note  in  the  Cwnptet  Rendm  by  Prof.  Mittag-Leffler. 


Mr.  G.  H.  Habdy  [March, 


iogn(.)  =  -iogV(2x)-(.+i)iogx+.+^  j-|;;^  _^^  ^^^t^dt. 


since  the  residue  at  ^  =  -— 1  is 


Tf<-»=-i- 


Now,  if  </>  (X)  =  ^.  -^  7^(0  dt, 

dx       27ri  J  -  j-iao  Bin  x^ 


and  so*  I  0(«)  I  <  C|  a:  |-*, 


<C|a;|-». 


and,  if  ip{x)  =  w+iv,  the  moduli  of  ^  =  ^    and    -^  =  —  -^  are  each 


numerically  less  than  a  constant  multiple  of  |  a:  |  "^ 

Now  exp  {--(x+^)logx+x+(f>{x)}  =  c\/(2'7r), 

and  therefore 

—  (x+^)logx+x+<f>{x)  =  logy\/(27r)— i(2p'7r— /Lt) 
where  j?  is  an  integer.     That  is 

(1)  -4(^+4)  \og{i'+fh+^  tan-^ -|-+^+u  =  logy  V(2x) 

(2)  -ii+i)  tm-'j-'-^rilogii'+fh+^+v  =-2px+AX, 

tan~^-^  being  a  positive  angle  <  ^ir  and,  since  fi  is  large  compared  with 

i,  nearly  =  ix. 

Let  us  consider  the  curves  (1),  (2).  Since  fi  is  large,  and  large 
compared  with  i,  it  is  clear  that  p  is  large  and  positive  and  that  a  first 
approximation  to  the  form  of  the  curves  (2)  in  the  part  of  the  plane 
under  consideration  is  given  by  j;  log  17  =  ^pw.  It  is  easy  to  see  f  that 
a  region  can  be  defined  by  inequalities  of  the  form 


*  See  Mellin,  ioc,  eit.    This  foUows  from  the  fact  that     lixn      ^  - •  < < '  ({t)  sx  o  for  any  c  >  0. 

tm-\±im 

t  These  assertions  are  easily  verified,  and  there  is  nothing  of  interest  in  the  formal  proof 
of  them. 
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(S  being  small  and  B  large)  within  which  to  each  value  of  i  corresponds 
one  and  only  one  value  of  rj  for  each  of  the  curves  (2),  that  the  values 
of  fi  increase  with  p,  and  that  drj/di  is  small  and  negative  along  each  of 
the  curves.  Moreover,  the  curve  (1)  consists  of  a  single  branch  whose 
equation  may  be  put  in  the  form  ^  =  i7rj;(l+e)/logJ7  where  e  is 
very  small ;  and  along  this  curve  dfj/di  is  large  and  positive.  From 
these  facts  it  follows  that  the  curve  (1)  cuts  each  of  the  carves  (2)  in 
one  and  only  one  point  in  the  region  in  question.  Each  of  these  points 
is  a  root  of  11(2;)  =  c,  and  it  is  clear  that  at  such  a  point 

17  =  2px(l+e)/logi),        i=p^7r(l+€)l(\ogp)\ 

Therefore  the  equation  H(x)  ^  c  (c  ^  0)  has  an  infinity  of  roots  lying 
in  the  direction  of  the  imaginary  axis,  and  given  by  the  formula 

where  in  each  bracket  e  is  a  quantity  whose  limit  for  p  ^  cd  is  0.     Also 

\xp\=^rp  =  27rp(l+e)/logp; 

so  that  the  increase  of  these  roots  is  that  of  jp/logjp. 

It  is  obvious  that  there  is  a  corresponding  set  of  roots  in  the 
negative  direction  of  the  imaginary  axis.  The  equation  11(2;)  =  c  has 
therefore  three  sets  of  roots  whose  increases  are  p>  pl^ogp,  p/logp ; 
and  so  the  increase  of  its  roots  is  on  the  whole  p/logp, 

8.  An  investigation  only  very  slightly  more  complicated  shows  that 
the  increase  of  the  roots  of  the  equation 

n(a;)  =  anX''+an-ix''-''^+...+ao 

is  also  p/logp.  In  fact,  we  obtain  exactly  the  same  first  approximation 
to  them  as  in  the  simpler  case.  I  have  not  been  successful  in  an  attempt 
to  approximate  to  the  roots  with  sufficient  accuracy  to  distinguish  betweeii 
the  nature  of  the  roots  for  different  values  of  n.  In  the  case  of  the 
other  equations  referred  to  at  the  beginning  of  this  paper  a  mov/b 
accurate  approximation  is  possible. 
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ON  A  CERTAIN  DOUBLE  INTEGRAL 

By  A.  C.  Dixon. 

[Reodyed  Januaiy   19th,   1904.  —  Read  Febnuuy  11th,   1904.] 

This  paper  contains  a  discussion  of  some  properties  of  the  double 
integral     T  P  x*-Vl-«y"^y'"Ml-y)*^"Ml-icyr"^"*^dy(ic.       The    most 

remarkable  of  these  is  that,  when  multiplied  by  a  certain  factor,  the 
expression  becomes  a  symmetric  function  of  five  independent  variables. 
From  an  examination  of  particular  cases  it  does  not  seem  likely  that  this 
function  can  be  reduced  to  gamma  functions  in  general;  though  under 
some  conditions  it  can.  (Proc.  London  Math,  Soc,  Vol.  xxxnr.,  p.  401 ; 
Vol.  XXXV.,  p.  289.) 

1.  Certain  transformations  which  leave  the  double  integral 


fi 


unaltered  in  form  make  up  a  group  that  is  of  some  interest.    Let  the 

transformation  ^.^  „^  ,  .^  ^ 

X  =  0(Z,  7),        y  =  yfr(X,  Y), 

where  Z,  Y  are  the   new  variables,  be  denoted  by   (0(x,  ^),   yjrix,  y)). 

Then  one  member  of  the  group  is  (y,  x),  which  simply  interchanges  x 
and  y.     This  operation  is  of  period  2.     Others,  also  of  period  2,  are 

I — ,  — j,     ( — ,  yj,     (l— «,  "TZT/*      ^^^^   these  may  be   derived 
(y ,   — j ,  of  period  3,  and  (t^^*  ^ )  >  also  of  period  8 ;  and  from  these 

again   (73-- >   1— a:y)>  which  is  of  period  5. 

The  variables  introduced  in  the  different  transformations  are  thirty 
in  number,  namely, 

1        1—  1  g— 1  X 

X  1— X  X  x—1 

Vf   — »    1— y»   :; — »   ^^^^^»   — ^; 
y  1— y       y       y— i 
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^  xy*  ^'     l—xy'       xy    '     xy—l' 

1— y       l—xy      y—xy      1—xy      y—xy       y— 1  , 
1— icy'      1— y  '     l—xy'     y—xy*      y— 1  '     y— a;y' 

l—x       1— xy      x—xy      l—xy      x—xy       x— 1 
1— xy'      1— X  '     1— xy'     x—xy'      x— 1  '     x—xy' 

Let  P,  Q,  B,  8,  T  denote  these  five  rows  respectively.  Then  the 
transformations  of  the  group  permute  P,  Q,  B,  S»  T.  For  instance, 
(y,  x)  interchanges  P  and  Q,  also  S  and  T.     We  may  then  write 

(y,  X)  =  (PQ)  (ST), 
and  similarly 


(i'7)  =  ^^'^'    (^'^)  =  (^^)(«^'    H'A)  = 


(US). 


From  these  four  all  the  permutations  may  be  derived.  Conversely, 
each  permutation  corresponds  only  to  one  operation  of  the  group;  for, 
if  not,  an  operation  of  the  group,  say  (x',  y'),  other  than  (x,  y)  would 
leave  P,  Q,  JS,  S,  T  unchanged. 

Now,  since  P  is  unchanged, 

,  1        ^  1  X  X— 1 

X  1 — X        X — 1  X 

Since  Q  is  unchanged, 

f  1       1  1  y  y— 1 

y=y>    —f   1— y»  ; — ,  — ^»   or  ^ — . 
y  1— y     y— 1  y 

Since  i2  is  unchanged,  x'y'  is  a  function  of  xy  only,  which  can  only 
be  if  x'  =  X,  y'  =  y  or  x'  =  x"\  y'  =  y"^  The  latter  is  out  of  the 
question,  since  it  interchanges  S  and  T.  Hence  the  group  of  trans- 
formations is  the  same  in  structure  as  that  of  the  permutations  of  five 
letters. 

This  may  be  seen  in  another  way.     Put 

_  (a—DJc—d)  _  (a—e)(c—b) 

^      (c-bHa-d)'        ^      (c-e)(a-b)' 

Then  the  operations  of  the  group  are  equivalent  to  permutations  of  a,  6, 
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c,  d,  e.    We  have,  in  fact, 

(ac)  =  (i-,    ^),  (de)  =  (-,    ^), 

(6d)  =  (i-,   xy).  (6c)  =  (l-x.  ^). 

(ac)(<fo)  =  (y,  «),  (ac)(6e)  =  (t->   J')' 

and  P,  Q,  i2,  S,  T  are  replaced  by  e,  i,  b,  c,  a  respectively.    Let  us 
slightly  modify  the  meaning  of  P,  Q,  B,  S,  T  and  take 

p  _  d-x+a^" 

Q,  JS,  S,  r  the  same  functions  of  t/,  xv,  :; *^ ,  ; that  P  is  of  a;. 

1— xy    l—xy 

Then  P  is  asymmetric  function  of  a^  b,  c,  d;    Q  the  same  of  a,  b,  c,  e; 

and  so  on ;   and,  if  we  suppose  a,  6,  c,  (2,  e  the  roots  of  a  quintic  equation, 

P,  Q,  i2,  8,  T  will  be  those  of  a  resolvent  of  the  same  degree  whose 

(Coefficients  are  all  invariants:    this   resolvent   could   be  derived  by  a 

Tschimhausen  transformation. 

It  is  easily  found  that  the  leading  coefficient  in  this  resolvent  is  the 
cube  of  the  discriminant,  and  that  the  second  and  third  coefficients 
contain  the  second  and  first  powers  of  the  discriminant  as  factors 
respectively.  Each  coefficient  is  of  the  order  24  in  those  of  the  original 
quintic.  The  discriminant  of  the  resolvent  contains  as  factors  the  seventh 
power  of  the  original  discriminant  and  the  fourth  power  of  the  skew 
invariant,  since  this  latter  vanishes  when  two  pairs  of  roots  belong  to  an 
involution  in  which  the  fifth  root  is  self-conjugate.  If  ab,  cd  are  the 
two  pairs,  we  have  (abce)  =  (bade),  (acde)  =  (bdce) ;  so  that  the  resolvent 
has  two  pairs  of  equal  roots. 

Since  the  discriminant  is  of  order  8,  the  skew  invariant  of  order  18, 
and  the  discriniinant  of  the  resolvent  of  order  192,  the  last  must  contain 
another  factor  of  order  64,  which  is  found  to  be  the  square  of  an  invariant 
of  order  32  whose  vanishing  is  the  condition  that  four  roots,  such  as  a,  6, 
c,  df  should  be  homographic  with  5,  c,  a,  e.* 

*  Ifote  added  March  I6th,  1904. — ^The  group  of  permutations  of  fiye  letters  is  here  shown  to  be 
isomorphic  with  a  group  of  birational  transformations  of  two  yariables.  This  is  a  case  of  the 
theorem,  given  by  Prof.  W.  Buxnside  and  Prof.  E.  H.  Moore  (see  Meuenger  of  Math^nuUiet, 
February,  1901,  pp.  148-153  ;  and  American  Journal,  Vol.  xxii.,  pp.  279-291),  that  the  symmetric 
g^up  of  degree  n  can  be  represented  as  a  group  of  birational  transformations  in  ii— 3  symbob. 
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2.  Each  transformation  of  the  group  produces  a  Hnear  transformation* 
of  the  letters  i,  j,  k,  I,  m  which  occur  in  the  double  integral. 
Thus  i,  j,  k,  Ij  m  are  changed 

by      (  y,         X    )     into     i,  k,  j,  i,  m ; 

by     (  — ,     —    )     into     A— m— i+1,  j,  k,  j—m—l+l,  m; 

\  X      y   ' 

by     (  — »       y    )     ^^'^     k—m—i+l,  m—j—k+lf  k,  i— i— j+1,  m; 
\  xy  I 

by     \\—x,  -;^)     into    j,  i,  j*— m— i+1,  I,  t— A— i+1. 

Constant  factors  of  the  subject  of  integration  are  here  neglected. 

These  transformations  permute  the  ten  quantities  i,  j,  k,  I,  m, 
i— A;— i+1,  J— Z— m+1,  A;— m— 1+1,  i— i— j  +  l,  m— 7— A;-)-l  in 
such  a  way  that  rows  and  columns  are  permuted  simultaneously  in  the 
array: — 


a 


a 


•  ••  > 


d 


t— A;— i+1,  m,  A;— m— t+l,  i, 

i— A;— Z+1,  ...,  i— t— y+1,  J,  A;, 

i,  A;,  >— i— m+l,   m— J— A;+l, 


The  array  is  bordered  with  the  letters  a,  6,  c,  d,  e  to  show  the  corre- 
spondence between  the  two  forms  of  the  group. 


2.  So  far  the  double  integral  has  been  taken  as  indefinite.  If  we 
now  make  it  definite,  the  limits  being  0,  1  for  both  x  and  y^  there  are 
ten  transformations  of  the  group  that  leave  the  limits  unchanged.     One 

of  these  is  {y,x)\  another  iis   (^  "~^  ,  y]  or  (a^)(&c),  which  substitutes 

\1 — xy      J 

7,  i,  m,  i,  k  for  %  j,  A;,  i,  w.     These  operations  reverse  the  cyclic  order 

of  i,  y,  A;,  2,  m,  as  also  of  a,  6,  c,  6,  d ;  hence  the  ten  operations  of  the 
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sub-group  are  those  which  maintain  or  reverse  the  cyclic  order  t,  j,  &,  I,  m, 
and  the  value  of 


a 


x*-^  (1 -icy- y- Vl -y)*-Ml -icyr-^-*(ic  iy 

OJO 

is  unchanged  by  these  ten  substitutions  for  i,  j,  A;,  l,  m. 

Denote  this  integral  by  B  (t,  j,  A;,  Z,  m)  on  the  supposition  that  the 
real  parts  of  i,  j,  A:,  2,  m  are  positive,  so  that  the  value  is  finite.  It  can 
be  expressed  as  a  single  integral  by  means  of  the  hypergeometric  function 
thus 

Since  the  hypergeometric  function  is  unaffected  by  an  interchange  of 
its  first  two  elements,  we  find  that  B{i,j,  k,  Z,  m)  -5-  TkTl  is  unchanged 
by  the  substitution  for  i,  j,  k,  I,  m  of  i,j,  l+m—j,j+k—m,  m.  Since 
i,y,  m  are  also  unchanged,  we  have  B{i,j,  k,  Z,  m)  -S-  TiVjVkVlVm 
unaffected  by  the  same  substitution,  which  replaces  t+y,y+A:,  Ar+Z,  Z+m, 
m+t  by  i+y,  Z+m,  A:+Z,  j+A;,  wt+i,  the  same  quantities  in  another 
cyclic  order. 

Since  it  has  been  proved  already  that  -B(t,y,  k,  Z,  m)  is  unaffected  by 
any  reversal  of  the  cyclic  order  of  the  five  letters,  we  find  that 

B(i,  J,  A;,  Z,  m)  -r-  rir;TA;rzrm 

is  a  symmetric  function  of  i+j^j+k,  k+l,  Z+m,  m+i. 
Writing  F(a,  fi,  y,  S,  e,  x)  for 

ai8y         a(a+l)i808+l)y(y+l)    o 
^^   <Je      ^      1.2.<J((J+l)e(e+l)     ^^"•" 

we  have,  when  the  real  parts  of  5+e— a— j8— y,  a,  j8,  5— a,  e— /8  are 
positive, 

rar(<J-a)ri8r(e-/3)F(a,  i8,  y,  cJ,  €,  1) 

Hence  F(a,  jS,  y,  5,  e,  1)  -^  TSTeTiS+e-a-IS-y) 

is  a  symmetric  function  of  S,  €,  5+€— a— j8,  i+e— j8— y,  5+e— y— a. 
Write  ^,  9,  r,  «,  ^  for  these  five  variables;   then  when  a  =  0,  that 
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is,   when  p+q+s^r+t^    the   value   of    the    symmetric    function    of 
Pf  9»  T^  Sf  t  is  IjTpVqTs.    Another  interesting  result  is  that 

F{a,  P,  y,  3,  €,  1) 

F{S'\'€'~a—l3-^y,  e— g,  S — a,  ^+g — « — i8>  ^+6— a— y>  1) 

r(J+€-a-/8)r(5+e-a-y)ra  ' 

from  which  it  follows  that 

J.       F(a,  i8,  y,  ^,  6, 1)  ^    r^re 

«+^+™  8+.  r(5+€— a— /8— y)       Fa Ffl Fy ' 

4.  The  symmetry  of  the  hypergeometric  function  F(a,  jS  y,  0  with 
respect  to  a,  )8  may  be  shown  by  transformation  of  the  definite  integral 
as  follows.     We  have 


a 


a*-Hl—x)y-^-^y—^{l—yy-'-Hl—xt)-'dxdy 

=  B{fi,  y-p)B{a,  y-a)F{a,  ^,  y,  t). 


Put 


u y V 


1-x    o—u)a-vo'     o—y)a-x{)    1-v' 


m,.        .  U  V(l — tit — Vt+UVt) 

ThisgiveB      a.  =  i_,,^^„,.        y  = fzi^t 

(l-^)a-y)  =  il-u)il-v),       ^  =  ^. 

and  the  double  integral  becomes 

the  same  expression  with  a,  13  interchanged. 

6.  It  would  seem  that  there  is  no  irreducible  closed  path  which  for 
all  values  of  the  indices  i,  j,  A:,  I,  m  brings  back  the  expression 

x'-Hl-xy-^Fij+k-"^,  I,  k+l,  x) 

to  its  original  value.  Any  closed  path  causes  a  linear  homogeneous 
transformation  of  F  and  another  function  Fi ;  if  the  values  of  x*~\ 
(1— a;)-^~^  are  to  be  restored  in  general,  the  path  must  pass  round  each 
of  the  points  0,  1  as  often  positively  as  negatively,  and  the  product  of  the 
multipliers  in  the  transformation  of  F,  Fi  must  therefore  be  1.  If  F,  or 
any  expression  of  the  form  \F+/jlFi,  is  unchanged,  one  of  the  multipliers 
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is  1,  the  other  is  then  also  1,  and  the  transformation  is  parabolic  or 
else  identical.  But  there  are  well  known  cases  in  which  the  group  of 
the  hypergeometric  function  contains  no  parabolic  substitutions.  Such 
cases  are,  for  instance,  those  associated  with  the  regular  solids.  When 
the  first  three  elements  are  commensurable  there  are  irreducible  paths 
corresponding  to  identical  substitutions,  but  these  are  not  the  same  for  all 
values  of  the  elements. 

6.  The  function  £(i,  j.  A;,  Z,  m)  satisfies  certain  difference  equations 
which  may  be  found  as  follows  : — 

Multiply  the  identity  x+(l— ar)  =  1  by 

and  integrate. 

Thus  -B(iH-)+B(;  +  ,  m+)  =  -B,  where  i+  indicates  that  i  is  to  be 
increased  by  1,  the  other  letters  being  unchanged. 

Other  equations  may  be  derived  from  this  by  symmetry.  Write 
p,  q,  r,  8,  t  for  i+j,  j+k,  A:+Z,  i+m,  m+i,  and  C{p,  g,  r,  s,  t)  or 
simply  C  for  B{i,j,  k,  Z,  m)/rir;TA:nrm.     Thus  we  have 

C  =  iC(p+,  t+)+jmC{p+,  g+,  s+,  t+) 

=  UP'-q+r-8+t)C(p+,  t+) 

+i(l>+?-^+«-0  (-p+q-r+8+0C{p+,  g+,  s+,  t+).     (a) 

Of  such  equations  there  are  thirty,  since  jp,  g,  r,  s,  t  may  be  interchanged 
in  any  way.  If  we  take  the  one  written  with  those  derived  from  it 
by  interchanging  q,  .9,  t,  we  can  eliminate  C  and  C(p+,  g+,  s+,  t-\-). 
Thus 

{p'-q+r-s+t){q-8)C{p+J+)+{p+q+r'-8-t){S''t)C(p+,q+) 

+(P'-q+r+s-t)(t'-q)C(p+,s+)  =  0, 

or,  by  the  substitution  of  p— 1  forp, 

(p-q+rs+t-l)(q'-s)C(t+)+(p+q+rS'-t-l)(S''t)C(q+) 

+  (p-q+r+s-t-l){t'-q)C{s+)  =  0. 

Similarly,  interchanging  q,  r,  s,  we  can  form  from  (a)  two  more 
equations  by  means  of  which  it  is  possible  to  eliminate  C  and  Cip+f  t-\-): 
then,  by  diminishmg  i),  g,  r,  s,  t  each  by  1,  we  have 

(qsHp+q-r+s-t-Di'-p+q-r+s+t'-DCir-) 

+(5-r)(i?-g+r+s-^-l)(-^-g+r+s+^-l)C(g-) 

+{r-q)(p+q+r-s-t-l)('-p+q+rs+t'-l)C(S'')  =  0, 
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Again,  from  (a),  by  interchanging  q,  t  and  eliminating 

C(i)+,  g+,  «+,  ^+), 
we  have 

-(l?-?ir-fi+0(i)-g-r+s+QC(i)+,  t+)\ 
this  may  be  written 

(t-y-;fc+m)B  =  (i-ft+m)B(t+)-(;+^-m)BC;+). 
in  which  form  it  seems  to  correspond  with  the  reduction  formula 

(m+n)B(m,  w+1)  =  nB(m,  n). 

To  get  some  of  these  results  we  might  also  have  integrated  by  parts. 

From  the  equation  (a)  form  two  more,  (1)  by  interchanging  the  pair 
p^^with  gs,  (2)  by  writing  p—lj  t—\  for  jp,  t.  From  these  three 
eliminate  G(q'\'i  s+)  and  C{p'\',  g+,  s+,  ^+).  The  result  contains 
C{p—f  <— ),  C,  and  C{p+,  ^+),  and  may  therefore  be  written  as  a 
difference  equation  of  the  second  order  for  B  or  C,  with  the  single 
independent  variable  i,  the  other  four  j,  k,  I,  m  being  treated  as  constant. 
This  equation  is 

(i>m-A)(t+y-OB(i+)+  |(i-l)(*+Z-i)+jm-(i+;-0(i+m--A)lB 

-(i-Dik+l-HBd-)  =  0. 

Its  general  solution  is  discussed  in  Boole's  Finite  Differences,  pp.  260-2 
(1880). 
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OPEN  SETS  AND  THE  THEORY  OP  CONTENT 

By  W.  H.  Young. 

[Beoeived  January  10th,  1904.«»Bead  January  14th,  1904.] 

1.  Introductory. 

In  the  present  paper,  I  begin  by  enunciating  and  proving  a  number 
of  theorems  which  will,  I  think,  be  found  to  be  of  considerable  importance 
in  the  theory  of  open  sets,  more  especially  in  connection  with  what  we 
may  popularly  express  as  **  the  room  they  fill  up  "  {Baumerfullung). 

I  have  purposely,  at  the  risk  of  some  apparent  repetition,  considered 
separately  the  case  where  the  points  fill  up  sets  of  intervals :  the  gain 
in  clearness  seems  to  me  considerable.  Moreover  this  special  case  is  of 
very  great  importance  in  itself.  Thus  a  small  portion  of  Theorem  4  is 
Axzela's  lemma  fondamentale^  from  which  he  deduces  many  of  his  most 
interesting  results.  The  proofs  so  far  given  of  this  lemma  are  all  due 
to  Arzela ;  the  only  one  I  have  examined  with  care  is  that  in  his  memoir 
entitled  "  SuUe  Serie  di  Funzioni,  Parte  prima  "  (1899 — Arzela's  second 
proof) :  this  proof  is,  as  I  here^  show,  incomplete. 

Since  the  presentation  of  the  present  paper,  I  see  that  M.  Borel 
has  pointed  out  the  importance  in  the  theory  of  functions  of  a  theorem 
including  Arzela's  lemma  and  included  in  Theorem  4  of  the  present 
paper.  His  note  is  printed  in  the  Comptes  Bendus,  December,  1908 ; 
no  proof  is  indicated,  nor  is  any  reference  given  either  to  the  work  of 
Arzela,  or  to  my  paper  on  ''  Closed  Sets  of  Points  defined  as  the 
Limit  of  Closed  Sets  of  Points,"  which  contains  the  germ  of  my  own 
work  on  the  subject. 

The  analogy  between  sets  of  points  and  sets  of  intervals  brought 
out  in  the  earlier  part  of  the  present  paper  leads  naturally  to  the  con- 
sideration, in  the  latter  part,  of  the  difficult  question  of  the  content  of 
open  sets :  this  question  is  here  discussed  at  some  length.  The  theory 
to  which  I  have  independently  been  led  coincides  in  some  of  its  main 
features  with   that  developed  by  M.  Lebesguef  in  his  very  important 

•  See  below,  p.  22. 

t  Annali  di  Matematiea  (1902).  [My  attention  was  first  called  to  this  memoir  after  the 
presentation  of  the  present  paper.  In  oonsequenoe  I  have  added  references  to  the  work  of 
M.  Lebesgue,  wherever  it  seemed  desirable,  and  I  have  partiaUy  adopted  his  nomenclature.  The 
only  other  alterations  made  since  the  presentation  of  the  paper  consist  in  the  insertion  of  one  or 
two  additional  theorems  in  the  section  which  deals  with  the  (outer)  content. — March  16M,  1904.] 
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memoir  entitled  "Integrale,  Longueur,  Aire";  and  my  results  confirm 
his.  This  is,  perhaps,  not  without  interest,  as  in  one  or  two  places 
M.  Lebesgue's  treatment  is  rather  suggestive  than  detailed,  and  the 
assumption  that  the  region  of  space  considered  is  finite  underlies  not 
only  his  definitions,  but  also  his  proofs.  Whereas,  moreover,  the  work  of 
M.  Lebesgue  on  this  subject  consists  of  a  discussion  of  the  properties 
of  the  contents  of  **  measurable  sets  "  in  combination  with  each  other, 
I  have  in  what  follows,  regarding  the  matter  from  a  somewhat  more 
general  standpoint,  investigated  the  relations  of  what  I  call  ''  additive 
sets" — a  class  which  includes  all  the  sets  actually  shown  by  M.  Lebesgue 
to  be  measurable — to  sets  in  general. 

It  has  not  been  shown  that  sets  which  are  not  measurable  do  not  exist, 
and  it  is  possible  that  such  sets  do  exist.  This  has  led  M.  Lebesgue 
to  adopt  the  terms  mesure  interieure,  and  mesure  exterieure,  though  he 
only  considers  those  sets  for  which  these  agree.  Corresponding  to  these 
terms  I  use  the  expressions  **  (inner) "  and  "  (outer) "  content,  and 
in  its  proper  place  I  go  shortly  into  the  details  of  M.  Lebesgue's 
theory. 

The  definitions  given  of  the  (inner)  and  (outer)  content  of  an  open  set 
are  found  to  simplify  materially  the  statement  of  a  number  of  the  pro- 
perties of  open  sets,  and  are  indeed  suggested  by  them.  The  question 
then  arises  whether  the  contents  so  defined  obey  the  law  of  addition ; 
whether,  in  fact,  the  sum  of  the  contents,  whether  (inner)  or  (outer),  of 
two  non-overlapping  sets  is  equal  to  the  (inner)  or  (outer)  content  of  their 
sum.  This  is  found  to  be  the  case,  provided  at  least  one  of  the  two 
components  is  closed,  or  belongs  to  a  very  extended  class  of  open  sets. 
I  have  not  succeeded  in  proving  the  theorem  (or  disproving  it)  in  its 
complete  generality.  We  here  knock  up  against  that  barrier  of  imperfect 
acquaintance  with  open  sets  which  is  responsible  for  the  non-deter- 
mination of  the  question  whether  or  no  sets  of  points  exist  whose 
potencies  lie  between  that  of  the  natural  numbers  and  that  of  the  con- 
tinuum. 

If,  as  is  possible,  the  addition  theorem  is  not  true  for  all  open  sets, 
the  extended  class  of  additive  sets  for  which  it  holds  possesses  a  peculiar 
interest  of  its  own.  It  appears  from  the  results  of  the  paper  that  the 
class  forms  a  corpus ;  all  known  operations  performed  on  members  of 
the  corpus  lead  to  members  of  the  corpus.  From  this  point  of  view  the 
paper  may  perhaps  be  regarded  as  making  a  contribution  of  some  interest 
to  the  classification  of  open  sets,  and  I  have  availed  myself  of  the 
opportunity  of  stating  and  proving  several  theorems  which  bear  on  this 
question,  and  which  are,  I  believe,  new. 

SXB.  2.     VOL.  2.     NO.  852.  c 


18  Dr.  W.  H.  Young  [Jan.  14, 

Pabt  I. — Sets  op  Intbbvalb. 

2.  Finite  Sets  of  Intervals. 

Theorem  1. — Given  a  countably  infinite  series  D^jD^,..,  of  sets  of 
intervals,  each  of  which  contains  only  a  finite  number  of  intervals  stich  that 
eOrch  interval  of  Dn+i  is  contained  in  an  interval  of  Dn  (toith  possibly  one  or 
both  end  points  common),  there  is  at  least  one  point  common  to  an  interval 
from  each  set ;  and  the  common  points  form  a  closed  set. — For,  since  the 
number  of  intervals  in  Dn  is  finite,  the  internal  and  end  points  form  a 
closed  set,  and,  by  hypothesis,  the  closed  set  of  points  Dn+i  is  a  com- 
ponent of  the  closed  set  Dn ;  hence,  by  Cantor's  Theorem  of  Deduction,^ 
the  first  part  of  the  conclusion  follows ;  the  second  statement  is  also  the 
direct  consequence  of  a  well-known  extension  of  that  theorem. 

Theorem  2.  —  If  to  the  hypothesis  of  Theorem  1  we  add  that  the 
contents  of  each  Dn  is  greater  than  soms  positive  quantity  ^g,  the 
common  points  form  a  closed  set  of  points  D'  of  content  ^  g,  so  that  th^y 
have  the  potency  c.  For,  if  possible,  let  the  content  be  less  than  g,  and 
let  the  difference  be  greater  than  e.  Then  we  can  enclose  all  the  points 
in  a  finite  set  of  intervals  of  content  less  than  (g—e).  Out  of  the  set  Dn 
let  us  cut  those  parts  which  are  common  to  Dn  and  the  intervals  just 
constructed :  there  remain  over  a  finite  number  of  intervals  of  content 
greater  than  e.  The  intervals  so  constructed  for  successive  values  of  n 
satisfy  the  requirements  of  Theorem  1 ;  so  that  there  is  at  least  one  point 
common  to  them,  and  therefore  to  the  original  sets  Dm  contrary  to  the 
assumption  that  all  the  common  points  had  been  cut  out.  The  assumption 
was  then  inadmissible  that  the  common  points  could  be  enclosed  in  a 
finite  set  of  intervals  of  content  less  than  g,  Q.  £.  D. 

8.  Infinite  Sets  of  Intervals. 

If  we  remove  the  restriction  that  the  number  of  intervals  in  Dn  is 
finite,  these  conclusions  are  inadmissible,  since  the  points  of  Dn  do  not 
then  form  a  closed  set.  I     The  following  simple  example  proves  this. 

Example  1. — Let  D«+i  consist  of  all  the  abutting  intervals  between 
the  points  whose  numbers  in  the  binary  scale  are  1**  (n  ^  m)  (Fig.  1). 

•  See  Part  II.,  Theorem  1. 

t  That  IB,  the  content  of  the  equivalent  set  of  non-overlapping  intervals.  Proc.  London 
Math.  Soc.,  Vol.  xzxv.,  p.  386,  §4. 

t  Cf.  Quarterly  Journal  of  Pure  and  Applied  Maihematxct,  No.  138  (1903),  p.  110. 
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Here  the  only  limiting  point  of  intervals  one  from  each  set  is  the  point 
unity,  and  is  external  to  the  intervals  of  every  set. 
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In  this  example  the  content  of  the  sets  decreases  without  limit ;  the 
theorem  proved  by  me  in  a  paper  entitled  ''  On  Closed  Sets  of  Points 
defined  as  the  Limit  of  a  Sequence  of  Closed  Sets  of  Points  '*  *  shows 
that  when  the  sets  of  intervals  have  no  point  common  this  must  always 
be  the  case.  As  the  application  of  Theorem  1  supra  considerably  sim- 
plifies the  proof  originally  given  of  that  theorem,  I  might  have  been 
tempted  to  repeat  the  theorem  here.  As  a  matter  of  fact,  however, 
subsequent  investigations  f  showed  that  the  enunciation  of  that  theorem 
might  be  further  extended,  and  the  result  stated  with  greater  precision, 
without  complicating  the  proof.  The  following  theorem  is  therefore 
substituted  for  it,  and  includes  it  as  a  special  case  of  its  first  part  (a) : — 

Theorem  8. — Given  a  countably  infinite  series  D^,  Dg,  ...  of  sets  of 
intervals  such  that  (1)  ea^h  interval  of  Dn+i  is  contained  in  an  interval 
ofDn  for  every  valtie  of  n,  and  (2)  the  content  I  of  ea^h  set  Dn  is  greater 
than  some  positive  quantity  g,  then  (a)  there  is  a  set  of  points  such  that 
each  is  internal  to  an  interval  of  Dn  for  every  value  of  n,  and  (b)  it  contains 
closed  components  of  content  >  g—e,  where  e  is  a^s  small  as  we  please ;  so 
that  the  potency  J  of  these  points  is  c. 

Let  the  non-overlapping  intervals  which  have  the  same  internal  points 
as  Dn  be  arranged  in  countable  order,  and  denoted  by  Dn^  r,  for  successive 
integral  values  of  r. 

Let  us  determine  a  finite  number  of  the  intervals  Di,  r  such  that  the 

content  of  the  remaining  is  less  than  -—^^ ;   and  from  each  end  of  each 

*  Free.  London  Math,  Soe,,  Vol  xxxv.,  p.  282. 
t  Ibid,,  p.  284. 

X  Some  other  mathematioians  have  used  the  terms  (1)  **  cardinal  number,''  (2)  **  power,"  for 
this  concept. 

c  2 
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1         e 
of  these  intervals  (in  finite  number)  2)i,  r  let  us  cut  oflf  a  fraction  ^r^t   -y 

of  its  length.     The  sum  of  these  pieces  is  less  than  ^^ ,    and  therefore 

the  finite  number  of  curtailed  intervals,  which  we  denote  by  D'^,  has 

content  >5^— i«. 

The  parts  of  intervals  Dj,  r  which  lie  inside  D^  evidently  have  content 

>  Jg— ^6 :    choosing  out  a  finite  number  of  these  so  that  the  content 

of  the  remainder  may  be  less  than  ^^n '  ^^^  curtailing  them  at  each  end 

1        e 
by  a  fraction  jy^^ ,  —  of  their  length,  we  get  a  finite  set  of  intervals  Tl^  of 

content  >  g — - —  -^  lying  inside  the  intervals  Di. 

Proceeding  thus  with  each  successive  set  of  intervals  Dn,  n  we  obtain 
from  it  a  finite  set  I>\  of  content   >g^  -^ —  -^y  — ...—  -^^  a  fortiori 

2k         2k  2 

>  g—e,  lying  inside  the  finite  set  I^n-v  ^^^  every  value  of  n.  Applying 
Theorem  2  to  these  sets,  we  deduce  that  they  have  in  common  a  closed 
set  of  points  of  content  >  g—e.  By  construction  these  points  are 
internal  to  the  original  intervals  ;  which  proves  the  theorem. 

Theorem  4. — Given  an  infinite  number  of  sets  of  intervals,  in  a  finite 
segment  (A,  B)  of  length  L,  such  that  the  content  of  each  set  of  intervals 
is  greater  than  some  positive  quantity  g,  then  a  set  of  points  of  potency  c 
exists,  which  is  internal  to  an  infinite  series  of  these  sets  of  intervals,  and 
contains  closed  components  of  content  >  g^e,  where  e  is  as  small  as  we 
please. 

For  consider  the  non-overlapping  intervals  having  the  same  internal 
points  as  any  one  of  the  sets  D^.  Their  content  >  g,  and  therefore  we 
can  choose  out  a  finite  number  of  them  whose  content  is  greater  than  g. 
Suppose  this  done  for  all  the  sets :  then  in  each  set  we  have  only 
a  finite  number  of  non-overlapping  intervals. 

Let  the  integer  m  be  determined  so  that 

mg^L<{m+l)g.  (1) 

Let  us  consider  a  group  of  n  of  the  sets,  where  n  is  a  sufficiently  large 
integer,  later  to  be  more  particularly  specified. 

The  parts  of  (A,  B),  if  any,  which  are  covered  by  these  n  sets  doubly 
form  a  finite  number  of  intervals,  possibly  overlapping,  whose  content 
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we  denote  by  Ji, ».  The  parts  which  are  simply  covered,  therefore,  form 
a  finite  set  of  non-overlapping  intervals  of  content  >  n(gr— /i,  J,  whence 

n(g—Ii,n)<{m+l)g; 

therefore  /i.  n  >  { 1 — (^+  D/n }  g.  (2) 

Let  as  choose  an  integer  n'  so  that  (m+l)/n'  <  ie,  that  is, 

n'>2(m+l)/e;  (8) 

then  hn'>a-ie)g.  (4) 

Grouping  the  given  sets  together  in  distinct  groups  of  n',  and  taking 
the  corresponding  sets  of  double  non-overlapping  intervals,  we  have 
conditions  exactly  similar  to  those  with  which  we  started,  only  that, 
instead  of  g,  we  have  {l'-'ie)g. 

To  these  new  sets  we  apply  the  same  reasoning  as  before,  taking, 
however,  ie  instead  of  e,  and  substituting  for  n  an  integer  n"  such  that 
n"  >  4(m+l)/e  and  grouping  the  sets  of  double  intervals  in  groups  of  n". 
The  content  of  the  double  parts  corresponding  to  any  such  group  being 
denoted  by  h, »",  it  follows  that 

h n"  >  (l-ie)(l-i«)<7  >  iX-h-\e)g  >  a-eig.  (6) 

There  will,  therefore,  certainly  be  such  parts  for  every  one  of  the  groups, 
and  they  will,  by  the  construction,  be  at  least  quadruply  covered  by  the 
original  sets. 

In  this  way  we  can  always  proceed  a  stage  further:  the  sets  of  intervals 
which  we  construct  at  each  successive  stage  always  have  content 
>  (1— e)gr.  Returning  to  the  equation  (2),  we  see  that,  since  the  whole 
set  of  intervals^  in  {A,  B)  which  are  covered  at  least  doubly  by  the  given 
sets  has  a  content  /^  greater  than  or  equal  to  7i, «  for  all  values  of  n, 
T^^g.  Similarly,  denoting  by  T^  the  content  of  the  set  of  intervals  in 
(^,  B)  which  are  covered  at  least  quadruply  by  the  given  intervals, 
/j  >  9 ;  and,  generally,  T^^  g,  where  T^  is  the  content  of  the  set  of 
intervals  which  are  covered  by  at  least  2*^  of  the  given  sets. 

Now,  since  the  intervals  corresponding  to  the  content  T^  certainly  lie 
inside  those  of  content  T^_^,  we  can  apply  to  this  series  Theorem  8, 
since  the  content  of  each  is  certainly  greater  than  g—e^  which  proves  the 
theorem. 


*  There  might,  of  course,  be  points  of  (^,  B)  external  to  these  intervals  which  belong  to 
a  finite  or  infinite  nomber  of  given  sets,  but  they  do  not  affeot  the  argument. 
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This  theorem  includes  Axzela's  lemma  fondamentale,  the  enunciation 
of  which  is  as  follows : — 

Sia  ^0  u"  punto  limite  per  un  gruppo  qualsiasi  di  numeri  (y) ;  e  indichi 
Gq  =  (j/q,  y^y  . . .)  una  successione,  comunque  scelta,  di  numeri  (y)  tendenti 
al  limite  j/q,  Assumendo  le  variabili  come  coordinate  ortogonali  di  un 
punto  nel  piano,  si  consideri  il  gruppo  delle  rette  y  =  yit  y  =  y^f  •  •  • ; 
neir intervallo  a  ...  6  sopra  ciascuna  si  segnino  dei  tratticelli  distinti 
Tuno  dair  altro,  in  numero  finito  ohe  pu5  variare  da  retta  a  retta  e  anche 
crescere  indefinitamente  via  via  che  y«  si  approssima  a  ^q*  La  somma  dei 
tratticelli  5i,  „  ^2,  «i  . . .  i  ^n. »  segnati  sulla  y  =  ys  sia  d,.  Se  per  ogni 
valore  «  =  1,  2,  ...  n  /ta  sempre  d>  g  ;  g  numero  determinato  positivoj 
necessariam^ente  esiste  tra  a,  e,  h  almeno  un  punto  Xq  tale  die  la  retta 
x  =  Xq  incontra  un  numero  infinito  di  tratti  S. 

In  other  words,  assuming  that  the  sets  of  intervals  in  the  enunciation 
of  Theorem  4  are  finite  (a  restriction  which  is  subsequently  removed), 
Arzela  asserts  that  there  is  at  least  one  point  Xq  common  to  intervals  of 
every  set,  i.e.,  either  an  internal  or  end  point  of  such  intervals. 

Arzela's  first  proof,  which  dates  from  the  year  1885,^  and  occupies 
four  pages  royal  octavo,  involves  the  consideration,  seriatim,  of  a  number 
of  different  possibilities.  The  complicated  character  of  this  first  proof, 
and  perhaps  also  the  fundamental  nature  of  the  result,  induced  him  to 
attempt  to  give  an  alternative  proof  of  a  simpler  character  in  1899.  f 
The  line  of  argument  commences  much  in  the  same  way  as  that  employed 
by  myself.  By  taking  the  sets  of  intervals  in  groups  of  m-|-2  he  obtains 
the  equation  (2)  for  the  particular  value  n  =  m+2,  viz.. 

Since,  as  he  says,  the  process  can  now  be  repeated  indefinitely,  Arzela 
infers  the  existence  of  a  sequence  of  sets  of  intervals,  each  set  contained 
in  the  preceding  set.  He  then  asserts  that  a  sequence  of  single  intervals 
exists,  one  from  each  set,  and  each  interval  contained  in  the  preceding 
interval  of  the  sequence.  As  the  sets  of  intervals  are  no  longer  finite, 
such  an  assumption  would  need  proof  even  if  it  appeared  that  their 
contents  had  a  positive  lower  limit.  There  is,  however,  nothing  in 
Arzela's  argument  to  show  that  the  contents  do  not  diminish  without 
limit,  and  the  example  on  p.  19  of  the  present  paper  shows  that,  should 
this  happen,  the  required  conclusion  would  be  illegitimate. 


•Xof,  eit, 

t ''  Sulk  Serie  di  Fmudoni,"  Pftrte  prima,  JR.  Ace,  d.  Sc,  di  B^lo^m,  1899. 


1904.]  Open  sets  and  the  thboby  of  content.  23 


Part  II. — Sets  op  Points. 

5. 

I  now  proceed  to  show  how  to  replace  the  intervals  of  the  preceding 
part  of  the  paper  by  closed  sets  of  points  of  positive  content.  Our  sets  of 
intervals,  when  infinite  in  number,  will  then  become  open  sets  of  points. 
The  theorems  I  am  about  to  obtain  will  therefore  contain  the  earlier  ones 
as  special  cases. 

That  we  can  do  this  is  very  instructive,  and  suggests  at  once  the 
possibility  of  extending  the  theory  of  content  to  open  sets.  From  our 
present  point  of  view,  we  may  say  that  we  have  indeed  already  ascribed 
content  to  an  open  set  of  points,  viz.,  the  points  of  an  infinite  set  of 
intervals.* 

The  definition  already  adopted  of  the  content  of  a  set  of  intervals  is 
the  most  natural  one,  and  is  indeed  the  only  one  of  any  conceivable  use ; 
it  would  certainly  not  be  reasonable  to  substitute  for  it  the  content  of  the 
set  of  points  got  by  closing  it,  which  may  be  the  whole  continuum  even 
when  the  content  of  the  intervals  is  as  small  as  we  please.  There  would 
appear  therefore  to  be  no  sufficient  reason  for  defining  the  content  of  an 
open  set  to  be  that  of  the  set  got  by  closing  it.  Moreover,  in  the  im- 
portant special  case  in  which  the  open  set  is  expressible  as  the  limit  of 
the  sum  of  n  closed  sets  when  n  is  infinite,  we  are  led  to  define  its  content 
as  the  limit  of  the  content  of  the  sum. 

Whether  such  a  definition  is  logically  valid,  and  whether  it  agrees 
with  our  previous  notions  of  the  properties  of  content  as  gained  from  the 
study  of  closed  sets,  requires  of  course  discussion,  as  also  the  further 
question  whether  it  is  possible  to  extend  the  definition  so  as  to  embrace 
other  kinds  of  open  sets.  I  shall  return  to  the  subject  in  the  third  part 
of  the  paper.     The  theorems  about  to  be  proved  will  then  be  required. 

6. 

Lemma  1. — If  Gi  and  Gg  be  two  closed  sets  of  points  having  no 
point  common,  the  set  consisting  of  Gi  and  Gq  together  is  a  closed  set  of 
content  equal  to  the  sum  of  their  contents. 

This  follows  at  once  from  the  fact  that  the  points  of  G2  must,  in  this 
case,  be  internal  to  a  finite  number  of  the  black  intervals!  of  G^. 


♦  Jjoe.  eit. 

t  That  10,  the  interralB  free  of  points  of  (?i,  exoept  that  their  end  points  belong  to  (r|. 
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Lemma  2. — If  a  closed  set  of  content  I  contain  a  closed  component  of 
content  J,  it  contains  a  closed  component  of  content  I—J^e  (wJiere  e  is  as 
small  as  we  please),  having  no  point  common  with  the  former  component, 

£y  the  preceding  lemma  no  closed  component  could  have  content 
greater  than  /—J. 

Let  e  be  any  assumed  small  quantity,  and  let  us  shut  up  all  the  points 
of  the  given  closed  component  in  a  finite  number  of  intervals  of  content 
lying  between  J  and  cT'+e.  The  points  of  the  given  set  which  are  not 
internal  to  these  intervals  form,  as  is  easily  seen,  a  closed  set ;  if  the 
content  of  this  latter  set  were  less  than  I—J—e,  we  could  enclose  all  its 
points  in  a  finite  number  of  intervals  of  content  less  than  J— cT"— e,  which 
together  with  the  intervals  first  described  would  form  a  set  of  a  finite 
number  of  intervals  of  content  less  than  I,  enclosing  all  the  points  of  a 
closed  set  of  content  I ;  which  is  impossible.  Thus  the  content  of  the 
closed  component  in  question  is  not  less  than  I—J—e  ;  which  proves  the 
lemma. 

Lemma  8. — If  Gi  and  Gg  be  two  closed  sets  of  points  of  content  Jj  and 
Ja,  (a)  the  set  consisting  of  all  the  points  common  to  Gi  and  Gg  is  a  closed 
set,  say  G*  of  content  J',  and  (b)  the  set  consisting^  of  all  points  belonging 
to  one  or  both  of  Gi  and  G^  is  a  closed  set,  say  G  of  content  I.     Further, 

(c)  i,+i,  =  i+r. 

For  (a),  if  P  be  a  limiting  point  of  G',  it  is  a  limiting  point  both  of  Gi 
and  Ga,  and  therefore  a  point  of  both,  that  is  a  point  of  G' ;  so  that  G'  is 
closed. 

(6)  If  P  be  a  limiting  point  of  G,  it  must  be  a  limiting  point  of  one  at 
least  of  Gi  and  G2,  and  is  therefore  a  point  of  that  one,  and  therefore  a 
point  of  G  ;  so  that  G  is  closed. 

(c)  By  Lemma  2,  G  consists  of  the  closed  set  G^  and  a  complementary 
component  containing  closed  sets  of  content  as  near  I—Ii  as  we  please, 
but  not  any  whose  content  exceeds  I—Ii-  Since  this  complementary 
component  is  also  the  complementary  component  of  G'  with  respect  to  Gg, 
by  the  same  lemma,  it  contains  closed  sets  of  content  as  near  as  we  please 
to  I^—I^  but  none  whose  content  exceeds  I^^T,  Hence  /— /i  =  I^—I^ 
which  is  equivalent  to  the  statement  to  be  proved. 

Li  the  proofs  of  the  above  lemmas  I  have  for  convenience  employed 
the  term  "interval'*;  a  moment's  consideration,  however,  shows  us  that  no- 
where has  the  assumption  been  made  that  the  sets  of  points  are  linear. 
Li  other  words,  the  lemmas  are  true  for  closed  sets  of  points  in  space  of 
any  number  of  dimensions.     It  may  be  remarked  at  once  that  in  space  of 
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more  than  one  dimension  there  is  no  gain  in  simplicity  in  considering 
sets  of  regions :  in  such  a  space  the  conception  of  a  set  of  points  replaces 
with  advantage  that  of  a  set  of  regions. 

7. 

I  now  proceed  to  give  for  sets  of  points  the  theorems  analogous  to 
those  proved  in  Part  I.  for  sets  of  intervals. 

Theorem  1'. — Given  a  countably  infinite  series  of  closed  sets  of  points^ 
Gv  Ga>  •••!  *^^^  ^^^  each  point  of  G«+i  is  also  a  point  of  Gn,  there  is  at 
least  one  point  common  to  all  the  sets,  and  the  common  points  form  a 
closed  set. 

Theorem  2'. — If  to  the  hypothesis  of  Theorem  V  we  add  that  the  con- 
tent of  each  Gn  is  greater  than  som^  positive  qiia?itity  g,  tlie  common 
points  form  a  closed  set  G'  of  content  ^g ;  so  that  they  have  the  potency  c. 

As  already  remarked,  Theorem  1'  is  a  known  theorem.  The  proof  of 
Theorem  2'  is  as  follows  : — 

If  possible,  let  the  content  be  /',  where  7'  is  less  than  g.  Denote  by 
7i,  72*  •  •  •  ^^6  contents  of  G^,  G2,  ....  £y  Lemma  2  we  can  find  a  closed 
component  of  6^,  all  of  whose  points  are  distinct  from  those  of  G',  and 
whose  content  is  7i— 7'— e,  where  e  is  a  positive  quantity,  smaller  than 
some  assigned  quantity.  This  set  has  in  common  with  Gq  a  closed  set, 
whose  content,  by  Lemma  8,  is  equal  to  7i— 7'— e+7a— if,  where  K  is 
the  content  of  the  closed  set  constituted  by  G^  and  the  closed  component 
of  Gj  above  found,  and  is  certainly  less  than  7^.  The  content  of  this 
component  of  Gj  is  therefore  greater  than  7a— 7'— e;  a  fortiori,  greater 
than  g—I'—e. 

In  other  words,  we  have  found  a  component  of  Ga  which  is  closed 
and  has  no  points  in  common  with  6',    whose  content  is  greater  than 

g-r-e. 

We  can  therefore  repeat  the  argument,  and  obtain  in  each  succeeding 
set  such  a  closed  component,  each  component  lying  inside  the  one 
previously  obtained.  It  follows  then,  by  Theorem  1,  that  there  are  points 
other  than  G'  common  to  all  the  given  sets,  contrary  to  the  hypothesis. 
Therefore,  &c.  Q.  E.  D. 

8.  Open  Sets. 

Theorem  8'. — Given  a  countably  infinite  series  Gi,  Ga,  ...  of  sets  of 
points  such  that  the  upper  limit  In  of  the  content  of  closed  components 
in  Gn  is  greater  than  a  positive  qtuintity  g,  the  same  for  all  values  of  n, 
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each  set  Gn  being  contained  in  the  foregoing  Gn-i,  then  a  set  of  points 
exists  of  potency  c,  common  to  all  the  sets,  and  this  set  contains  closed 
components  of  content  greater  than  g—e,  where  e  is  as  small  as  we  please. 

By  the  definition  of  /*,  we  can  find  a  closed  component  G[  of  Gj  such 
that,  its  content  being  denoted  by  I[,  Ii—ie<,Ii^Ii;  and,  for  all 
values  of  n  greater  than  1,  we  can,  in  like  manner,  find  a  closed  com- 
ponent G'^  of  Gn  such  that,  its  content  being  denoted  by  2^, 

Those  points  of  G2  which  belong  to  G'l  form  a  closed  set,  whose  content  is 
greater  than  I^—^e—\e  [since  the  set  consisting  of  all  the  points  belong- 
ing to  one  or  both  of  the  sets  G\  and  G'^  is  a  component  of  G^,  so  that  its 
content  is  not  greater  than  J^,  by  Lemma  3 ;  therefore,  the  content  of  the 
set  common  to  G\  and  G2  is  greater  than 

h—'k^+h'^^^-'Ii     or     /j— i€— J^]. 

Let  us  denote  this  closed  component  of  G^  by  G'j.  Then  G\  is  contained 
in  G'l,  and  has  content  greater  than  g-^e. 

Similarly  we  can  determine  a  closed  component  G3  of  G3  and  Go,  of 
content  greater  than  g—e;  generally  we  determine  successively  closed 
components  of  each  G*l  and  G'^_i,  of  content  greater  than  g—e. 

Applying  Theorem  2'  to  these  sets  Gr^^  the  result  follows. 

Theorem  4'. — Given  an  infinite  number  of  sets  of  points  Gj,  G2, .».  1 
components  of  a  closed  set  of  finite  content*  L,  such  that  the  upper  limit 
of  the  contents  of  the  closed  components  of  Gn  is  greater  than  some  positive 
quantity  g,  tJie  same  for  all  values  of  n,  then  an  infinite  series  of  these 
sets  exists,  having  in  common  a  set  of  points  of  potency  c,  the  content  of 
whose  closed  components  has  an  upper  limit  ^  g. 

Let  us  choose  out  a  closed  component  of  each  set  of  content  greater 
than  9,  and  let  these  be  denoted  by  G\,  Cr^,  ....  Let  e  be  any  small 
positive  quantity,  and  let  the  integer  m  be  determined  such  that 

m^^L  <{m-\'l)g.  (1) 


*  It  will  be  seen  that  it  is  Buffioient  if  £  is  the  upper  limit  of  the  content  of  closed  sets  in 
the  whole  set,  which  does  not  need  to  be  dosed ;  this  is  brought  out  in  the  re-statement  of  this 
theorem  as  Theorem  7. 
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Let  us  consider  a  group  of  n  of  the  closed  sets  G\  where  n  is  a  sufficiently 
large  integer,  subsequently  to  be  further  specified. 

The  points  common  to  any  particular  pair  of  the  sets  of  the  group 
form  a  closed  set  of  points  (Lemma  3)  ;  therefore,  since  the  sum  of  any 
finite  number  of  closed  sets  is  a  closed  set,  the  points  common  to  at  least 
two  of  the  sets  of  the  group  form  a  closed  set :  let  us  denote  it  by  Gi,  m 
and  its  content  by  /i, » . 

The  points  of  Gi,n  which  belong  to  any  particular  set  of  the  group  G' 
form  a  closed  component  of  61,  n,  whose  content  is  therefore  less  than  or 
equal  to  /i,n ;  by  Lemma  2,  therefore,  there  is  a  closed  set  of  content  greater 
than  g—Ii^n,  consisting  entirely  of  points  belonging  to  no  set  of  the  group, 
except  G'.  Corresponding  to  each  of  the  n  sets  G'  we  can  find  such  a 
closed  component,  and  they  will  have  no  common  points ;  so  that  they 
form  a  closed  set  of  content  greater  than  n(gr— /i,  J,  by  Lemma  8.  Hence, 
by  (1),  nig—Ii^n)  <  {in+l)g  ;  and  therefore 

Ii..>  {l-(m+l)/n}(7.  (2) 

Thus  the  set  Gi,  n  certainly  exists^  and  has  the  potency  c,  for  all  values  of 

n  greater  than  w+1. 

Let  us  determine  an  integer  n'  such  that  (w+l)/w'<i«i  that   is, 

n'  >  2  {m+  Die.     Then 

/i..'>(l-ie)sr.  (3) 

Grouping  our  sets  &  together  in  distinct  groups  of  n'  sets,  and  taking  the 
sets  of  points  belonging  to  at  least  two  sets  of  each  in  turn  of  these 
groups,  say  GJ,  GlJ,  ...,  we  have  the  same  conditions  as  before,  only  the 
content  of  each  closed  set  is  now  greater  than  (1— ^e)  9,  instead  of  g, 

Repeating  on  these  sets  the  process  just  gone  through,  we  obtain  sets 
of  quadruple  points  of  the  original  sets  whose  content  Is, »  satisfies  the 

inequaUty  /,.>  {l-(m+l)/«}(l-i.)j/.  (4) 

ThiLs  sets  G2,  nt  consisting  of  points  common  to  at  least  2^  of  tJie  given  sets, 
certainly  exist,  and  have  the  potency  c,  for  all  values  of  n  greater  than 

As  before  (using  ie  instead  of  e),  we  can  then  determine  n"  so  that 

h n"  >  {l-^e){l-ie)g  >  (l-Je-i^)<7  >  a-e)g.  (5) 

This  process  can  be  continued  ad  infinitum,  and  at  each  stage  we  see  that 
there  are  sets  Gr,n  {consisting  of  points  common  to  at  least  V  of  the  given 
sets),  of  potency  c,  and  of  content  greater  than  (1— e)  g,  where  e  is  as  smM 
as  we  please. 
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Now  the  set,  in  general  open,  consisting  of  aU  the  points  belonging  to 
at  least  2''  of  the  given  sets  is  certainly  contained  in  the  set  consisting  of 
all  the  points  common  to  at  least  2**"^  of  the  given  sets,  and,  by  the  above, 
these  sets  satisfy  the  other  condition  of  Theorem  3,  (g—e  being  substituted 
for  g).    Hence,  by  Theorem  8,  the  result  follows. 


Pabt  III. — On  thb  General  Theory  of  Content. 

9. 

We  have  seen  that,  in  the  case  of  an  open  set,  the  upper  limit  of 
the  content  of  closed  components  plays  a  most  important  role.  In  the 
lemmas  and  theorems  relating  to  open  sets,  enunciated  and  proved,  this 
concept  has  to  them  precisely  the  relation  that  content  itself  has  to  closed 
sets.  With  Lebesgue,  I  shall  call  it  the  inner  measure  of  the  content  or 
briefly  (inner)  content  of  the  open  set. 

Definition. — The  {inner)  content  of  a  set  is  defined  to  be  the  upper 
limit  of  the  content  of  its  closed  components. 

The  introduction  of  this  term  simplifies  the  statements  of  the  lemmas 
and  theorems  of  Part  II. :  thus  Lemmas  1  and  2  can  be  replaced  by  the 
following  simple  proposition : — 

Theorem  6. — If  a  closed  set  G  be  the  sum  of  two  non-overlapping  sets, 
one  at  least  of  which  is  closed^  the  content  of  G  is  the  sum  of  the  {inner) 
contents  of  the  components. 

Theorems  2'  and  8'  are  replaced  by  the  following : — 

Theorem  6. — Given  a  countably  infinite  series  of  sets  ofpoints,  whose 
{inner)  contents  have  a  positive  lower  limit  g,  such  that  each  set  is  con- 
tained in  the  preceding  set,  then  a  set  of  points  of  potency  c  exists,  common 
to  all  the  sets,  and  the  {inner)  content  of  this  set  is  g. 

Theorem  4'  is  replaced  by  the  following  : — 

Theorem  7. — Given  an  infinite  number  of  sets  of  points,  components  of 
a  set  of  finite  {inner)  content,  the  {inner)  contents  of  tJiese  sets  having  a 
positive  lower  limit  g,  then  an  infinite  number  of  these  sets  exists,  having 
vn  common  a  set  of  (inner)  content  ^  g. 

10. 

The  (inner)  content,  so  defined,  is  certainly  a  magnitude,  and,  in 
the  case  of  a  closed  set,  the  (inner)  content  is  the  content  itself.  The 
question  arises  whether  the  (inner)  content  possesses  all  the  properties 
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which  we  are  accustomed  to  associate  with  the  term  ''  content  "  as  long  as 
this  term  was  confined  to  closed  sets.  First,  we  ask,  is  the  {inner)  con- 
tent of  the  sum  of  two  non-overlapping  sets  always  eqtial  to  the  sum  oj 
their  {inner)  contents  1 

All  that  has  been  proved  in  the  preceding  sections  is  that  this  is  the 
case  provided  the  sum  of  the  two  sets  as  well  as  one  of  the  components  is 
closed.  We  can,  however,  at  once  extend  the  result  to  the  case  when  the 
sum  is  open.  In  other  words — Even  if  the  sum  of  two  non-overlapping 
sets  be  open,  its  {inner)  content  is  the  sum  of  their  {inner)  contents,  pro- 
vided one  at  least  of  the  components  is  closed* 

For,  if  the  content  of  the  closed  component  be  a,  and  the  (inner)  con- 
tent of  the  sum  a+&>  we  can,  by  the  definition,  find  a  closed  component 
of  content  a+6— e,  where  e  is  as  small  as  we  please.  The  part  common 
to  these  two  closed  components  must  have  content  ^  a— e,  and  ^  a 
[since,  otherwise,  the  remaining  component  of  the  first  closed  component 
would  have  (inner)  content  >  6,  and  we  could  therefore  find  in  it  a  closed 
component  having  no  point  common  with  that  of  content  a+6— c,  and 
these  two  together  would  form  a  closed  component  of  the  whole  set  of 
content  >  a+6]. 

In  the  closed  component  of  content  a+6— c  there  must  then,  by 
Theorem  5,  be  another  distinct  component  of  (inner)  content  ^6—6  and 
^  6.  This  being  true  for  all  values  of  6,  it  follows  that  the  (inner)  con- 
tent of  the  original  open  component  is  not  less  than  b.  But  it  cannot  be 
greater  than  b,  since  otherwise  we  could  find  a  closed  component  which 
with  the  first  given  component  would  form  a  closed  set  of  content  greater 
than  a +6.  Thus  the  second  component  has  (inner)  content  6;  which 
proves  the  theorem. 

Summing  up  the  result  so  far,  we  have  the  following  theorem  : — 

The  {inner)  content  of  the  sum  of  two  non-overlapping  sets,  one  of 
which  is  closed,  is  the  sum  of  their  {inner)  contents. 

11. 

Two  cases  remain  : — The  sum  of  two  non-overlapping  open  sets  is 
(1)  closed  ;  or  (2)  open. 

If  we  assume  that  what  we  may,  for  shortness,  call  the  (inner)  addi- 
tion theorem  holds  in  Case  (1),  it  is  easy  to  deduce  that  it  holds  in 
Case  (2). 

For,  if  I  be  the  (inner)  content  of  the  sum,  and  a  and  b  of  the  com- 

*  ThiA  theorem  takefl  us  at  once  beyond  the  range  of  Lebesgne's  investigationfl. 
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ponents,  we  can  find  a  closed  component  of  the  sum,  of  content  I—e,  and 
this  cuts  out  of  the  components  two  (open)  sets,  whose  contents,  by  the 
same  argument  as  before,  lie  between  a  and  a— e,  and  b  and  b—e,  re- 
spectively. The  sum  of  these  two  (open)  sets,  being  closed,  has,  under 
the  supposition  that  the  (inner)  addition  theorem  holds  in  Case  (1), 
content  lying  between  a+6— 2«  and  a +6,  but  must  be  equal  to  I—e. 
Since  this  is  true  for  all  values  of  e,  the  result  follows. 

12. 

We  are  now  left  with  the  discussion  of  Case  (1).  By  means  of  the 
theorems  of  the  present  paper,  we  can  reduce  the  problem  of  determining 
whether  in  this  case  the  (inner)  addition  theorem  holds  to  the  following : 
— Can  the  sum  of  two  open  sets,  each  of  {inrier)  content  zero,  be  a  closed 
set  of  positive  content  / 

To  show  this  we  proceed  as  follows  : — 

Suppose,  if  possible,  we  have  a  closed  set  of  content  a+b+c,  and  it 
can  be  divided  into  two  open  components,  whose  (inner)  contents  are  b 
and  c  respectively.  In  these  open  components  there  exist  closed  com- 
ponents of  content  b—e  and  c— e  respectively,  where  e  is  as  small  as  we 
please  ;  the  content  of  their  sum  is  then  b-^-c—^e.  The  remaining  points 
of  the  whole  set  form  a  set,  in  general  open,  whose  (inner)  content,  by 
Lemma  2,  is  a+2e,  and  which  is  the  sum  of  two  non-overlapping  sets, 
the  (inner)  content  of  each  of  which  is,  by  what  has  been  proved,  not 
greater  than  e.  Hence,  by  the  usual  argument,  we  can  find  a  closed  com- 
ponent of  the  whole  set  of  content  a+e,  which  is  the  sum  of  two  non- 
overlapping  sets,  the  sum  of  whose  (inner)  contents  is  not  greater  than  e. 
With  respect  to  these  sets  we  can  now  repeat  the  argument,  using  ^e 
instead  of  e,  and  so  on.  Ultimately,  by  Lemmas  2'  and  8',  we  shall 
determine  a  closed  set  whose  content  is  a,  divided  into  two  non-over- 
lapping components,  both  of  whose  (inner)  contents  are  zero. 

With  our  present  imperfect  knowledge  of  open  sets,  it  seems  to  me 
impossible  to  assert  definitely  that  such  a  case  could  not  arise.  I  can 
only  say  that  I  do  not  know  of  any  such  case. 

In  the  next  section  it  is  shown  that  the  (inner)  addition  theorem 
holds  when  one  of  the  components  is  any  set  whatever  and  the  other 
component  is  any  one  of  a  large  class  of  open  sets. 

13. 

We  begin  with  a  few  preliminary  definitions. 

Definition  1. — If  Gi,  Gg,  ...  be  a  series  of  sets  of  points  such  that, 
for  all  values  of  n,  Gn  is  contained  in  Gn+i,  and  G  be  the  set  such  that 
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every  set  Gn  is  contained  in  6,  while  every  point  of  G  belongs  to  some 
definite  Gn,  G  is  said  to  be  the  {generalised)  outer  limiting  set  of  the 
series. 

Definition  1'. — If  G^  G^,  ...  be  all  closed  sets,  G  is  said  to  be  an 
ordinary  outer  limiting  set. 

In  the  case  of  such  an  ordinary  outer  limiting  set,^  the  upper  limit 
of  the  content  of  its  closed  components  is  the  limit  of  the  content  of  Gn> 
Thus,  with  our  present  definition,  the  (inner)  content  of  an  ordinary  outer 
limiting  set  is  the  limit  of  the  content  of  Gn* 

We  shall  see  that  the  word  **  (inner)  "  is  here  superfluous. 

Definition  2. — If  instead  of  being  contained  in  Gn+i,  Gn  contains 
Gn+i,  the  set  consisting  of  the  points  common  to  all  the  sets  Gn  is  called 
a  "  generalised  inner  limiting  set.*' 

Definition  2'. — If  each  set  Gn  consists  of  all  the  points  of  a  set  of 
open  or  closed  intervals^  G  is  called  an  **  ordinary  inner  limiting  set'' 

I  may  here  call  attention  to  the  fact  that  in  my  former  investigations 
I  used  the  term  ''  inner  limiting  set  **  only  for  the  case  where  Gn  is  a 
set  of  open  intervals.  It  is  easily  proved  that,  if  the  intervals  be 
taken  closed,  at  most  a  countably  infinite  set  of  new  points  are  intro- 
duced, t 

By  Theorem  8'  or  6  the  (inner)  content  of  a  generalised  inner  limiting 
set  is  the  limit  of  the  (inner)  content  of  G^ ;  and,  since  the  content  of  a  set 
of  intervals  is  the  same  whether  the  intervals  be  closed  or  not,  an  ordinary 
limiting  set  evidently  has  the  same  content  whether  the  intervals  be 
closed  or  not.   Here  again  the  term  "(inner)"  will  be  seen  to  be  superfluous. 

The  process  of  forming  a  generalised  inner  limiting  set  from  the 
defining  series  I  have  elsewhere  called  deduction. 

Theorem  8. — If  the  (inner)  addition  theorem  for  the  (inner)  contents 
holds  when  one  of  the  two  components  is  a  set  of  a  certain  type,  it  is 
also  true  when  one  of  the  components  is  the  outer  limit  of  sets  of  that  type. 

In  other  words,  if,  for  every  value  of  w,  the  addition  theorem  holds 
for  Gn  and  any  other  set  On,  it  holds  for  G  and  any  other  set  0.  For 
let  the  sum  of  G  and  0  be  H,  and  let  On  be  the  set   which  added  to  Gn 


•  Quart,  Jour,  of  Pure  and  Applied  Math,,  No.  138  (1903),  p.  191. 

t  This  was  proved  in  my  first  paper  on  the  subject,  *<  Zor  Lehre  der  nicht  abgeschlossenen 
Punktmengen/'  Ber.  d,  K,  Sachs.  Get,  d.  JFiss,  zu  Leipzig,  August  1,  19U3,  p.  290. 
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makes  up  H.  Then,  using  the  letters  indiscriminately  for  the  sets  and 
their  (inner)  contents,  Gn-^On  =  H. 

Now,  as  Gn  increases  towards  G,  0»  diminishes  towards  0,  each  0« 
lying  in  the  preceding  On-i*  Therefore,  by  Theorem  8',  the  (inner)  content 
0  is  itself  the  limit  of  the  (inner)  content  On.  Also  LtGn+LtOn  =  H\ 
therefore  Lt  Gn+0  =  H. 

Now  the  (inner)  content  of  G  is  evidently  not  less  than  the  limit  of  G*. 
Therefore  G-^-O'^Hj  the  letters  denoting  (inner)  contents.  But, 
evidently,  G-^rO  ^H]  therefore  G-^-O  =^  H^  the  letters  denoting  either 
sets  or  their  contents. 

Cor.  1. — The  {inner)  addition  theorem  holds  when  one  of  the  com- 
ponents is  an  ordinary  outer  limiting  set,  by  the  conclusion  of  Art.  10. 

Cor.  2. — An  outer  limiting  set  which  is  the  limit  of  a  sequence  of 
sets  each  of  which  has  the  property  that  the  (inn^r)  addition  theorem 
holds  for  it  and  any  other  set  whatever  has  for  {inner)  content  the  limit  of 
the  {inner)  contents  of  the  sets  of  the  sequence. 

Cob.  8. — The  theorem 

Lt  (inner)  content  =  (inner)  content  of  Lt 

is  true  for  a  sequence  of  expanding  open  sets  when  the  expansion  is  due 
to  the  increase  of  a  compon^ent  for  which  the  (inner)  addition  theorem 
holds. 

Theorem  9.  —  If  the  {inner)  addition  theorem  is  trm  tvhen  one  of 
the  two  components  is  a  set  of  a  certain  type,  it  is  also  true  when  one 
of  the  components  is  an  inner  limiting  set  deduced  from  an  infinite  series 
of  sets  of  this  type. 

In  other  words,  if,  for  all  values  of  w,  Gn+0  =  Hn  (the  letters  being 
used  indiscriminately  for  a  set  and  its  content),  and  each  Gn  is  con- 
tained in  the  preceding  set  Ga-u  then  G+0  =  H.  In  fact,  H  is  itself 
an  inner  limiting  set,  and  therefore  its  (inner)  content  is 

LtHn  =  LtGn+0  =  G+0. 

Cor. — The  {inner)  addition  theorem  holds  if  one  of  the  compmients 
is  an  ordinary  inner  limiting  set. 

Proof. — An  infinite  set  of  closed  intervals  is  a  special  case  of  an 
ordinary  outer  limiting  set,  and  therefore,  by  Cor.  1  to  Theorem  8,  the 
(inner)  addition  theorem  applies  when  one  of  the  components  consists 
of  the  points  belonging  to  such  a  set  of  intervals.  Hence,  applying  our 
present  theorem,  it  holds  for  the  deduced  set  of  a  sequence  of  such  sets 
of  intervals.  Q.  E.  D. 
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Applying  the  results  of  this  section,  we  see  that,  if  we  keep  applying 
in  any  order  Theorems  8  and  9  to  any  series  of  ordinary  outer  or  inner 
limiting  sets,  the  sets  so  obtained  must  always  have  the  property  in 
question. 

We  have  thus  already  obtained  a  large  class  of  open  sets  possessing 
the  property  in  question ;  we  can,  however,  extend  this  class  still  further. 

Theorem  10. — If  each  of  two  sets  which  do  not  overlap  belong  to  this 
clasSf  their  sum  also  possesses  the  property  in  question. 

Let  Gi  and  (r^  be  two  such  sets,  and  H  any  other  set  whatever.  Also 
let  G  be  the  sum  of  the  two  sets.  Let  the  (inner)  contents  of  G^,  (x^,  and 
G  be  denoted  by  Jj,  Jj*  ^^^^  ^t  ^^^  that  of  H  by  /.  Then,  since  Gi  belongs 
to  the  class,  we  have  at  once  /i+Zg  =  /.  For  the  same  reason  Ji+Z  is 
the  (inner)  content  of  (Gi+H).  Hence  also,  since  Gg  belongs  to  the  class, 
the  (inner)  content  of  ((rj+fO+Ga  is  Ji+J+Jj,  i.e.,  it  is  /+/.  In 
other  words,  the  (inner)  content  of  G+H  is  J+J.     Therefore,  &c., 

Q.  E.  D. 

Theorem  11. — If  each  of  two  sets  one  of  which  is  a  component  of  the 
other  belong  to  the  cla^Sy  so  does  their  difference. 

Use  the  same  notation  as  in  the  preceding  theorem,  G  denoting  the 
larger  of  the  two  sets,  and  Gi  say,  the  component  belonging  to  the  class. 
As  before,  I  =  /i+Ij.  We  have  to  prove  that  Gq  belongs  to  the  class. 
Suppose  this  is  not  the  case ;  then  the  (inner)  content  of  G^-^H  must  be 
greater  than  /a+«^>  say  I^-^-J-^r^-  But,  by  hypothesis,  Gi  belongs  to  the 
class;  hence  the  (inner)  content  of  Gi+(Ga+£0  is  /a+J+i+Jj,  i.e, 
it  is  I+k+J.  But  Gi+Ga  is  G,  and  G  belongs  to  the  class;  therefore 
the  (inner)  content  of  Gi+Ga+JT  is  J+t/;  therefore  k  must  be  zero. 
Therefore,  &c.  Q.  E.  D. 

Theorem  12. — If  a  set  belonging  to  this  class  be  divided  into  txco 
components  the  sum  of  whose  inner  contents  is  eqjial  to  that  of  the  original 
set,  ea^h  of  the  components  belongs  to  the  ckiss. 

Let  G  be  the  set,  Gi  and  Ga  the  components,  H  any  other  set  whatever. 
Denote  the  corresponding  (inner)  contents  by  I,  /i,  la  ^^^  «^'  Suppose, 
if  possible,  that  the  (inner)  content  of  Gi+fl"  be  not  Ii+J;  then  it  must 
be  greater  than  Ii+J.  Add  the  set  Ga  to  the  set  Gi+H.  Then  the 
(inner)  content  of  the  set  of  (Gi+jBO+Gg  would  be  greater  than  I1+I2+J. 
But,  by  hypothesis,  1^+1^  =  I;  therefore  the  (inner)  content  of  the  set 
G1+JT+G2  would  be  greater  than  I+J;    that  is,   the  (inner)  content 

2.    yoi,.  2.    vo  853.  ^ 
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of  the  set  G+H  would  be  greater  than  I+J.  But  G  belongs  to  the 
class  in  question ;  therefore  the  (inner)  content  of  G+J?  is  equal  to  I+J. 
Therefore,  &c.  Q.  E.  D. 

Theorbm  18.  —  If  Gi  and  G^  be  two  sets  of  this  class,  of  (inner) 
content  I^  and  Jj,  (a)  the  set  consisting  of  all  the  points  common  to  Gi 
and  Gj  is  a  set  of  this  class ,  say  G',  of  (iiiner)  content  F ;  and  (b)  the 
set  consisting  of  all  the  points  belonging  to  one  or  both  of  Gi  and  Gg  is 
a  set  of  this  class,  say  G,  of  {inner)  content  I ;  further,  (c)  /i+Zj  =  -f+-f'« 

For  suppose  the  (inner)  contents  of  the  parts  of  Gi  and  Gg  which  are 
not  common  to  be  Ii^x  and  /j— y  respectively.  Then,  since  the  (inner) 
addition  theorem  holds  for  Gg,  I^-^-ili—x)  =^  I,  Similarly,  since  the 
(inner)  addition  theorem  holds  for  Gi,  Ii+(J2— y)  =  J;   whence 

«  =  y  =  I1+/2— I. 
Also  r+(Ii— rr)  ^  Jj ;  therefore  /'  <  x,  that  is, 

T^I^+I^-I.  (1) 

Again,  take  in  each  component  a  closed  set  of  content  greater  than 
Ji— e,  Jg— c  respectively.  Then  the  common  part  of  these  closed  sets 
lies  in  G',  and  has  therefore  content  ^  /'.  The  sets  of  points  belonging 
to  one  or  both  of  these  closed  sets  lies  in  G,  and  has  therefore  content  ^  I. 
Then,  by  Lemma  3,  (Ij— e)  +  (J2— «)  <  1+7',  however  small  e  may  be, 
that  is, 

r  >  I1+ Ja-I.  (2) 

Comparing  (1)  and  (2),  we  have 

I^+I^  =  J+r.  Q.  E.  D. 

Again,  the  {inner)  contents  of  the  parts  of  Gi  and  Gg  which  are  not  common 
are  Ii—F  and  Jg— I'.  In  fact,  from  the  result  just  obtained,  we  have 
X  =  /'.  It  at  once  follows,  by  Theorem  12,  that  the  sets  G,  G',  Gi— G', 
G2—G',  all  belong  to  the  class  in  qtiestion,  Q.  E.  D. 

The  theorems  which  we  have  obtained  enable  us,  starting  from  closed 
sets,  to  build  up  a  very  extended  class  of  open  sets,  possessing  the 
property  that  the  (inner)  addition  theorem  holds  for  any  one  of  them  in 
combination  with  any  set  whatever.  The  great  generality  of  the  class 
obtained  suggests  the  possibility  that  the  (inner)  addition  theorem  holds  for 
all  sets  without  exception.  We  must  be  careful,  however,  not  to  jump  to 
this  conclusion.  We  have,  at  most,  shown  that  all  known  open  sets  belong 
to  the  class  in  question.     All  the  known  operations  employed  on  members 
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of  the  class  lead  to  members  of  the  same  class :  in  modern  phraseology, 
they  form  a  corpus.  If  we  could  assert  that  there  were  no  other  open 
sets  than  those  formed  from  closed  sets  by  these  processes,  we  should 
have  settled,  once  for  all,  the  difficult  question  of  the  classification  of 
open  sets. 

14. 

In  connection  with  the  class  of  operations  made  use  of  in  the 
last  section,  the  following  theorems,  which  bear  also  on  the  classification 
of  open  sets,  will  be  of  interest,  and  are  needed  in  what  follows. 

Theorem  14. — An  inner  limiting  set  of  a  sequence  of  inner  limiting 
sets  is  an  ordinary  inner  limiting  set. 

Theorem  15. — An  outer  limiting  set  of  ordinary  outer  limiting  sets 
is  an  ordinary  outer  limiting  set. 

Proof — Let  the  sets  defining  G«  be  Gn,i,  Gn,2,  ...,  for  all  values  of  n. 
For  shortness,  let  me  use  the  symbol  <  to  mean  **  is  contained  in," 
and  >  to  mean  **  contains." 

Then,  when  G  is  a  generalised  inner  limiting  set,  Gi  >  G2.  Hence, 
if  Gi,  r  <  Gi,  r,  we  can  remedy  this  by  taking,  instead  of  G2,  r,  the  common 
part  of  Gi,  r  and  G2,  n  which  is  also  a  closed  set  and  contains  G^.  Doing 
this  for  all  values  of  r,  G2,r  >  G2,r+i,  and  Gi,r  >  G2,r. 

Doing  this  in  succession  for  the  sets  defining  Gs,  G4, ...,  we  get  the 
following  table : — 

Gi,i  >-  Gi,2  >  Gi,3  >•  Gi,4  > >  Gi 

V  V        V        V  V 

G2, 1  >  G2,  2  >  G2,  8  >  G2, 4  > >  G2 

V  V        V        V  V 

Gs,  1  >  G8,2  >  Gs,  8  >  Gs,  4  > >  Gs 

V 

G. 

This  being  so,  consider  the  sequence  of  closed  sets  Gi,i,  G2,2,  G8,8,  .., 
and  let  their  inner  limiting  set  be  denoted  by  G'. 

If  P  be  a  point  of  G',  it  belongs  to  Gt«,»i»  for  all  values  of  m,  and 
therefore  to  Gm,  n,  for  all  values  of  n>m,  and  therefore  to  Gn,  for  all 
values  of  m  ;  that  is,  P  is  a  point  of  G. 

If,  on  the  other  hand,  P  is  a  point  of  G,  we  can  assign  an  integer  m 
such  that  P  is  a  point  of  G^,  and  therefore  of  Gm,m,  for  all  values  of  m; 

p  2 
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that  is,  P  is  a  point  of  G'.  Thus  G  is  identical  with  6',  and  is,  as  was 
asserted,  an  ordinary  inner  limiting  set. 

Next,  if  G  be  a  (generalised)  outer  limiting  set  of  outer  limiting  sets, 
Gi  <  Gq.  If  Gi,  r  >  G2,  r,  we  can  remedy  this  by  taking,  instead  of 
G2,  n  the  set  consisting  of  all  points  belonging  to  one  or  both  of  Gi,  r  and 
G2,n  which  is  also  a  closed  set  and  contained  in  G^.  Doing  this  for 
all  values  of  r,  G2,r  <  G2,r+i  and  Gi,r  <  G2,r. 

Doing  this  in  succession  for  all  the  sets  defining  G3,  G4, ...,  we  get 
the  following  table  : — 

Gi,  1  <  Gi,  2  <  Gi,  8  <  Gi,  4  < <  Gi 

A        A        A        A  A 

G2,l  <  G2,2  <  G2,8  <  G2,4  < <  Gj 

A        A        A        A  A 

Gs,!  <  G8,2  <  G8,8  <  G8,4  < Gs 

A        A        A        A  A 
A 

G. 

This  being  so,  consider  the  sequence  of  closed  sets  G^,  G^,  G^,.,., 
and  let  their  outer  limiting  set  be  denoted  by  G'.  If  P  be  any  point 
of  G',  we  can  assign  an  integer  m  such  that  P  is  a  point  of  G«,»,  and 
therefore  of  G»,  for  all  values  of  n>m]  that  is,  P  is  a  point  of  G. 

If,  on  the  other  hand,  P  be  any  point  of  G,  we  can  assign  an  integer 
m  such  that  P  is  a  point  of  G^.  Then,  since  Gm  is  an  outer  limiting 
set,  we  can  assign  an  integer  r  such  that  P  is  a  point  of  G«,  r.  If  now 
m  ^  r,  P  is  a  point  of  Gm,m ;  but,  if  m  <  r,  P  is  a  point  of  Gr.r :  in 
either  case,  P  is  a  point  of  G'. 

Thus  G  is  identical  with  G',  and  is,  as  was  asserted,  an  ordinary 
outer  limiting  set. 

These  theorems  belong  to  a  class  of  theorems  of  the  same  kind,  bearing 
on  the  question  of  the  classification  of  open  sets.  I  content  myself  here 
with  giving  the  following  additional  theorems. 

Theorem   16. — The  difference  of  two  closed  sets  is  both  an  ordinary 
outer  and  an  ordinary  inner  limiting  set. 

First,  to  prove  it  is  an  ordinary  outer  limiting  set.  Enclose  the 
smaller  closed  set  in  a  finite  number  of  open  intervals  each  of  length 
less  than  e.     The  points  of  the  larger  closed  set  left  over  form  a  closed 
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set.     This  closed  set,  as  e  decreases  without  limit,  generates  the  differ- 
ence of  the  two  given  closed  sets.  Q.  E.  D. 

Next  to  prove  that  it  is  an  ordinary  inner  limiting  set.  Enclose  the 
larger  closed  set  in  intervals  each  of  length  less  than  e.  These  cover 
up  a  finite  number  of  non-overlapping  segments.  Let  d  be  any  one 
of  these  segments :  then  the  points  of  the  smaller  closed  set  which  lie 
in  d  form  a  closed  set,  inside  the  black  intervals  of  which  lie  all  the 
points  of  the  set  in  question  which  lie  inside  d.  Taking  all  such  black 
intervals  in  all  the  segments  dy  we  have  a  set  of  intervals  containing 
the  whole  set  in  question.  As  we  diminish  e,  we  get  a  series  of  sets 
of  intervals  each  lying  inside  the  preceding,  and  each  containing  the  set 
in  question.  The  inner  limiting  set  of  this  series  will  therefore  certainly 
contain  the  set  in  question  ;  but,  since  each  such  set  of  intervals  lies  inside 
the  corresponding  finite  number  of  segments,  this  inner  limiting  set  is 
a  component  of  the  larger  closed  set,  and  contains  no  point  of  the  smaller 
closed  set ;  so  that  the  set  in  question  contains  this  inner  limiting  set. 
Thus  the  set  in  question  is  none  other  than  this  ordinary  inner  limiting 
set.  Q.  E.  D. 

Theorem  17. — If  we  subtract  a  closed  set  from  either  an  ordinary 
outer  or  an  ordinary  inner  limiting  set,  we  still  get  an  ordinary  outer  or 
an  ordinary  inner  limiting  set. 

In  the  former  case  the  theorem  is  a  direct  consequence  of  Theorems  15 
and  16.  In  the  latter  case  the  difference  of  the  two  sets  is  the  ordinary 
inner  limiting  set  of  the  parts  of  the  defining  intervals  of  the  ordinary 
inner  limiting  set  that  are  internal  to  the  black  intervals  of  the  closed 

set. 

Theorem  18. — If  we  subtract  an  ordinary  outer  limiting  set  from  an 
ordinary  inner  li/miti/ng  set  containing  it,  the  difference  is  an  ordinary 
inner  limiting  set ;  and,  if  we  subtract  an  ordinary  inner  limiting  set 
from  an  ordinary  outer  limiting  set  containing  it,  the  difference  is  an 
ordinary  outer  limiting  set. 

The  first  part  of  the  theorem  is  proved  in  precisely  the  same  way  as 
the  second  part  of  the  preceding  theorem,  only  that,  instead  of  a  single 
closed  set,  we  have  a  sequence  of  closed  sets  each  containing  the  preceding, 
and  therefore  a  sequence  of  sets  of  black  intervals  each  containing  the 
succeeding. 

To  prove  the  second  part  we  proceed  as  follows : — 

Let  Di,  Dg,  ...  denote  the  successive  sets  of  intervals  defining  the 
inner  limiting  set  D,  and  let  Pi,  Pg,  ...  denote  the  closed  sets  of  which 
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Di,  D^j  . . .  are  the  black  intervals ;  also  let  G^  (xs, . . .  denote  the  closed  sets 
defining  the  outer  limiting  set  (?.  The  points  common  to  Gn  and  Pn  form 
a  closed  set,  say  K^  contained  in  G  and  having  no  point  common  with  D ; 
further,  given  any  point  of  G  not  belonging  to  D,  we  can  assign  an 
integer  m  such  that,  for  all  integers  n  greater  than  m,  that  point  is  a  point 
of  Pn  (since  it  is  not  a  point  of  D),  and  an  integer  m*  such  that,  for  all 
integers  n  greater  than  m',  it  is  a  point  of  Gn  (since  it  is  a  point  of  G) ; 
therefore,  if  m"  denote  the  larger  of  m  and  m\  the  point  is  a  point  of  Kn, 
for  all  integers  n  greater  than  rn!\  Thus  the  outer  limiting  set  of  the 
series  of  closed  sets  K^  each  one  of  which  evidently  contains  the  succeed- 
ing, is  the  difference  G— D.  Q.  E.  D. 

15. 

In  Art.  12  I  showed  that,  in  the  discussion  of  the  question 
whether,  or  no,  the  inner  addition  theorem  holds  always,  we  might  confine 
our  attention  to  sets  of  zero  (inner)  content.  We  may  remark  that  tJie 
general  problem  of  classifying  open  sets  may  be  redtcced  to  the  corre- 
sponding problem  for  sets  of  zero  (imier)  content. 

In  fact,  if  we  take  any  open  set  of  (inner)  content  a,  two  cases  at  most 
can  present  themselves :  either  it  contains  a  closed  set  of  content  a  or  it 
contains  closed  sets  of  content  as  near  a  as  we  please.  In  the  former  case 
the  given  set  is  the  sum  of  a  closed  set  of  content  a  and  an  open  set  of 
(inner)  content  zero  ;  in  the  latter  case  we  may  first  subtract  a  closed  set 
of  content  a—e,  and  so  obtain  an  open  set  of  content  e ;  in  this  latter 
set  we  may  subtract  a  closed  set  of  content  e\  where  e'  is  as  small  as  we 
please ;  and  so  on.  We  thus  get,  by  successive  subtraction  of  closed  sets, 
a  series  of  open  sets,  each  lying  inside  the  preceding  and  having  zero 
for  the  lower  limit  of  their  contents  ;  their  deduced  set  is  therefore  either 
altogether  absent  or  has  content  zero.  In  the  former  case  the  given 
open  set  is  an  ordinary  outer  limiting  set ;  in  the  latter  case  it  is  the  sum 
of  an  ordinary  outer  limiting  set  and  a  set  of  zero  (inner)  content.  In 
other  words,  we  have  the  following  theorem  : — 

Theorem  19. — Every  set  of  {inner)  content  a  is  either  a  closed  set  or 
an  ordinary  outer  limiting  set,  or  is  equal  to  the  sum  of  one  or  other  of 
tJiese  and  of  a  set  of  zero  {inner)  content*  As  the  properties  of  an 
ordinary  outer  limiting  set  may  be  regarded  as  known,  this  theorem 
confirms  the  statement  made  above  as  to  the  classification  of  open  sets. 

*  Gp.  Lebesg^e,  loe,  eit,.  Art.  7. 
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16. 

The  definition  adopted  makes  the  (inner)  content  of  an  open  set 
depend  on  that  universally  adopted  for  a  closed  set ;  moreover,  we  get 
as  the  (inner)  content  the  content  [for  we  shall  see  that  we  can  here 
suppress  the  term  (inner)]  of  a  certain  ordinary  outer  limiting  set  con- 
tained in  it.  If  we  attempt  to  give  a  definition  of  content  equally 
applicable  to  all  sets  of  points,  we  are  met  at  once  by  difficulties  which 
might  seem  to  be  insuperable. 

The  ordinary  definition  of  the  content  of  a  closed  set  is  as  follows  : — 
Describe  little  intervals  of  constant  length  e  round  the  points  of  the  set : 
these  fill  up  a  finite  set  of  intervals  the  content  of  which  is,  in  the  limit, 
when  e  is  indefinitely  diminished,  the  content  of  the  closed  set. 

If  this  definition  be  applied  to  an  open  set,  it,  of  course,  gives  us  the 
same  content  as  that  of  the  set  got  by  closing  it,  and  thus  fails  to 
distinguish  between  the  set  and  its  component. 

In  the  definition  given  of  the  content  of  a  closed  set  it  is,  however, 
unnecessary  to  take  the  intervals  all  of  the  same  length  :  not  only  so ;  it 
is  not  necessary  to  specify  that  they  have  a  positive  lower  limit  In  fact, 
if  round  every  point  of  a  closed  set  we  describe  a  little  interval,  say  <  e, 
according  to  any  law,  it  follows  by  the  extension  of  the  Heine-Borel 
theorem,  since  the  set  is  closed,  that  it  will  be  internal  to  a  finite  number 
of  these  intervals.  The  equivalent  non-overlapping  set  will  also  consist 
of  a  finite  number  of  intervals  only,  and  its  content,  when  e  is  indefinitely 
diminished,  will  give  us  the  same  quantity  as  before. 

If  we  try  to  apply  this  modified  form  of  the  definition  of  the  content 
of  a  closed  set  to  open  sets  in  general,  we  are  met  by  a  similar  difficulty 
to  that  which  occurred  before.  Whereas  in  the  case  of  a  closed  set  no 
other  points  are  left  in  ultimately,  when  e  is  indefinitely  diminished,  this 
is  not  true  of  open!  sets,  unless  they  belong  to  the  class  of  what  we  have 
called  **  ordinary  inner  limiting  sets."  Thus,  if  it  be  legitimate  to  ascribe 
content  to  an  ordinary  inner  limiting  set  and  to  define  it  in  this  manner, 
the  process  in  question,  when  applied  to  an  open  set  in  general,  would 
gives  us  the  content  of  an  ordinary  inner  limiting  set  of  which  it  is  a 
component.  With  Lebesgue,  I  shall  call  the  content  defined  in  this 
manner  the  outei*  measure  of  the  content,  or,  briefly,  the  **  (outer)  content.*' 

Definition. — Bound  every  paint  of  tlie  set  G  describe  a  little  interval ; 

*  For  simplicity  of  explanation  I  confine  myself  to  linear  setA  of  points ;  it  is  not  difficult  to 
make  the  necessary  modifications  of  language  in  the  g^eral  ciise. 

t  For  a  discussion  of  the  points  which  must  come  in,  see  '^  On  Sequences  of  Sets  of  Intervals 
containing  a  given  Set  of  Points,**  Proe.  London  Math.  Soc,  Ser.  2,  Vol.  1,  Part  4,  p.  262. 
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find  the  content  of  the  set  of  intervals  so  formed ;  this  content  has  a  lower 
limit  for  the  variotis  possible  modes  of  construction ;  this  lower  limit  is 
called  the  **  {outer)  content  of  the  sets  of  points.'* 

17.  Measurable  Sets. 

For  closed  sets  we  know  that  (inner)  and  (outer)  content  are  merely 
different  aspects  of  the  same  thing,  the  content  of  the  closed  set. 
Lebesgue  uses  the  term  measurable  set  for  a  set  for  which  the  (inner) 
and  (outer)  contents  coincide ;  for  such  a  set  we  may,  without  scruple, 
use  the  term  "  content." 

It  is  evident  that  any  definition  of  the  content  which  agrees  in  the 
least  with  our  fundamental  ideas  must  make  the  content  of  a  set  greater 
than,  or  at  least  equal  to,  that  of  any  of  its  components ;  so  that,  if  the 
(outer)  and  (inner)  contents  ever  do  not  coincide,  the  former  gives  us  an 
upper  limit  and  the  latter  a  lower  limit  for  the  content.  Thus,  in  the  case 
of  measurable  sets  no  other  definition  of  the  content  is  possible. 

Lebesgue  proves  the  following  properties  of  measurable  sets  in  a  finite 
segment  of  the  straight  line  : — (1)  The  set  consisting  of  all  the  points 
belonging  to  one  or  more  of  a  finite  or  countably  infinite  number  of 
measurable  sets  is  itself  measurable ;  (2)  the  set  consisting  of  all  the 
points  common  to  a  finite  or  countably  infinite  number  of  measurable  sets 
is  itself  measurable ;  (3)  the  contents  of  measurable  sets  in  combination 
with  one  another  obey  the  law  of  addition ;  (4)  the  content  of  an  inner 
or  outer  limiting  set  of  measurable  sets  is  the  limit  of  the  content  of  the 
defining  sets ;  (5)  the  class  of  measurable  sets  has  in  any  finite  segment 
the  potency  of  all  possible  sets  and  includes  all  ordinary  sets. 

I  do  not  propose  to  assume  any  of  these  results,  firstly,  because  the 
theorems  I  require,  in  so  far  as  they  could  be  deduced  from  theorems  of 
Lebesgue's,  are  capable  of  a  direct  proof  of  a  simple  character;  but, 
secondly,  because  I  have  not  found  it  necessary  to  assume  that  the 
region  of  operation  is  finite,  an  assumption  without  which  Lebesgue's 
proofs  *  would  not  be  valid ;  so  that  the  doubt  arises  whether  his  results 
can  be  assumed  to  hold  when  the  region  of  operation  is  the  whole  of 
space  or  a  more  than  finite  portion  of  it. 

From  the  point  of  view  of  an  exhaustive  classification  of  open  sets, 
these  results  of  Lebesgue's  are  not  sufficient,  unless  it  can  be  shown  that 
none  but  measurable  sets  exist.  This  point  is  still  open  to  question.  If 
there  are   other    sets,    then,   as   will   be   shown,   all   the   ordinary   sets 

*  See,  for  example,  Lebesgue,  p.  239,  line  3. 
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enumerated  and  indicated  in  Lebesgue's  paper  are  included  in  a  class 
which  is  included  in  the  class  of  measurable  sets,  but  may  consist  of  only 
a  part  of  it :  this  class  has  itself  the  potency  of  all  sets  in  any  segment 
finite  or  infinite,  and,  from  the  point  of  view  of  content,  possesses  most 
important  characteristics  ;  this  is  none  other  than  the  class  of  sets  which 
in  combination  with  any  other  set  whatever  are  such  that  the  sum  of  the 
(inner)  contents  is  the  (inner)  content  of  the  sum,  and  the  sum  of  the 
(outer)  contents  is  the  (outer)  content  of  the  sum.  It  will  be  noticed  that 
all  that  Lebesgue  has  proved  for  measurable  sets  is  that  this  is  true  of 
measurable  sets  in  combination  with  other  measurable  sets.  I  shall,  for 
definiteness,  allude  to  the  class  of  sets  for  which  the  (inner)  addition 
theorem  holds  as  the  (inner)  additive  class,  and  that  for  which  the  (outer) 
addition  theorem  holds  as  the  (outer)  additive  class ;  the  class  above 
referred  to  will  then  belong  to  both  these  classes,  and  I  call  it  the  additive 
class. 

Theorem  3  of  the  first  part  of  this  paper  shows  that  for  an  ordinary 
inner  limiting  set  the  (outer)  content  coincides  with  the  (inner)  content ; 
it  shows,  moreover,  that,  in  the  case  of  an  ordinary  inner  limiting  set, 
however  we  construct  the  intervals  round  the  points  of  that  set,  the 
content  of  those  intervals  always  approaches  the  same  limit  when  the 
intervals  are  decreased  without  limit,  viz.,  the  content  of  the  ordinary 
inner  limiting  set,  provided  ultimately  no  points  are  left  in  except  those 
of  the  given  inner  limiting  set. 

In  the  case  of  a  set  which  is  not  an  inner  limiting  set  we  cannot  so 
construct  the  intervals  that  no  other  points  are  left  in,  and  there  might 
seem  to  be  a  certain  degree  of  arbitrariness  in  the  selection  of  those  points 
which  are  to  be  admitted. 

According  to  the  law  of  construction  adopted,  we  may,  as  the  length 
of  the  separate  intervals  is  indefinitely  decreased,  approach  the  actual 
lower  limit,  that  is  the  (outer)  content,  or  some  other  quantity  lying 
between  this  and  the  content  of  the  set  got  by  closing  the  given  set. 

If  I  be  the  (inner)  content  of  a  set,  it  is  evident  that  the  set  cannot  be 
enclosed  in  a  set  of  intervals  of  content  less  than  I;  thus  the  defining 
property  of  measurable  sets  may  be  expressed  by  saying  that  a  set  of 
{inner)  content  I  is  measurable  if,  and  only  if,  it  can  be  enclosed  in  a  set  of 
intervals  of  content  /+e,  where  e  is  as  small  as  we  please.  This 
property  is,  as  we  saw,  possessed  par  excellence  by  ordinary  inner  limiting 
sets.  It  is  remarkable  that  it  is  also  possessed  by  ordinary  outer  limiting 
sets,  though,  except  in  particular  cases,  an  ordinary  outer  limiting  set 
cannot  be  defined  as  the  inner  limiting  set  of  a  sequence  of  sets  of 
intervals. 
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To  prove  the  property  in  question,  we  begin  by  proving  it  for  the 
special  case  when  the  ordinary  outer  limiting  set  is  the  difference  of  two 
closed  sets. 

Let  the  contents  of  the  two  sets  be  Ii  and  Jj ;    so  that  the  (inner) 
content  of  their  difference  is  /i— la- 
First,  let  us  enclose  the  larger  set  in  a  finite  number  r  of  intervals, 
whose  sum  is  Ii+e.     Let  any  one  of  these  intervals  be  denoted  by  d. 

The  points  of  G^  which  lie  in  d  form  a  closed  set :  let  it  be  denoted  by 
Gj,  and  its  content  by  JgJ  so  ^^^^  SG^  =  Gg  and  Si!^  =  I^.  The  black 
intervals  of  Gg  inside  d  have  content  d— ij,  and  inside  these  lie  all  those 
points  of  Gi— G2  which  lie  in  d.  Thus  all  the  points  of  Gi— Gq  lie  inside 
all  these  intervals  in  the  r  intervals  d,  whose  sum  is  2d— S/g  =  -Ti+^^J^aj 
which  proves  the  theorem  in  this  case. 

To  deduce  the  theorem  in  the  general  case  we  proceed  as  follows : — 
Suppose  the  set  to  be  the  limit  of  G,t,  when  n  is  infinite.     Let  the  content 

of  Gn  be  I».     Shut  up  Gi  in  a  finite  number  of  intervals  of  sum   Ji+  —  ; 

Gi— Gj  in  a  set  whose  content  is   I^—Ii—  xg  ;   and  so  on.     Evidently,  in 

this  way,  we  get  an  infinite  set  of  intervals,  in  general  overlapping, 
containing  all  the  points  of  the  set  G,  whose  content  is  therefore  certainly 
not  greater  than  Lt  J„+e,  that  is  /+e;  so  that  G  is  measurable.  Thus 
we  have  the  theorem  ; 

An  ordinary  outer  or  inner  limiting  set  is  measurable y  that  is,  if  its 
content  be  I,  it  can  be  shut  up  in  an  infinite  set  of  intervals  whose  content 
lies  between  I  and  I-^-e,  and  it  contains  closed  components  of  content  lying 
between  7—6  and  J,  where  e  is  a^  small  as  we  please. 

We  might  consider  in  detail  all  the  sets  obtained  from  open  sets  by 
means  of  the  processes  of  Art.  15,  and  prove  that  they  all  possess  this 
property.  The  following  theorem,  however,  proves  not  only  this,  but  that 
all  sets  belonging  to  what  I  have  called  the  inner  additive  class  possess 
this  property. 

Theorem  20. — If  a  set  is  such  that  wlien  added  to  any  other  set  what- 
ever which  lias  no  points  in  common  with  it  the  sum  of  tlie  {inner)  contents 
is  the  {inner)  content  of  the  sum,  the  set  in  question  is  measurable. 

Let  Ii  be  the  (inner)  content  of  the  set,  and  I^  be  that  of  the  set  of 
points  required  to  close  it,  and  /  that  of  the  whole  set  so  obtained;  then, 
by  hypothesis,  I  =  /i+Ig-  As  usual,  let  the  sets  whose  contents  are  I, 
Ij,  and  I2  respectively  be  denoted  by  G,  Gi,  and  Gj. 
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Take  a  closed  component  G\  of  content  >  Zj— Je  in  G^.  The  set  (tj 
lies,  of  course,  in  the  black  intervals  of  this  set.  Next  shut  up  the  set  G 
in  a  finite  number  of  intervals  d^  d^,  ... ,  dn,  of  content  <  I+i^. 

In  any  one  of  these  intervals  dr,  the  points  of  Gg  form  a  closed  set,  of 

n 

content  Zj.  say,  where  2i^  >  Zj— Je. 

1 

The  points  of   Gi  which  lie  in  dr  lie  in  the  black  intervals  of  this 

closed  component  of  Gg,  that  is,  in  intervals  whose  sum  is  dr^I[.     Thus 

all  the  points  of  Gi  are  enclosed  in  a  set  of  intervals  whose  sum  is 

i{dr-r,\  <  Z+Je-Za+ie  <  I,+e. 
1 

This,  therefore,  proves  the  theorem. 

It  is  easy  to  see  that,  if  a  set  does  not  belong  to  the  (inner)  additive 
class,  we  can  no  longer  assert  that  it  possesses  the  property  in  question. 
Take,  for  example,  a  closed  set  of  content  a,  and  suppose  it,  if  possible, 
divided  into  two  components  which  do  not  belong  to  the  (inner)  additive 
class,  so  that  the  sum  of  their  (inner)  contents  is  less  than  a.  Then,  if 
both  these  components  have  the  property  in  question,  we  could  enclose  the 
closed  set  in  an  infinite  set  of  intervals  whose  sum  is  less  than  a,  and  there- 
fore in  a  finite  number  of  these  intervals ;  which  is  impossible.  Thus  at 
least  one  of  the  components  cannot  have  the  property  in  question. 

We  have  not,  however,  proved  that,  if  there  are  sets  which  do  not 
belong  to  the  (inner)  additive  class,  they  may  not  be  further  sub-divided 
into  those  which  are  and  those  which  are  not  measurable. 


18.  The  (Outer)  Content. 

The  properties  which  we  have  found  for  the  (inner)  content  have  their 
exact  counterparts  for  the  (outer)  content ;  so  that  we  cannot  say  that 
either  concept  seems  more  fundamental  than  the  other. 

A  set  of  (outer)  content  J  is  evidently  measurable  if,  and  only  if  it 
contains  closed  components  of  content  J— c,  where  e  is  as  small  as  we 
please. 

That  this  is  the  case  when  the  set  belongs  to  what  I  called  the  (outer) 
additive  class  is  shown  as  follows ;  the  theorem  is  the  counterpart  to 
Theorem  20. 

Theorem  21. — If  a  set  be  such  that,  when  added  to  any  set  ^whatever 
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having  no  point  common  with  it,  the  sum  of  th^  (outer)  contents  is  the 
(outer)  content  of  the  sum,  the  set  in  question  is  measurable. 

As  before,  let  Gj  be  the  set,  G^  the  set  required  to  close  it,  and  G  the 
sum  of  Gi  and  Ga,  and  let  the  corresponding  (outer)  contents  be  Jj,  J^j 
and  J, 

Let  us  enclose  G  in  a  finite  number  of  intervals  of  content  lying 
between  J  and  J+e,  and  G^  in  a  set  of  intervals  of  content  lying  between 
Jq  and  Jj+e. 

The  points  of  the  former  intervals  which  are  not  internal  to  the  latter 
intervals  form  a  closed  set  of  content  lying  between  J—J^—e  and  J—J^ ; 
that  is,  between  Jj— e  and  J^,  by  the  hypothesis.  The  points  of  this 
closed  set  which  also  belong  to  the  closed  set  G  form  a  closed  component 
of  G,  which,  since  it  has  no  point  common  with  G^,  is  also  a  closed  com- 
ponent of  G^.  Let  its  content  be  denoted  by  K  ;  then  we  can  enclose  it  in 
a  finite  number  of  intervals  of  content  less  than  K+e,  and  these,  together 
with  the  intervals  constructed  round  G^  contain  all  the  points  of  G ;  hence 
^+<^a+26  >  Ji+J^f  that  is  iT  >  Ji— 2e,  which  proves  the  theorem. 

Gob. — The  sets  of  the  additive  class  are  all  measurable. 

It  is  easily  seen  that  Theorem  5  holds  if  for  (inner)  we  substitute 
(outer).     Corresponding  to  Theorem  6  we  have  the  following : — 

Theorem  6'. — The  (outer)  content  of  a  generalised  outer  limiting  set  is 
the  limit  of  the  (outer)  content  of  th€  defining  set  G*. 

Let  Jn  be  the  (outer)  content  of  G»  and  J  of  the  outer  limiting  set  G, 
and  let  us  denote  the  limit  of  /«  when  n  is  indefinitely  increased  by  j.  It 
is  evident  that,  as  each  G»  is  contained  in  the  following  Gn+u  the  quantities 
Jn  never  decrease,  and  j  is  their  upper  limit. 

Let  us  commence  at  such  a  set  Gi  that,  e  being  any  small  positive 
quantity,  y—e  ^ /tt  <y,  for  all  values  of  w,  and  let  ^1+63+...  <^. 
Enclose  Gn  in  a  set  of  intervals  of  content  less  than  <7n+^»)  for  all  values 
of  n. 

Then  the  parts  common  to  the  (71— l)-th  and  w-th  sets  of  intervals 
contain  Gn-u  and  must  therefore  have  content  ^  Jn-i'  Thus,  if  we  take 
all  the  intervals  together  which  we  have  constructed,  we  have  a  set  of 
overlapping  intervals  containing  every  point  of  G,  and  their  content  is  less 
than  or  equal  to  (Ji+ei)+(J2—Ji+ea)+. ..+(/»— J'„_i+6n)+...,  that  is, 
less  thany+6.  Thus  J  <,j+e.  But  /  cannot  be  less  than^  ;  for  other- 
wise we  could  enclose  G  in  a  set  of  intervals  of  content  less  than  j,  which 
is  evidently  impossible.    Thus  J  =  j.  Q.  £•  D. 
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Cor. — From  Theorems  6  and  6'  the  theorem  follows  that  an  outer  or 
inner  limiting  set  of  measurable  sets  is  measurable  and  has  for  content  tlie 
limit  of  the  contents  of  the  defining  sets. 

Corresponding  to  Theorem  7  we  have  the  following : — 

Theorem  7'. — Given  an  infinite  number  of  sets  of  points,  components  of 
a  set  of  finite  {outer)  content  L,  the  {outer)  contents  of  these  sets  having  a 
positive  upper  limit  g,  then  an  infinite  number  of  these  sets  exists,  which 
ca/n  all  be  enclosed  simultaneously  in  a  set  of  intervals  of  content  K^g-^e, 
where  e  is  as  small  as  we  please. 

If  more  than  a  finite  number  of  the  sets  have  zero  (outer)  content,  the 
theorem  is  obviously  true  ;  we  assume  therefore  that  this  is  not  the  case  ; 
then  there  is  certainly  at  least  one  proper  upper  limit  g'  ^g  such  that, 
for  all  values  of  e,  there  are  a  more  than  finite  number  of  the  sets  whose 
(outer)  contents  lie  between  g^—e  and  g\  both  inclusive. 

This  being  so,  let  us  replace  the  sets  by  ordinary  inner  limiting  sets 
containing  them,  having  the  same  (outer)  content  and  contained  in  an 
outer  limiting  set  of  content  L,*  and  let  Gi,  G^,  Gq,  ...  be  a  countable  set 
of  these  ordinary  inner  limiting  sets  such  that,  if  the  content  of  Gn  be 


c* 


denoted  by  Ins  g'  >  In>  g'—  g^^+i- 

Then,  since  an  ordinary  inner  limiting  set  has  the  same  (inner)  and 
(outer)  content,  we  can,  since  they  are  all  contained  in  a  set  of  content  L, 

and  have  content  >  fl''—  -52  »  ^VV^J  *o  these  sets  the  result  of  Theorem  4', 

that  is,  there    must  be    a    countable    number  of  them,    say,  in  order, 

G\y  02*  ^'sj  •••>  having  in  common  a  set  of  (inner)  content  ^  S''—  -^ti  and 

therefore  containing  an  ordinary  outer  limiting  set  of  content  ^  fl''—  rtj- . 
Let  us  denote  this  latter  by  Cj. 

Similarly,  there  must  be  a  countable  number  of  the  sets  G\,  G\,  ..., 

whose  contents  are  greater  than  g*—-^,  and  among  these  we  can  find  a 

countably  infinite    set  G^  G\,  ...,   having    in    common  a  set  of  (inner) 

e 
content  ^g*—-^i  and  therefore  containing  an  ordinary  outer  limiting 


*  It  is  easy  to  see  how  to  do  this ;  we  can  enclose  each  of  the  sets  in  a  set  of  intervals  of 
content  within  e  of  its  content,  and  the  whole  set  in  a  set  of  intervals  of  content  lying  between  L 
and  L'¥e\  if  we  now  omit  any  parts  of  the  former  intervals  external  to  the  latter  intervals,  and 
let  t  describe  a  sequence  having  zero  as  limit,  we  get  the  sets  above  referred  to. 
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set  of  content  ^  gr'  —  -^  .     Let  us  call  this  C^,     In  this  way  we  obtain  a 

series  of  the  sets  Gi,  Gg,  Gg,  ...,  and  a  corresponding  series  of  ordinary 
outer  limiting  sets  (7i,  d^,  C^,  ...,  such  that  Ci  is  contained  in  all  the  sets 
Gj,  G2,  ...,  Ca  in  all  but  the  first,  C3  in  all  but  the  two  first,  and  so  on. 

By  Theorem  15  the  outer  limiting  set  of  Cj,  Cg,  ...  is  an  ordinary 
outer  limiting  set — let  us  call  it  C — and  its  content  is  the  limit  of  the  con- 
tent of  Ca,  that  is  g'. 

Now,  since  G[  and  Ci  are  both  additive   sets,   their   difference   has 

content  ^  •^.  Similarly,  the  difference  between  Gg  and  Cg  has  content 
^  -p ,  and  so  on.     Thus,  if  we  enclose  C  in  a  set  of  intervals  of  content 


9'+i^>  we  shall  be  able  to  enclose  the  remaining  points  of  G^  in  a  set 

C      I      €>        5    i^  _ • • • i_    _  f    ^^n    • 

29  "t"^ 


of  intervals  of  content  <  759  +  753 »  and  the  remaining  points  of  Gj  in  a 


set  of  intervals  of  content  <  — 5  +  or»  ^^^  ^^  ^^'     ^^  *^^^  ^^7  we  enclose 

simultaneously  Gi,  Go,  Gj',  ...  in  a  set  of  intervals  of  content  <g''+c. 
These  intervals,  of  course,  contain  the  original  sets  from  which  we 
obtained  Gi,  Gg,  Gg,  ...  ;  so  that  this  proves  the  theorem. 


19.  The  (Outer)  Additive  Class. 

It  is  not  difficult  to  show  that  all  closed  sets  belong  to  the  outer 
additive  class.  That  the  (outer)  content  of  the  sum  G  of  two  non-over- 
lapping sets  Gj  and  Gg  is  the  sum  of  their  (outer)  contents,  provided  both 
G  and  Gj  are  closed,  has  already  been  pointed  out  as  the  correlative  to 
Theorem  5  ;  that  this  is  still  the  case  if  G  is  open  can  be  shown  as 
follows. 

Let  G'  be  an  ordinary  inner  limiting  set  containing  G  and  having  as 
content  the  (outer)  content  of  G,  that  is  I  .G^  contains  Gj  (the  closed  set), 
and  the  other  component  (which  contains  Gg),  is,  by  Theorem  17,  an 
ordinary  inner  limiting  set,  and  has  therefore,  by  what  has  been  proved 
for  the  (inner)  content,  content  /— /i ;  therefore  Ig  ^  ^^^i  5  ^^^>  since  G 
can  certainly  be  enclosed  in  a  set  of  intervals  of  content  as  near  as  we 
please  to  Ii+Ig*  we  cannot  have  Ij+Ia  <  -f ;  therefore  Ii+Ig  =  I' 

Thus  we  have  the  theorem : — 

The  (aiiter)  content  of  the  sum  of  two  sets  which  do  not  overlap  is  the 
sum  of  their  {obiter)  contents^  provided  one  of  the  component  sets  is  closed. 

It  does  not  follow  that,  if  the  (outer)  addition  theorem  holds  when  the 
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sum  is  closed,  it  holds  generally.  Instead  of  this,  however,  if  we  could 
assume  that  it  holds  when  the  sum  consists  of  all  the  points  of  an  interval, 
we  could,  as  in  §  11,  show  that  the  theorem  would  be  true  generally. 

The  sum  of  the  (outer)  contents  of  two  non-overlapping  sets  is 
evidently  not  less  than  the  (outer)  content  of  the  sum  ;  thus  the  question 
corresponding  to  that  asked  on  p.  80  is  the  following  : — 

Can  a  segme7it  of  length  a  be  divided  into  two  sets  of  points  the  sum 
of  whose  {outer)  contents  is  greater  than  a  / 

By  applying  Theorem  6',  we  can,  precisely  as  in  the  corresponding 
discussion  of  the  (inner)  additive  class,  prove  the  following  : — 

Theorem  8'. — The  {outer)  addition  theorem  holds  for  an  inner  limiting 
set  of  sets  of  the  {outer)  additive  class. 

Cor.  1. — The  {outer)  additive  class  includes  all  ordinary  inner  limiting 
sets. 

Theorem  9'. — The  {outer)  additive  class  includes  all  the  outer  limiting 
sets  of  sets  of  that  class. 

Cor. — This  class  includes  all  ordinary  outer  limiting  sets. 

The  proof  given  of  Theorem  10  serves,  with  the  mere  alteration  of  the 
word  "  (inner) "  into  "  (outer)"  to  prove  the  corresponding  theorem,  viz. : — 

Theorem  10'. — If  each  of  two  sets  which  do  Twt  overlap  belong  to  the 
{outer)  additive  class,  their  sum  also  belongs  to  that  ckcss. 

Similarly,  with  the  same  alteration,  and  writing  "less  than"  for 
"greater  than"  and  —k  for  A;,  the  next  proof  can  be  applied,  and  we 
get  the  following  : — 

Theorem  11'. — If  each  of  two  sets  one  of  which  is  a  component  of  the 
other  belong  to  the  {outer)  additive  class,  so  does  their  difference. 

Similarly, 

Theorem  12'. — If  a  set  belonging  to  the  {outer)  additive  class  be 
divided  into  two  components  the  sum  of  whose  {outer)  contents  is  equal  to 
that  of  the  original  set,  each  of  tJie  components  belongs  to  that  class. 

The  proof  of  the  next  theorem  requires  a  few  more  alterations,  and  is 
therefore  given  here  at  length. 

Theorem  13'. — If  Gi  and  G^  be  ttvo  sets  of  the  {outer)  additive  class  of 
{outer)  content  /^  and  I^,  {a)  the  set  consisting  of  all  the  points  common  to 
Gi  and  G.2  is  a  set  of  this  class,  say  G',  of  outer  content  F,  and  (fc)  the  set 
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consisting  of  all  the  points  belonging  to  one  or  both  of  Gi  and  G^is  a  set 
of  the  class f  say  G  of  (outer)  content  I ;  further  (c)  Ji+ Jg  =  1+ J'. 

For  suppose  the  (outer)  contents  of  the  parts  of  Gi  and  Gg  which  are 
not  common  to  be  Ii—x  and  I^—y  respectively.  Then,  since  the  (outer) 
addition  theorem  holds  for  Gg,  J2+(ri— x)  =  J;  similarly,  since  the 
(outer)  addition  theorem  holds  for  Gj,  Ji+(J^a"~y)  =  -^  5  whence 

x  =  y  —  Ii+I^—I, 
Also  J'+(-fi— a;)  >  Jj;  therefore  J'^a;,  that  is, 

r^I,+I^-L  (1) 

Again,  take  inner  limiting  sets  of  content  Ii  and  Ig  respectively  con- 
taining Gi  and  Gg.  The  common  part  of  these  contains  G^  and  has  there- 
fore content  ^  /^  The  set  of  points  belonging  to  one  or  both  contains 
G  and  has  therefore  content  >  I.     Therefore,  by  Theorem  18, 

Ii+Ia  >/+/'.  (2) 

Comparing  (1)  and  (2),  we  have 

Ji+/g  =  i+r. 

Q.  E.  D. 

Again,  the  (outer)  contents  of  the  parts  of  Gj  and  Gg  which  are  not 
common  are  Ii—I'  and  I^—I^  since,  by  the  above,  x  ==  y  =^  I\ 

It  follows,  by  Theorem  12',  that  the  sets  G,  G',  G^—G',  G^—G'  all 
belong  to  the  class  in  question.  Q.  E.  D. 

20.  The  Additive  Class. 

The  theorems  proved  enable  us  without  further  proof  to  sum  up  the 
chief  properties  of  the  additive  class. 

Definition. — The  additive  class  consists  of  all  sets  which  have  the 
property  that,  if  one  of  them  be  added  to  any  other  set,  having  no  point 
common  vnth  it,  the  sum  of  the  contents,  whether  (inner)  or  (outer),  is  the 
corresponding  content  of  the  sum. 

(1)  The  additive  class  consists  entirely  of  measurable  sets,  that  is,  the 
(inner)  and  (outer)  contents  are  the  same ;  so  that  we  may  properly  speak 
of  the  content  of  any  additive  set. 

(2)  The  additive  class  includes  all  closed  sets,  and  ordinary  inner  and 
outer  limiting  sets. 

(8)  The  additive  class  includes  all  inner  and  outer  limiting  sets  of 
additive  sets. 
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(4)  The  additive  class  includes  the  sum  and  difference  of  any  two 
additive  sets. 

(5)  If  Gi  and  Gg  be  two  sets  of  the  additive  class,  their  common  com- 
ponent G'  and  the  set  G,  consisting  of  all  the  points  belonging  to  one  or 
both  of  them,  both  belong  to  the  additive  class,  and  the  sum  of  the  con- 
tents of  the  two  former  sets  is  the  same  as  the  sum  of  the  contents  of  the 
two  latter  sets. 

(6)  The  additive  class  includes  all  sets  of  (outer)  content  zero  or  (inner) 
content  infinity,  and  has  therefore  in  any  portion  of  the  straight  line  the 
potency  of  all  possible  sets. 

This  last  property  requires  proof. 

If  £  be  a  set  of  infinite  (inner)  content,  it  is  evident  that  the  outer 
content  will  also  be  infinite,  and  that  the  sum  of  E  and  any  other  set  will 
contain  closed  components  of  content  as  large  as  we  please,  and  cannot  be 
enclosed  in  a  set  of  intervals  of  finite  content ;  thus  E  belongs  to  the 
additive  class.  Next,  let  £7  be  a  set  of  (outer)  content  zero ;  then  the 
(inner)  content  of  E  must  also  be  zero ;  so  that  E  is  measurable.*  Let  G 
be  any  set  of  (inner)  content  a  and  (outer)  content  6,  having  no  point 
common  with  E.  Then  G+E  can  be  enclosed  in  a  set  of  intervals  of 
content  as  near  as  we  please  to  6,  but  not  in  a  set  of  content  less  than  b ; 
thus  b  is  the  (outer)  content  of  the  sum.  Again,  E+G  contains  closed 
sets  of  content  as  near  as  we  please  to  a.  Suppose  it  contains  a  closed 
set  K  of  content  a'  greater  than  a.  Let  E^  be  an  ordinary  inner  limiting 
set  containing  E  and  having  zero  content.  Then,  since  K  and  E'  are  both 
additive  sets,  their  common  part  K'  is  additive  and  has  content  zero. 
Therefore  (K—K^)  is  additive  and  has  content  a'.  But  {K—K')  is  a 
component  of  G,  and  G  contains  no  components  of  content  higher  than  a  ; 
so  that  this  is  impossible;  therefore  E-^G  does  not  contain  any  com- 
ponents of  content  higher  than  a;  so  that  a  is  the  content  of  E+G. 
Thus  E  is  additive.  Q.  E.  D. 

Now,  if  F  be  a  perfect  set  of  content  zero,  any  component  E  ot  F  has 
(outer)  content  zero,  and  belongs  therefore  to  the  additive  class ;  but  the 
potency  of  the  components  of  F  is  evidently  the  same  as  that  of  all 
possible  sets.     This  proves  the  whole  of  (6). 

It  is  unnecessary  to  say  more  to  show  the  importance  of  this  class  of 
sets ;  it  includes  all  the  familiar  sets  and  has  all  the  advantages  of 
Lebesgue's  class    of    measurable    sets,   while,  if    there    be    other    than 


Cp.  LebesgTie,  §  6. 
2.    TOL.  2.    HO.  864.  E 
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measurable  sets,  it  possesses  distinct  advantages  over  the  class  of 
measurable  sets  in  toto.  The  fundamental  property  of  additive  sets 
embodied  in  the  definition  enables  us  to  extend  the  theory  of  content  to 
all  sets  of  the  additive  class  without  any  scruple.  The  extent  to  which 
that  theory  can  be  still  further  extended,  on  the  one  hand  to  the  (inner), 
and  on  the  other  to  the  (outer),  additive  class,  and  a  step  further  to  all 
measurable  sets,  has  been  now  fully  discussed.  The  only  point  which 
remains  uncertain  is  whether  or  no  sets  other  than  these  exist. 


20. 

It  will  be  noticed  that  the  additive  class  includes  all  countable  sets, 
and  that,  with  the  definition  of  the  content  of  an  additive  set  which  I 
have  adopted,  we  have  the  theorem  that  the  (inner)  content  of  every  count- 
able set  is  zero. 

Again,  the  content  of  the  set  of  irrational  numbers  in  any  segment  of 
a  straight  line  is  that  of  the  segment  itself 

By  making  use  of  the  theorems  of  the  present  paper,  we  prove  not 
only  this  theorem,  but  the  more  general  one  for  space  of  any  number  of 
dimensions.  For  the  sake  of  variety,  and  also  because  it  throws  fresh 
light  on  the  subject,  I  give  an  independent  proof  of  the  theorem  for  one 
dimension. 

Take  the  following  construction  : — 

Divide  the  segment  (0,  1)  into  m  parts,  where  m  is  any  odd  number 
except  unity.     Blacken  the  central  part. 

Divide  each  of  the  (m— 1)  remaining  parts  into  m*  parts,  and  blacken 
each  central  part. 

Then  divide  each  of  the  (m— l)(m^— 1)  remaining  parts  into  m^  parts, 
and  blacken  each  central  one ;  and  so  on. 

The  set  consisting  of  the  end-points  and  external  points  of  the  set  of 
intervals  constructed  thus  is  easily  seen  to  be  a  perfect  set,  nowhere 
dense,  whose  content  is  the  same  as  the  corresponding  H.  J.  S.  Smith's 
set  of  the  second  kind,  viz., 

i__L_J,(i_M_J.3(i_M(i_M_..., 

m       m^  \        m)       m^  \        mJ\        m^l 
which  lies  between  1  and  1  — l/(w— 1).* 

Thus,  by   suitably  choosing  m,  we  can   get  a  perfect    set,  nowhere 

*  For  m  =  3,  the  content,  expressed  in  the  ternary  scale,  is  1  02  212  2000  0100 1  01  .... 
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dense,  in  the  segment  (0,  1),  whose  content  is  as  near  as  we  please  to 
unity.  The  points  of  this  perfect  set  are  not  all  irrational,  but  I  will  now 
show  how  to  obtain  from  it  a  similar  set  in  which  every  point  is  irrational. 
A  theorem  of  Scheeflfer*  asserts  that,  given  two  sets,  one  closed  and 
nowhere  dense,  and  the  other  countable,  and  any  two  quantities  a  and  6, 
we  can  find  a  quantity  c,  a  <c  <h,  such  that,  if  one  of  the  sets  of  points 
be  pushed  a  distance  c  along  the  straight  line,  all  the  points  of  the  count- 
able set  lie  inside  the  black  intervals  of  the  closed  set. 

Choose  as  the  countable  set  all  the  rational  numbers  between  0  and  1, 
and  as  the  closed  set  the  perfect  set  just  constructed,  so  that  its  content 
is  greater  than  l—ie,  where  e  is  as  small  as  we  please.  Then  we  can 
find  a  positive  quantity  c  <  ^e,  such  that,  shifting  the  perfect  set  to  the  left 
a  distance  c,  all  its  points  which  remain  in  the  segment  (0,  1)  become 
irrational.  Since  these  points  form  a  perfect  set  nowhere  dense  of  content 
greater  than  1—e,  we  have  in  this  way  constructed  a  perfect  set  of  irra- 
tional numbers  in  the  segment  (0,  1)  of  content  as  near  as  we  please  to 
unity.  Q.  E.  F. 


*  Acta  Math,,  5. 
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ON  UPPER  AND  LOWER  INTEGRATION 

By  W.  H.  Young. 

[Reoeiyed  and  Read  January  14th,  1904.] 

1.  The  problem  of  finding  the  value  of  an  upper  or  lower  integral 
has  rarely  been  considered  except  in  connection  with  the  light  it  throws 
on  the  simpler  one  of  ordinary  integration.  It  is,  however,  only  a 
restricted  class  of  functions  that  admit  of  integration  in  Riemann's  sense, 
namely,  continuous  functions  and  those  pointwise  discontinuous  functions 
the  content*  of  whose  points  of  continuity  is  that  of  the  continuum. 
For  all  other  functions  the  problem  of  upper  and  lower  integration  is 
of  primary  importance.  As  far  as  I  know  no  calculus  has  as  yet  been 
discovered  for  the  evaluation  of  such  generalised  integrals,  t  If  it  be 
urged  that  such  functions  rarely  occur,  the  answer  is  immediate :  Such 
functions  present  themselves  in  the  most  unlooked-for  places.  Thus, 
take  the  function  which  has  the  value  1  at  every  point  of  a  closed  set 
whose  content  is  not  zero  and  zero  at  every  other  point  of  the  space 
considered.  This  function  is  a  pointwise  discontinuous  function — in  point 
of  fact,  semi-continuous — belonging  to  the  non-integrable  class.  If  the 
space  considered  be  of  n  dimensions,  the  problem  of  finding  the  content 
of  the  set  is  equivalent  to  that  of  finding  the  upper  n-ple  integral  of  the 
semi-continuous  function  in  question. 

In  the  present  paper  I  propose  to  show  how  to  reduce  the  general 
problem  of  upper  and  lower  integration  to  that  of  ordinary  integration. 
If  we  assume  a  complete  knowledge  of  the  content  of  sets  of  points 
connected  with  the  function,  we  have,  I  prove,  to  carry  out  merely  a 
single  integration.  In  the  general  case,  I  show  how  to  replace  an  upper 
w-ple  integral  by  an  n-fold  upper  integral ;    in  other  words,  a  repetition 

♦  In  the  sense  explained  in  my  paper  on  **  Open  Sets  and  the  Theory  of  Content."  Cf.  also 
Lebesgue. 

t  This  paper  was  written  simultaneously  with  the  preceding  memoir,  at  a  time  when  the 
writer  was  unacquainted  with  the  work  of  M.  Lebesgue.  The  result  of  Theorem  2  is  in 
perfect  accord  with  Lebesgue*s  expression  for  his  integral  as  the  common  limit  of  two  ditference 
summations  (Annali  di  Matematica,  1902,  p.  253) ;  in  fact,  it  is  easily  shown  that,  in  the  case 
of  an  (upper)  lower  semi -continuous  function,  the  Lebesgue  integ^ral  coincides  with  the  upper 
(lower)  integral.  It  may  be  further  remarked  that,  in  the  general  case,  the  Lebesgue  integ^ral 
may  itself  be  expressed  in  precisely  my  form. 

In  accordance  with  the  alterations  made  in  the  preceding  memoir  (cp.  footnote,  p.  16),  I  have 
made  a  few  verbal  alterations  in  the  present  paper  ;  I  have  also  elaborated  the  proof  of  the  final 
theorem,  which,  in  its  original  form,  was  too  condensed.— ^/»ri/  2m/,  1904, 
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n  times  of  the  process  of  finding  an  upper  single  integral,  and  similarly 
for  lower  integrals.  Each  stage  of  the  process  may  then,  if  we  please, 
be  effected  by  an  ordinary  integration.  In  this  way  we  avoid  the  in- 
troduction of  the  content  of  any  but  linear  sets.  A  particular  case  of 
this  result  is  that  the  content  of  a  closed  set  of  points  in  n-fl  dimensions 
can  be  expressed  as  an  n-fold  upper  integral,  and  thus  found  by  means 
of  n  single  integrations. 

The  expression  for  the  upper  n-ple  integral  in  a  region  il  as  an  ordinary 

single  integral  is  KQ  +  I   Idk,  where  I  is  the  content  of  those  points  of 

Ja' 

the  region  for  which  the  maximum  of  the  function  is  greater  than  or  equal 
to  k,  and  the  limits  are  suitably  chosen.  As  a  corollary  from  this  and 
the  corresponding  theorem  for  a  lower  integral,  we  at  once  deduce  the 
known  necessary  and  sufficient  conditions  that  an  n-ple  ordinary  integral 
of  a  function  should  exist.  Moreover,  the  expression  gives  us  the  content 
of  any  closed  set  in  space  of  n  dimensions  in  the  form  jldz^  where  / 
is  the  content  of  points  of  an  Sn^\  for  which  the  section  of  the  set  by 
straight  lines  perpendicular  to  the  Sn-i  has  content  ^  z. 

The  argument  turns  on  the  introduction  of  auxiliary  semi-continuous 
functions,  and  the  splitting  up  of  the  range  of  the  independent  variables 
into  suitably  chosen  sets  of  points,  instead  of  into  ordinary  regions,  as 
in  the  case  of  integration  properly  so  called. 

The  success  of  the  introduction  of  the  auxiliary  semi-continuous 
functions  is  due  to  the  following  property  of  such  functions,  which  I 
enunciate  and  prove  in  the  course  of  the  paper : — 

The  upper  n-ple  integral  in  any  region  in  space  of  n  dimensions  of 
an  upper  semi-continuous  function  of  n  variables  is  always  equal  to  the 
corresponding  n-fold  upper  integral ;  that  is,  it  can  be  found  by  the  pro- 
cess of  upper  single  integration,  repeated  n  times. 

With  regard  to  the  splitting  up  of  the  region  considered  into  sets  of 
points,  it  appears  at  once  that  the  process  adopted  is  applicable,  with 
suitable  modifications,  when  the  range  of  the  independent  variables, 
instead  of  being  a  closed  region,  is  any  closed  set  of  points.  The  formulsB 
obtained,  indeed,  furnish  us  with  a  new  definition  of  upper  and  lower 
integration  with  respect  to  any  closed  set  of  points,  and  hence  also  of 
ordinary  integration  with  respect  to  such  a  set,  when  this  is  possible ;  it 
gives  us,  moreover,  the  necessary  and  sufficient  conditions  for  the  possibility. 

2.  In  the  present  section  I  give,  for  the  sake  of  clearness,  a  few 
preliminary  definitions  and  explanations.  I  first  remark  that  I  shall, 
for  convenience,  suppose  that  the  regions  in  which  the  functions  we  are 
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dealing  with  are  defined  are  finite  and  simply  connected ;  also  that  the 
functions  themselves  are  everywhere  finite,  and  have  finite  upper  and 
lower  limits. 

Consider  any  function.  Take  any  point  of  the  region  for  which  it 
is  defined ;  describe  round  this  point  an  n-dimensional  sphere  having 
the  point  as  centre ;  the  upper  limit  of  the  values  of  the  function  in  this 
sphere  will  itself  tend  towards  a  definite  lower  limit  as  the  radius  of  the 
sphere  is  diminished :  we  call  this  the  mdxinmm  of  the  function  at*  the 
point.  The  minimum  at  the  point  is  similarly  defined.  The  excess  of 
the  maximum  at  P  over  the  minimum  at  P  is  called  the  oscillation  of 
the  function  at  P.  I  shall,  as  usual,  call  a  region  open  if,  with  any  point 
of  the  region  as  centre,  we  can  describe  an  n-dimensional  sphere  lying 
entirely  within  the  region. 

Taking  any  function  whatever  of  n  variables,  defined  for  a  region  of 
space  of  n  dimensions,  divide  the  region  up  into  any  finite  number  of 
partial  regions,  and  multiply  the  content  of  each  such  part  by  the  upper 
limit  of  the  values  of  the  function  in  that  part,  and  sum  for  all  the  parts : 
the  limit  of  this  sum,  when  the  content  of  each  part  is  indefinitely 
diminished,  and  the  number  of  parts  accordingly  increased,  is  called  the 
upper  n-ple  integral  of  the  function.  The  lower  n-ple  integral  is  similarly 
defined. 

Now  suppose,  for  simplicity  of  wording,  that  n  =  8 ;  and,  to  further 
simplify  the  ideas,  let  the  region  considered  be  a  rectangular  parallelepiped, 
having  edges  a,  b,  and  c  along  the  three  axes.  Find  the  upper  integral 
of  the  function  with  respect  to  z,  regarding  x  and  y  as  constant,  the 
limits  being  0  and  c.  Find  the  upper  integral  with  respect  to  y  of  the 
function  of  x  and  y  so  obtained,  regarding  x  as  constant,  the  Umits 
being  0  and  6.  Finally  find  the  upper  integral  with  respect  to  x  of 
the  function  of  x  so  obtained  between  the  limits  0  and  a.  This  final 
upper  integral  I  shall  call  the  three-fold  upper  integral  of  the  original 
function,  taken  over,  or  with  respect  to,  the  parallelepiped.  It  is  clear 
how  we  may  generalise  this  conception,  and  give  the  corresponding 
definition  for  the  n-fold  upper  integral  of  a  function  of  n  variables  with 
respect  to  any  closed  n-dimensional  region. 

The  theory  of  ordinary  multiple  integration  begins  by  showing  that, 
when  an  ordinary  n-ple  integral  exists,  it  is  always  equal  to  the  ;i-fold 
ordinary  integral ;  so  that,  moreover,  the  order  of  integration  is  im- 
material. The  corresponding  theorem  in  our  case  does  not  hold.  It  is, 
however,  at  once  obvious  that  the  upper  w-ple  integral  is  greater  than 
or  equal  to  the  n-fold  upper  integral.  I  shall  prove  in  Art.  8  that  the 
equivalence  does  exist  in  the  case  of  upper   semi-continuous   functions; 
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a  corresponding   theorem   holds,   of  coarse,   for  lower    semi-continuous 
functions. 

The  consideration*  of  semi-continuous  functions  is  due  to  Baire^  ;  they 
are  defined  as  follows  : — 

Definition. — A  function  is  said  to  be  an  upper  semi-continuous 
function  if  its  value  at  every  point  is  the  upper  limit  of  the  values 
assumed  by  the  function  in  the  neighbourhood  of  the  point  when  this 
neighbourhood  is  indefinitely  diminished. 

A  corresponding  definition  holds  for  a  lower  semi-continuous  function : 
we  have  only  to  replace  the  word  "  upper  "  by  "  lower "  in  the  above 
definition.  Baire  has  shown  not  only  that  these  functions  are  point- 
wise  discontinuous,  but  that  they  possess  the  following  characteristic 
property : — 

Theorem. — Tlie  points  at  which  an  upper  semi-continuous  function 
has  a  value  greater  than  or  equal  to  k  form^  for  each  value  of  ky  a  closed 
set.  Similarly  the  points  at  which  a  lower  semi-continuous  function 
has  a  value  less  than  or  equal  to  k  form  a  closed  set. 

It  is  scarcely  necessary  to  add  that  an  upper  semi-continuous  function 
actually  assumes  its  maximum  in  any  interval  or  region,  and  a  lower 
semi-continuous  function  its  minimum.  We  note  also  that  a  function 
not  otherwise  semi-continuous  may  be  so  at  a  particular  point. 

The  Associated  Semi-continuous  Functions  of  a  Discontinuxms  Function. 

Take  any  function  whatever.  At  every  point  of  the  region  for  which 
it  is  defined  the  function  possesses  a  maximum,  in  the  sense  explained 
above.  This  system  of  values  determines,  therefore,  a  new  function. 
I  shall  call  it  the  upper  limiting  function  of  the  given  function,  or 
simply  the  associated  upper  limiting  function.  Taking  the  minimum 
instead  of  the  maximum,  we  have  in  the  same  way  the  definition  of  the 
associated  lower  li/ndting  function.  Finally,  taking  the  excess  of  the 
maximum  over  the  minimum — that  is,  the  oscillation — we  have  a  third 
function,  which  I  shall  call  the  associated  oscillation  function. 

It  is  proved  by  Baire  that  the  first  and  third  of  these  functions  are 
upper  semi-continuous  functions,  while  the  second  is  a  lower  semi- 
continuous  function.  Baire  also  proves  that  a  function  and  its  associated 
upper  limiting  function  have,  in  any  open  region,  the  same  maximum. 
The  fact  that  this  is  not  in  general  true  of  a  closed  region  is  the  explanation 
of  the  slightly  complicated  character  of  the  proof  of  the  theorem  of  the 
next  article. 

«  Baire,  Ann,  di  Mat,  (3),  Vol.  m.  (1899). 
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3.  We  can  now  enunciate  the  following  theorem  : — 

Theorem  1. — The  upper  n-ple  integral  of  a  discontinuous  function 
of  any  number  of  variables  is  U7ialtered  if  we  replace  the  discontinuous 
function  by  its  associated  upper  limiting  function.  The  lower  n-ple 
integral  is  in  like  manner  unaltered  if  we  replace  the  disco^itinuous 
function  by  its  associated  lower  limiting  function, 

I  give  the  detailed  proof  for  two  dimensions :  the  proof  is,  however, 
of  a  perfectly  general  character,  and  requires  at  most  a  few  trifling  verbal 
alterations  to  make  it  valid  for  space  of  any  number  of  dimensions. 
Assume  any  small  positive  quantity  e,  and  let  us  determine  a  corre- 
sponding e\  such  that,  if  the  region  of  integration  be  divided  into  a  finite 
number  of  small  regions  d,  each  of  linear  dimensions  less  than  e\  the 

following  two  properties  hold  : — (1)  2Fd  is  greater  than  ]Fdw  by  less 
than  Cy  (2)  2/d  is  greater  than  jfdw  by  less  than  e :  here  /  is  the 
function,  F  the  associated  upper  limiting  function,  F  and  /  the  upper 
limits  of  F  and  /  respectively  in  the  region  d,  dw  is  the  element  of  area, 
and  J  denotes  upper  integral.     This  is  evidently  possible. 

Suppose  ABCD  to  be  one  of  the  regions  d  (Fig.  1).     Then,  /  being 
the  upper  limit  of  /  in  ABCD,  /  is  ^   the  upper  limit  of  /  in  the 
open  region  ABCD,  that  is,  ^  the  upper  limit  of  F  in 
the  same  open  region,  and  therefore  ^  F*,  where    F' 
is  the  upper   limit  of  jP  in  a  closed   region  A'B^C'D\ 
lying  inside  ABCD,  but  nearly  coinciding  with  it. 

Suppose  the  boundary  of  A^B^C^U  drawn  so  that 
the  part  of  ABCD  outside  A'B'C'D'  (shaded  in  the 
figure)  has  content  less  than  k,  where,  if  M  be  the 
upper  limit  of  F  in  the  whole  region  of  mtegration  and  y^^   ^ 

m  the  number  of  small  regions  d,  mMk  <  e.  Then, 
however  we  subdivide  the  shaded  region  and  multiply  each  part  d'  by  the 
upper  limit  of  F  inside  it  and  sum,  the  sum  will  be  less  than  ejm.  Thus 
^Fd  over  the  now  subdivided  regions  {i,e.,  the  original  m  regions  divided 
into  shaded  and  unshaded  parts  in  the  manner  indicated)  lies  between 
2^'(^'JB'C"D0  and  e+^F{A'WCD'),  But  the  dimensions  of  the  new 
regions  are  still  less  than  e*  \  therefore  ^Fd  over  the  new  regions  lies 
between  ^Fdw  and  e-^-^Fdic,  and  may  be  denoted  by  Ci+^Fdw,  where 
Ci  lies  between  0  and  e.     Thus 

XP(A'B'C'D')  <  Ci+jFdw  <  6+2F'(^'B'C'Z)').  (1) 
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Now,  since,  as  was  pointed  out,  / ^  J^, 

Xf(ABCD)  >  I.F'iABCD)  >  'ZF{A'B'C'D%  (2) 

Comparing  (1)  and  (2), 

that  is,  since  that  latter  summation  is  greater  than  ]fd%o  by  less  than  €, 
and  e  can  be  made  as  small  as  we  please, 

]Fdw  <  Ifdw. 

But,  since  F  is  never  less  than  /  at  any  point  x,  ^Fdw  >  ^fdw  ;  therefore 
]Fdw  =  Ifdw.  Q.  E.  D. 

4.  It  is  clear  from  the  preceding  article  that  we  may  in  discussing 
upper  and  lower  integrals  confine  our  attention  to  semi-continuous 
functions.  As,  moreover,  an  upper  semi-continuous  function  becomes 
a  lower  semi-continuous  function  if  its  sign  be  changed,  and  vice 
versUf  we  may  confine  our  attention  to  upper  semi-continuous  functions. 
All  the  results  I  am  about  to  obtain  will  hold  mutatis  mutandis 
for  lower  semi-continuous  functions. 

Theorem  2. — If  I  be  the  content  of  those  points  for  which  an  upper 
semi-continuous  function  hus  a  vahie  greater  than  or  equal  to  k,  the7i  I  is 
an  integrahle  {monotone)  function  of  k,  arid  the  upper  integral  of  the  func- 
tion (upper  n-ple  integral,  if  there  be  nindependent  variables),  in  any  finite 

F 

region  S,  is  equ^l  to    SK^  \    Idk ,   where  K'  is  any   finite   quantity 

JK 

greater  than  or  equal  to  the  greatest  value  assumed  by  the  function  in  the 
region  considered,  and  K  is  any  finite  quantity  less  than  or  equal  to  the 
lower  limit  of  the  values  assumed  by  the  function. 

For,  as  k  increases  from  K  up  to  K',  I  never  increases  ;  it  is  there- 
fore a  monotone  function.  Since  K  and  K'  are  finite,  the  points  at  which 
the  function  I  makes  a  jump  greater  than  or  equal  to  e  must,  for  each 
value  of  6,  be  finite  in  number,  thus  forming  a  closed  set  of  zero  content ; 
hence  /  is  an  integrable  function  of  k. 

For  simplicity  I  only  give  the  proof  of  the  second  part  of  the  theorem 
for  one-dimensional  space ;  the  necessary  verbal  alterations  for  space  of 
n  dimensions  can  easily  be  made. 

Since  we  know  beforehand  that  an  upper  integral  of  the  given  function, 
say/,  exists,  we  can  determine  a  small  positive  quantity  e  such  that,  if 
the  whole  segment  in  which  we  are  operating  (region  of  integration) 
be  divided  into  small  segments,  finite  in  number  and  each  less  than  e, 
and  if  we  multiply  the  length  of  each  of  these  by  the  upper  limit  of  the 
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values  of  /  in  it,  and  sum  for  all  the  small  regions,  the  result  of  the 
summation  differs  from  the  upper  integral  in  question  by  less  than  some 
assigned  small  quantity  «'.     For  brevity  I  shall  write  «»  for  6/2** ;  so  that 

Let  us  divide  the  segment  {K\  E)  of  the  £^-axis  into  n-\-l  equal 
parts,  where  n  is  any  chosen  integer,  and  denote  the  points  of  division 
by  iTj,  K^y  ...,  Kn-  Then  the  points  x  of  the  segment  {A,  B)  at  which 
f{x)  ^  Kr  form  a  closed  set,  say  Gr  of  content  /r,  contained  in  the 
closed  set  Gr+i  of  all  the  points  of  (A^B)  at  which  f(x)'^Kr+\t  which 
is  itself  contained  in  the  closed  set  Gr+2  of  all  the  points  at  which 
fix)  ^  ^r+2,  and  so  on. 

We  can  therefore  enclose  all  the  points  of  G^  in  a  finite  number  of 
intervals,  in  general  overlapping,  each  less  than  e',  and  the  content  of 
them  lying  between  Jj  and  Ii+^i- 

The  remaining  segment  or  segments  of  (A,  B)  have  content  lying 
between  L^Ii^Ci  and  L—Ii;  and  the  points  of  any  one  of  the  sets 
Gr  which  lie  in  them  or  on  their  boundaries  form  a  closed  set  of  content 

lying  between  Ir— A~^i  ^^^  Ir—Iv 

In  this  segment,  or  these  segments,  we  can  now,  in  like  manner, 
enclose  all  the  points  of  G2  which  lie  in  them  or  on  their  boundaries,  in 
a  finite  number  of  intervals,  each  less  than  e\  so  that  their  content  lies 
between  12—11—61  and  Jg— 7i-— eg. 

The  segment  or  segments  of  {A,  B)  now  left  over  have  content  lying 

between    L— Ij— ^i— Ij+^fi— ^2     ^^^^    ^— -fi"~-fa+-fi»   ^h^^   is,    between 

L— 12—61'— 62  and  L— Ij;  and  inside  these  segments  the  points  of  Gr 

form  a  closed  set  of  content  lying  between  1^-/2—61—62  and  Ir— -fa- 
Proceeding  thus,  we  must,  after  at  most  n  stages,  have  shut  up  all 

the  points  of  (^,  B)  in  a  finite  number  of  intervals,  of  course  overlapping, 

each  of  length  less  than  &'. 

If  we  take  only  such  parts  of  these  intervals  as  do  not  overlap,  and 

multiply  the  length  of  each  part  by  the  corresponding  upper  limit  of  /, 

we  see  that  we  get  something  less  than 

{I,+6,)K^+(l2-Ii+e^K,+{Is-l2+e^K2+... 

...+{In-In-l)Kn-l  +  (S-In)Kn; 

that  is,  less  than  SK+{Ii+l2+...+In+S)k'+6K',  where  k'  is  the  w-th 
part  of  the  interval  (K,  K*). 

Since  this  is  greater  than  the  upper  integral  in  question,  but  differs 
from  it  by  less  than  6',  the  result  at  once  follows,  when  we  make  n  increase 
without  limit. 
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Cor. — If  I  be  the  content  of  those  points  of  a  region  for  which  any 
function  is  defined  which  are  such  that  tlie  maximum  of  the  function  there 
has  a  valu^  '^k,  then  the  upper  integral  of  the  fufiction  in  the  region  is 

equal  to  SK^  \   Idk,  and  a  similar  statement  Iwlds  for  the  Imoer  integral. 

5.  From  the  theorem  of  the  previous  section  we  may,  if  we  please, 
deduce  at  once  the  known  necessary  and  sufficient  conditions  that  a  given 
function  of  n  variables  should  possess  an  n-ple  integi'al  for  a  given  region. 
From  §  8  it  is  evident,  in  fact,  that  the  excess  of  the  upper  7i-ple  integral 
over  the  lower  n-ple  integral  is  the  upper  integral*  of  the  associated 
oscillation  function,  and,  since  in  this  case  zero  is  lower  than  or  equal  to  the 
lower  limit,  it  follows,  by  the  theorem  of  the  preceding  section,  that  this 
upper  integral  is  equal  to  the  integral  JDdk,  taken  between  proper  limits, 
where  D  is  the  content  of  the  set  of  those  points  at  which  the  oscillation 
is  greater  than  or  equal  to  k.  Since  D  is  essentially  positive,  this  integral 
can  vanish  when,  and  only  when,  D  vanishes  for  every  value  of  k.  In  other 
words,  the  necessary  and  sufficient  conditions  are  that  the  points  at  which 
the  oscillation  of  the  function  is  greater  than  or  equal  to  k  form  a  closed  set 
of  zero  content. 

We  may,  moreover,  deduce  from  the  theorem  of  the  last  section  other 

consequences.      It  is  evident   that   the  expression   A^S+l    Idk   in   the 

corollary  at  the  end  of  the  last  section  has  a  definite  meaning  and  value, 
equally  whether  the  function  in  question  be  defined  for  an  ordinary  region 
or  for  a  closed  set  of  points.  We  are  therefore  led  to  define  it  in  this  case 
as  the  upper  integral  of  the  function  with  respect  to  a  closed  set ;  similarly 
we  can  define  the  lower  integral  of  the  function  with  respect  to  a  closed  set, 
and  it  is  plain  that  we  at  once  have  the  condition  that  these  two  should 
be  equal.  In  other  words,  we  have,  as  we  may  say,  the  condition  that  an 
ordinary  integral  with  respect  to  a  set  of  points  exists  in  the  following 
form : — 

Theorem  3. — The  necessary  and  sufficient  conditions  that  a  function 
defined  for  a  closed  set  of  points  possesses  an  integral  with  respect  to  that 
set  are  a^  follows  : — The  points  at  which  the  oscillation  of  the  function  is 
greater  than  or  equal  to  k  form  a  closed  set  of  zero  content. 

Or,  which  is  the  same  thing : — 

The  points  of  continuity  of  the  function  with  respect  to  the  funda- 
mental closed  set  form  a  set  of  content  equal  to  that  of  the  fundamental  set. 

Here  the  word  ''  oscillation  *'  is  used  in  an  obvious  extended  sense.  I 
shall  here  content  myself  with  these  indications  in  connection  with  this 

*  Here  we  tacitly  assume  Lemma  2,  p.  64,  below. 
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matter.  It  is  not  diflScult  to  reconstruct  the  whole  theory  from  the  begin- 
ning in  such  a  way  that  the  closed  set  of  points  plays  the  role  previously 
assumed  by  the  region,  as  the  range  of  variation  of  the  independent 
variable. 

6.  Theorem  4. — If  X{x)  denote  the  content  of  the  section  of  a  closed 
set  by  the  ordinate  through  the  point  Xj  then  X{:x)  is  a  semi-continuous 

function  of  x,  and  the  upper  integral  JX{x)dx  of  X{x)  with  respect  to  x 
is  the  content  of  the  closed  set 

More  generally,  taking  space  of  n  dimensions,  let  X(x)  denote  the 
content  of  the  hyperplane  section  of  a  closed  set  by  the  Sn-i  through  the 
point  X  of  the  x-axis  perpendicular  to  that  axis  ;  then  the  same  is  true. 

It  is  easy  to  obtain  other  generalisations  of  the  above  theorem,  but  I 
shall  not  in  the  present  paper  occupy  myself  further  with  the  matter. 

Proof. — The  first  part  of  the  theorem  follows  from  Theorem  4'  of  my 
paper  on  **  Open  Sets  and  the  Theory  of  Content,"  the  enunciation  of 
which  is  as  follows : — 

Theorem  4'. — Given  an  infinite  number  of  sets  of  points,  components 
of  a  set  of  finite  {inner)  content  L,  Gi,  G^y  ...,  svxih  that  the  upper  limit  of 
the  contents  of  the  closed  components  of  Gn — that  is,  the  "  (inner)  content''  of 
Gn — is  greater  than  some  positive  quantity  g,  the  same  for  all  values  of  n; 
then  an  infinite  series  of  these  sets  exists,  having  in  common  a  set  of  points 
of  potency  c  and  (inner)  content  greater  than  or  equal  to  g. 

In  our  case  the  set  G  is  closed.  Take  then  any  set  of  lines,  say  L, 
parallel  to  the  axis  of  y,  having  a  single  limiting  line,  say  p.  Choose  them 
in  such  a  way  that,  as  they  approach  p,  the  contents  of  the  corresponding 
ordinate  sections  (which  are,  of  course,  also  closed)  of  the  given  set  G  have 
a  definite  limit,  say  J.  Then  we  have  to  prove  that  the  section  of  the  set 
G  by  p  has  content  greater  than  or  equal  to  J. 

We  can  evidently  commence  L  at  such  a  line  that  all  the  corresponding 
ordinate  contents  lie  between  I—e  and  /+«,  where  e  is  as  small  as  we 
please.  Project  all  these  ordinate  sections  on  to  the  line  p.  Then,  by 
Theorem  4',  there  is  a  set,  say  C,  of  (inner)  content  greater  than  or  equal 
to  I—e,  contained  in  an  infinite  number  of  these  projections.  That  is, 
taking  any  point  of  C,  and  drawing  its  ordinate,  this  ordinate  meets  an 
infinite  number  of  the  lines  L  in  points  of  G  ;  the  limiting  point  of  these 
points  lies,  by  our  choice  of  L,  on  p,  and  is  therefore  the  point  of  C  which 
we  took.  Since  G,  and  therefore  the  ordinate  section  of  G  by  p,  is  closed, 
this  point  belongs  to  the  ordinate  section  by  p.  Thus  this  ordinate  section 
contains  closed  components  of  content  as  near  as  we  please  to  I ;  so  that 
its  own  content  is  not  less  than  I,  Q.  £.  D. 
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Now  consider  the  second  part  of  Theorem  4.  For  simplicity  let  us 
take  a  plane  set  G,  and  let  the  region  of  integration  be  taken  to  be  a 
square  of  side  L. 

Let  e  be  any  chosen  small  positive  quantity.  Then,  by  the  definition 
of  content,  I  denoting  the  content  of  6,  we  can  determine  a  small  positive 
quantity  e^\  such  that,  if  the  square  be  divided  up  into  small  rectangles  of 
linear  dimensions  less  than  e",  the  content  of  those  small  rectangles  which 
contain  points  of  G  lies  between  I  and  I-\-e. 

Also,  since  we  know  that  there  is  an  upper  integral  ^X{x)dXy  we  can 
certainly  find  a  small  positive  quantity  e'  less  than  e"y  such  that,  if  the 
segment  {A,  B)  of  the  ir-axis  in  which  we  are  operating  be  divided  in  any 
way  into  a  finite  number  of  parts,  then,  provided  the  length  of  each  part 

be  less  than  e\  the  expression  ^X(x)dx  is  greater  than  ] X(x)dx  by  less 
than  e. 

Now  X{x)  lies  between  0  and  L  :  let  us  then  choose  any  integer  n, 
such  that  ne>  Ly  and  consider  the  closed  sets  Gj,  Gg,  ...,  where  Gr  con- 

sists  of  all  the  points  x  at  which  X(x)  ^ L.     Thus  Gn  is  itself  the 

n 

section  of  G  by  the  or-axis,  and  each  Gr  contains  the  preceding  Gr-i,  while 

the  remaining  points,  viz.,  those  of  Gr—Gr-u  B.re  such  that  at  each 


n 


v/  \   ^  ^ — r+1  Y 
X(x)  < ■ —  L, 


n 


ffl 


First,  let  us  determine  ei,  so  that,  if  the  points  of  G^  be  enclosed  in 
intervals  each  of  length  less  than  e\,  the  content  of  these  intervals  lies 
between  I^  and  /i+6.  Then  let  us  enclose  the  ordinate  section  of  G  by 
the  ordinate  through  2;,  in  a  finite  number  of 
small  vertical  intervals,  each  of  length  less 
than  e\ 

In  the  remaining  parts  of  the  ordinate,  marked 
black  in  the  figure,  there  are  no  points  of 
G  inside  or  on  the  boundaries.  Let  P  be  any 
point  of  such  a  black  part ;  then,  since  G  is 
closed,  P  is  not  a  limiting  point  of  G,  so  that  we 
can  describe  a  small  square,  with  P  as  centre,  whose 
sides  are  parallel   to  the  coordinate   axes,   and  of 

length  less  than  ei,  so  that  there  is  no  point  of  G      

inside  this  square  or  on  its  periphery.     This  being  Fig.  u 

done  for  all  points  P  in  all  the  black  parts,  we  can, 

by  the  Heine-Borel  theorem,  determine  a  finite  number  of  the  squares 


Ei 
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such  that  each  point  of  the  black  parts  is  internal  to  one  at  least  of  the 
squares.  There  being  now  only  a  finite  number  of  squares  to  consider, 
there  is,  of  course,  a  definite  smallest  of  them. 
Let  the  length  of  its  side  be  ei(x),  and  let  us 
continue  its  vertical  sides  up  and  down  to 
bound  off  a  strip  parallel  to  the  ^-axis,  of 
breadth  ei  (x)  <  ei,  having  the  ordinate  through 
X  as  central  line. 

If  we  draw  parallels  to  the  fl;-axis  through 
the  ends  of  the  vertical  intervals  originally 
drawn  round  the  points  of  the  ordinate  sec- 
tion X,  this  strip  is  divided  up  into  rectangles, 
of  which  those  which  contain  the  black  parts 
of  the  ordinate  x,  shaded  in  the  figure,  contain 
no   points  of  G  inside  or  on  the   periphery, 

while  the  linear  dimensions  of  the  others  are  less  than  e',  and  their  con- 
tent lies  between  X{x)  e^Ca:)  and  Lei(x), 

Now,  n  was  chosen  so  large  that  X{x)  differs  from  L  by  less  than 
e,  and  therefore  from  the  upper  limit  of  the  values  of  X(x)  in  ei(x)  by 
less  than  e.  Thus  the  content  of  the  plain  rectangles  lies  between 
[X  (ir)  —  e]  Ci  (x)  and  [X  (x) + e]  e^  {x) . 

Now  let  us  construct  such  strips  and  rectangles  for  every  point  of  Gj. 
By  the  extension  of  the  Heine-Borel  theorem,  there  are  then  a  finite 
number  of  these  strips,  each  of  breadth  less  than  e\,  which  enclose  every 
point  of  the  closed  set  Gi-  Each  strip  is  divided,  as  before,  into  plain 
and  shaded  rectangles. 

Proceeding  in  like  manner  to  enclose  those  points  of  G^  in  the  remain- 
ing portions  of  the  square  (including  those  which  lie  on  the  boundaries), 
and  then  the  points  of  G^  not  already  enclosed,  and  so  on,  we  eventually 
get  the  whole  square  divided  up  into  plain  and  shaded  rectangles ;  in  the 
shaded  rectangles  there  are  no  points  of  (?,  and  the  content  of  the  plain 
rectangles  lies  between  2[X(ic)--6]d  and  ^\X{x)-\-e]d,  where  d  is  the 
breadth  of  any  vertical  strip  and  X(x)  the  upper  limit  of  the  contents  of 
the  ordinate  sections  in  d.  Also,  since  the  linear  dimension  of  each 
rectangle  are,  by  construction,  less  than  e\  and  therefore  less  than  e", 
their  content  lies  between  I  and  7+e,  and  may  be  denoted  by 


I+ee     (O<0<1). 


Again,  ^X{x)d  differs  from   \X{x)dx  by  less  than  e^  and  may  be 
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denoted  by  JX{x)dx+d'e.     Thus 

JX(x)dx+d'e'-Le  <  I+de^JX{x)dx+&'e+Le, 
Since  e  can  be  chosen  as  small  as  we  please,  it  follows  that 

I  =  JX{x)dx. 

Q.  E.  D. 

C!oR. — If  the  sections  of  a  plane  closed  set  by  straight  lines  be  translated 
parallel  to  themselves  according  to  any  law  by  which  the  plane  set  remains 
closed,  the  content  of  the  set  will  not  be  altered. 

7.  Theorem  5. — From  Theorems  2  and  4  we  at  once  obtain  the  follow- 
ing expression,  giving  the  content  of  a  closed  plan^  set  as  a  single  definite 
integral,  viz.,  \Idk,  taken  between  proper  limits,  where  I  stands  for  the 
content  of  those  points  of  the  a^-axis  at  which  the  ordinate  sections  of  the 
given  plane  set  are  greater  than  or  equal  to  k. 

It  is  clear  that  this  result  may  be  extended  in  various  ways  to  sets  in 
space  of  higher  dimensions.  It  should  be  noticed  that  these  formulae  are 
exactly  analogous  to  the  ordinary  formulae  in  the  integral  calculus  for 
areas,  volumes,  &c.,  and  include  them  as  particular  cases. 

From  this  formula  a  number  of  particular  consequences  are  at  once 
deduced.  For  example,  the  known  necessary  and  sufficient  condition  that 
a  plane  closed  set  should  have  zero  content  is  that  points  x  whose  ordi- 
nate sections  of  the  plane  set  have  content  greater  than  or  equal  to  k 
should  form  a  set  of  zero  content. 

8.  It  remains  to  give  the  following  theorem,  which  includes  that  of 
§  6  as  a  particular  case : — 

Theorem  6. — The  r-fold  upper  integral  of  any  upper  semi-continuous 

ftmction  of  n  variables  (r  >  n),  taken,  that  is,  with  respect  to  r  of  the 

variables  seriatim,  is  an  upper  semi-continuums  function  of  the  remaining 

(w— r)  variables;    and  the  n-fold  upper  integral  is  equal  to  the  upper 

n-ple  integral. 

We  require  the  following  lemmas  : — 

Lemma  1. — If  x  =  a  be  a  point  of  uniform  convergence  of  a  series  of 
upper  (lower)  semi-continumts  functions,*  it  is  a  point  of  upper  {lower) 
semi-continuity  of  their  sum. 

I  give  the  proof  for  an  upper  semi-continuous  function. 

*  It  is  dear  from  the  proof  that  it  is  only  neoeasary  that  the  functionfl  should  be  semi- 
oontiniiOttB  at  the  point  in  question. 
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Note  that  the  lemma  is  equally  true,  and  the  proof  will  not  require 
modiiioation,  if  the  uniform  convergence  be  simple  only. 

Let  F{x)  =  Sn(x)-\-Bn{x),  where  n  has  been  chosen  such  that  an 
interval,  say,  {a^h,  a+h),  can  be  found,  for  the  whole  of  which  Bn(x)  is 
less  than  an  assigned  small  quantity  e :  this  can  always  be  done,  since  the 
convergence  at  the  point  a  is  (simply)  uniform.  Inside  this  interval  we 
can,  since  S»  (x)  is  a  semi-continuous  function  at  the  point  a,  find  another 
interval,  {a—h-,  a+h*),  say,  for  which  the  maximum  value  of  S»(ar)  differs 
from  Sn  {o)  by  less  than  e.  In  this  interval  the  maximum  value  of  F  (x) 
cannot  exceed  the  maximum  value  of  S»  (ar)  by  more  than  e ;  and  the  value 
at  a  of  F(x)  cannot  differ  from  S^da)  by  more  than  e.  Hence  the  maxi- 
mum value  of  F{x)  in  this  interval  cannot  exceed  F(a)  by  more  than  3«. 
In  other  words,  given  a  small  positive  quantity  3e,  we  can  find  an  interval, 
surrounding  the  point  a,  such  that  the  maximum  value  of  F  {x)  in  this 
interval  differs  from  F{a)  by  less  than  3« ;  which  proves  the  lemma. 

Cor. — If  F(x)  is  the  limit  of  a  sequence  of  upper  (lower)  semi-con- 
tinuous functions  which  converges  (simply)  uniformly,  it  is  an  upper 
(lower)  semi-continuous  function. 

It  is  evident  that  the  proof  is  unaltered. 

Lemma  2. — The  upper  integral  of  the  sum  of  two  upper  send-con- 
tinumcs  functions  is  equal  to  the  sum  of  their  upper  integrals. 

Similarly  for  the  lower  integrals  of  lower  semi-continuous  functions. 
I  have  proved  this  theorem  elsewhere.* 

Lemma  8. — The  upper  (lower)  integral  of  an  upper  {lower)  semi'Continu<ms 
function  which  is  the  limit  of  a  uniformly  convergent  sequence  of  upper 
(lower)  semi-continuums  functions  is  the  limit  of  the  sequence  of  upper 
(lower)  integrals  of  these  functions. 

Proof. — As  usual,  take  the  case  of  upper  integrals  and  functions  only. 
We  have  ^^^^  ^  ^^  ^^  ^^^  ^  ^^ ^^^  _^^^ ^^^^ 

where  throughout  the  whole  interval  under  consideration  Bn(x)  is 
numerically  less  than  an  assigned  positive  quantity  e  as  small  as  we 
please.     The  theorem  now  at  once  follows  from  the  definition  of  upper 


♦  ♦*Onan  Extension  of  the  Heine- Borel  Theorem,*'  Metttmyer  of  Mathematiciy  New  Series, 
No.  393. 


1904.]  Upper  and  lower  integration.  66 

integration ;  for  the  difference  between  the  upper  integrals  of  F(x)  and 
Sn{x)  can  evidently  not  exceed  e  multiplied  by  the  length  of  the  interval. 

I  now  proceed  to  the  proof  of  Theorem  6,  confining  myself,  for  the 
sake  of  simplicity,  to  the  case  when  n  is  2. 

First,  then,  to  prove  that  the  upper  integral  of  any  upper  semi-con- 
tinuous function  of  two  variables  x  and  y,  taken  with  respect  to  one  of 
them,  say  y,  is  an  upper  semi-continuous  function  of  the  other  x. 

Let  Ik  be  the  content  of  the  closed  set  of  points  for  which  the  function, 
f(x,  y),  say,  is  greater  than  or  equal  to  k  ;  and  let  Ijc(x)  be  the  content  of 
the  closed  section  of  this  set  by  the  ordinate  x ;  so  that,  by  Theorem  4, 

h  =  J  Ik{x)dx. 

Then  J/(a?,  y)dw  over  the  whole  region  S 

=  KS+[^  hdk  =  KS+D,  say. 
Jk 

Also  1/{x,  y)dy  along  the  ordinate  x  of  length  y,  say. 


=  Ky+[  Idx)dk  =  Ky-\-D\  say. 

JK 


Since  the  sum  of  two  semi-continuous  functions  is  itself  semi-continuous, 
and  Ky  is  continuous,  it  is  only  necessary  to  prove  that  the  integral  D'  is 
a  semi-continuous  function  of  x. 

Now,    Ik{x)    is    an    upper    semi-continuous    function    of    x    for    all 
values   of   k ;    the   same   is    therefore    true    of    the    finite    summation 


r=n 


2  Ijc^{x)k\  where  k'  denotes,  as  before,  one  n-th  part  of  the  interval 

r=l 

(K,  K),  and  the  values  Ar^  (r  =  1,  2,  ...,  n)  are  any  values  in  the  corre- 
sponding n  equal  divisions  of  {K,  K'). 

Let  M  be  any  finite  quantity  greater  than  the  maximum  of  Ik  {x)  for 
all  values  of  A;  and  of  x.  Then,  since  Ik{x)^  for  constants,  is  a  never 
increasing  monotone  function  of  /r,  the  least  value  of  the  summation  will 
be  obtained  by  taking  the  right-hand  value  of  k  in  each  interval  k\  and 
the  greatest  value  by  taking  the  left-hand  value ;  these  two  summations 
differ  by  less  than  Mk\ 

Let  us  assign  any  small  quantity  e ;  then  we  can  determine  n^,  so  that, 

for  aU  values  of  n>n^,   Mk'  <ie.     The  integral   I    Ik(x)dk  or  D',  for 

Jk 

constant  x,  lies  between  these  two  summations,  and  differs  therefore 
from  the  summation    Z  Ik^{x)k'  by  less  than  e,  where  e  was  assigned 

r=l 

independent  of  x. 
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Thus  the  upper  semi-continuous  functions  represented  by  these 
summations,  for  successive  values  of  n,  converge  uniformly  towards  the 
integral  D'  as  limit.  It  follows,  by  Lemma  1,  that  the  latter  integral  D' 
is  a  semi-continuous  function  of  x.  This  proves  the  first  part  of  the 
theorem. 

To  prove  the  second  part  we  note  that,  by  Lemma  2, 

'^h^k'=Yk'Jljc,(x)dx  =  ]TlhSx)k''\dx; 

that  is,  D-e'=J(JD'+^dx, 

where  e'  is  as  small  as  we  please,  and  ef  ^e.     Therefore 

D  =  jD'dx; 
also  S  =  I  ydx, 

whence  KS+D  =  J  {Ky+D')  dx, 

which  proves  the  theorem. 
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THE       TILE       THEOREM 
By  W.  H.  Young. 

[ReoeiTed  April  12th,  1904.— Bead  April  14th,  1904.] 

In  a  note  entitled  "  On  an  Extension  of  the  Heine-Borel  Theorem,"  * 
I  defined  a  ''  tile  "  as  consisting  of  a  definite  interval  or  region  with  a 
definite  corresponding  point,  called  the  "  point  of  attachment." 

A  set  of  tiles,  as  they  occur  in  application,  usually  has  the  property 
that,  if  dp  be  a  tile  of  the  set  having  the  point  of  attachment  P  and 
covering  the  region  d,  every  tile  having  P  as  point  of  attachment  and 
covering  a  part  of  d  belongs  to  the  set :  when  this  is  the  case,  I  say 
that  the  tiles  may  be  "chipped  "  as  much  as  we  please. 

The  points  on  the  boundary  of  d  are  not  to  be  considered  as  "  covered" 
by  the  tile  dp. 

In  the  note  quoted,  I  gave  a  theorem,  analogous  to  the  Heine-Borel 
theorem  for  intervals,  respecting  a  set  of  tiles  whose  points  of  attachment 
consist  of  all  the  points  of  a  segment  or  region ;  I  showed  also  how  this 
theorem  may  be  applied  to  give  a  simple  proof  of  the  theorem  that  the 
upper  integral  of  the  sum  of  two  upper  semi-continuous  functions  is  the 
sum  of  their  upper  integrals. 

In  the  following  note  I  give  a  more  general  form  of  the  tile  theorem. 
This  theorem  is  independent  in  conception  and  in  proof  of  the  Heine- 
Borel  theorem ;  it  was  suggested  to  me  by  the  necessity  of  such  a  theorem 
to  conveniently  prove  certain  general  theorems  in  the  theory  of  in- 
tegration. 

Theorem. — Given  a  set  of  tilesy  each  of  which  may  be  chipped  as  much 
as  is  convenient,  whose  points  of  attachment  fill  up  a  measurable  set  S ; 
then  we  can  determine  a  finite  or  countably  infinite  number  of  the  tiles 
having  the  following  properties: — (1)  The  linear  dimensions  of  each  dp^ 

are  less  than  e ;  (2)  each  point  of  S  is  covered  by  one  or  more  of  the 
tiles  dp. ;  (8)  the  point  of  attachment  Pi  of  the  tile  dp.  is  not  covered  by 
any  other  of  the  tiles ;  (4)  the  sum  of  the  tiles  differs  from  the  content  of 
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S  by  less  than  e' ;  here  e  and  e'  are  any  assigned  small  positive 
quantities. 

Proof. — ^By  the  definition  of  the  content  of  a  measurable  set,*  we  can 
assign  a  set  of  intervals  of  content  lying  between  S  and  S+Je',  and 
having  all  the  points  of  S  as  internal  points.  Since  the  given  tiles  may 
be  chipped,  we  can  chip  them  so  that  (1)  is  satisfied,  while  they  cover  no 
point  external  to  this  set  of  intervals.  The  content  of  the  intervals 
covered  by  the  tiles  will  then  lie  between  S  and  S+^e', 

Now  let  us  replace  the  whole  set  of  tiles  by  a  countable  set  from 
among  them  covering  the  whole  set  SA     Let  these  in  order  be 

d\  dr,  dr\  ....  (a) 

We  may  suppose  that  no  one  of  these  tiles  is  completely  covered  by  any 
other,  since  any  such  tile  could  have  been  omitted  in  choosing  the  set 
(a).  Similarly,  if  at  any  stage  of  the  process  to  be  adopted  one  tile 
comes  to  be  completely  covered  by  another,  I  shall  suppose  that  we  then 
omit  it.  We  take  the  first  tile  d'  in  the  countable  order  (a)  and  call 
it  dp^. 

Since  it  is  not  completely  covered  by  any  tile,  it  divides  the  remain- 
ing tiles  into  two  sets,  those  on  the  right  and  those  on  the  left  of  itself ; 
I  shall  consider  first  the  former,  and  chip  them  so  that  none  of  them 
extend  as  far  as  the  point  of  attachment  Pi  on  the  left. 

Then  there  may,  or  may  not,  be  certain  of  these  tiles  which  overlap 
with  the  first  tile  dp, ;  if  there  are  any,  let  the  first  in  the  order  (a) 
which  does  so  be  called  (2p,,  and  let  the  remaining  tiles  be  chipped  so  as 
not  to  extend  as  far  as  Pg  on  the  left.  Also,  if  Pg  do  not  lie  outside  dp^, 
or  if  the  interval  covered  by  both  the  first  two  tiles  dp^  and  dp^  be  not 
less  than  2~^e\  we  chip  dp,  until  both  of  these  are  the  case,  without,  of 
course,  chipping  so  much  that  no  interval  is  covered  by  both  the  first 
two  tiles. 

We  now  take  as  dp,  the  first  in  the  order  (a)  which  overlaps  with 
dp,,  and  proceed  as  before,  using  only  2~*«'  instead  of  2~^e\  and  so  on. 
We  thus  get  a  finite  or  countably  infinite  set  of  the  tiles  each  over- 
lapping with  the  next,  the  sum  of  the  overlapping  parts  being  less  than 
2"^e'.     Similarly  we  treat  the  tiles  to  the  left  of  dp,.     In   all    we  have 


•  Lebesgue,  Ann,  di  Mat,,  1902.     Cf.  W.  H.  Young,  supra,  p.  40. 
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here  a  finite  or  countably  infinite  set  of  the  tiles,  overlapping  all  along, 
the  sum  of  the  overlapping  parts  being  less  than  ^e\ 

These  do  not  necessarily  cover  over  every  point  of  S ;  if  not,  however, 
let  cf^^  be  the  first  of  the  tiles,  in  the  order  (a),  which  is  separated  by  an 
interval  or  point  from  the  tiles  already  considered.  Then  we  perform 
the  same  process  as  before,  starting  from  e?**^  as  we  did  from  d',  using, 
however,  the  quantity  2"^*'"*"'^e'  instead  of  2~*«'. 

This  process  is  to  be  continued  till  we  have  gone  over  all  the  tiles 
(a).  During  our  process  we  never  uncover  a  point  of  S,  so  that  (2)  is 
satisfied ;  but  we  ensure  that  no  point  of  attachment  is  covered  by  any 
tile  but  the  one  corresponding  to  it  (8) ;  finally,  the  sum  of  the  over- 
lapping parts  is  less  than  2"^e'+2"^''"*"^^e'  +  ...,  that  is,  certainly  less 
than  ie'.  Now  the  content  of  the  intervals  covered  by  the  tiles  lies 
between  S  and  S+i^';  therefore  the  sum  of  the  tiles  lies  between  S 
and  S+e',  (4).     This  proves  the  theorem. 
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ON  THE  UNIQUE  EXPRESSION  OF  A  QUANTIC  OF  ANY  ORDER 
IN  ANY  NUMBER  OF  VARIABLES,  WITH  AN  APPLICATION 
TO  BINARY  PERPETUANTS 

By  P.  W.  WOOD. 

[Received  February  25th,  1904.— Read  March  10th,  1904.] 

The  present  paper  contains  an  extension  of  the  results  of  a  previous 
paper  "  On  the  Unique  Expression  of  Binary  and  Ternary  Forms."  *  It 
will  be  seen  that  the  method  employed  admits  of  much  wider  application 
than  is  here  made,  and  that  there  is  some  freedom  of  choice  in  the  form  of 
unique  expression ;  in  any  case  this  choice  must  depend  on  the  nature 
of  the  problem  to  which  the  result  is  to  be  applied. 

No  new  results  of  any  importance  are  given,  but  there  is  a  new  proof 
that  the  minimum  weight  of  an  irreducible  perpetuant  of  degree  S  is 
2*"'  — 1.  Some  results  concerning  the  grade  of  perpetuants  are  also 
deduced. 

1 .  It  is  known  that  any  quantic  of  order  n  in  the  &  variables  x^, X€^,.,.,xi  can 
be  expressed  linearly  in  terms  OM    T    i     )  linearly  independent  forms  of 

the  same  order  n  in  the  variables  ^i,  ^a,  ...,  x^. 
Consider  the  relation     S  =  ^  y^-'^rp-^r  =  o 

of  total  order  n  in  the  8  variables  x^,  ajg, . . .,  xi.    The  positive  integers  Wr,  not 
necessarily  all  different,  satisfy  the  equation 


?  {"ti:') = ctiT')  ■■ 


each  yr  is  a  linear  function  of  x^^  aj^, . . .,  x^,  and  j?"*'  is  a  quantic  of  order  rrir  in 

those  variables.     If  we  can  show  that,  when  we  have  chosen  the  linear 
forms  yn  we  cannot  find  quantics  j?'^'-,  other  than  identical  zeros,  satisfying 

the  relation  iS  =  0,  then  it  follows  that  any  quantic  F^  of  order  n  in 
^i>  ^at  '-->  ^h  is  uniquely  expressible  in  the  form 
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for  the  [         ""   )  terms  of  S  are  linearly  independent,  since  otherwise  we 

should  have  a  relation  of  the  same  form  as  S  =  0;  and,  moreover,  if  the 
expression  were  not  unique,  there  would  arise,  on  equating  two  such 
expressions,  a  relation  of  the  form  S  =  0,  which,  by  hypothesis,  is  not 
possible,  unless  each  quantic  involved  is  identically  zero ;  and,  in  this 
case,  the  two  expressions  would  be  identical. 

2.  The  first  step  in  thus  determining  a  form  of  unique  expression  is  to 
find  relations  satisfying  the  two  following  conditions  : — 

(1)  When   the   linear   forms   have   been   chosen,   each   quantic 
involved  must  be  identically  zero. 

(2)  The  total  number  of  constants  involved  in  the  quantics  is 


rr:')- 


The  relation  of  any  order  is  completely  determined,  when  we  know  the 
linear  forms  involved  and  the  power  to  which  each  linear  form  is  raised. 
In  the  first  instance  a  special  choice  of  the  linear  forms  will  be  made  :  let 
[rstu..,io]  =  Xi'\-(r)x2'\-(rs)xg'\-,.,'\-(rstu,,,w)xi,  where  each  of  r,s,t,.,.yW 
is  any  one  of  the  numbers  1,  2,  3, ...,  X,  and  (rstu..,v)  is  a  constant.  The 
only  restriction  to  be  placed  on  these  constant  coefficients  is  that  no  two 
of  them  are  equal,  if  they  dijBFer  only  in  the  last  number :  thus  (rstuv..,\/jL) 
and  (rstuv...\/jL')  are  unequal,  but  we  may  have  {rstu,,.\'/jL)  =  {rstu.,,\/jL) 
or  {rstuv)  =  (r'stuv),  &c.  The  number  of  such  linear  forms  [rstuv.,.to]  is 
X*""\  and,  by  virtue  of  this  restriction  on  the  coefficients,  these  X*~^  linear 
forms  are  all  distinct.  Any  linear  forms  occurring  in  a  relation  will  be 
taken  as  one  of  the  X^~^  forms  thus  determined. 

3        3 
K  0,  =  (s)  5 ^— ,  then  0,  annihilates  each  of  the  X*~*  forms  [s...], 

vXi       0X2 

8  being  any  one  of  1,  2, 3, ...,  X ;  in  this  way  we  obtain  X  linear  differential 
operators  Oi,  Oq,  ...,  0„  ...,  Ok- 

3.  If  n  is  the  total  order  of  the  relation,  then  n  may  be  taken  to  be 
one  of  m\y  mX+1,  ...,  wX+s,  ...,  mX+X—l  ;  m  and  X  being  any  positive 
integers.  We  shall  now  find  the  orders  of  the  quantics  involved  in  each 
of  the  X  relations,  corresponding  to  the  X  different  forms  of  n,  to  ensure 

the  number  of  constants  therein  involved  being  (    "J"         ) ,  f or  each  of  the 

X  different  forms  of  n. 

In  the  relation  of  total  order   |(m+l)X— «},  suppose  there  are  Bf^^ 
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quanticB  of  order  (m— ^+1):   then  we  must  find  integers  B„  positive  or 
zero,  satisfying  the  equations 

/(m+l)X-s+<5-l\  _  x^U'^^'^^"^) 

(5  =  1,  2,8,  ...,X)     (1) 
for  all  values  of  m. 
Assume  that 

2(B<;>x^-^+4'^a:^'-^+...+Bi'^a:^-'+...+BlV'-^)  =  0(x). 

Now  (l-x^)-«  =  2  ("^1^^^)  x'^-'-'^'\ 

and  therefore 


also 


2£(o^»»+^     A  =  coefficient  of  x^^-'+i)-  in   0(i)(l-a!*)-*, 
(^"*+^)^~*+''~^))  =  coefficient  of  a!*("+i)-  in   (l-x)-'; 


therefore,  since  the  equation  (1)  holds  for  all  values  of  m  and  for  the 
values  1,  2,  ...,  X  of  s,  we  must  have 

0(a;)(l-a!*)-*  =  (l -«)-*, 

and  so  0(x)  =  (H-«+a!*+... +«*-»)«, 

and   therefore   jB^'^  =  coefficient  of   x"-   in    (H-a!+a^+...+a^-V,    for 

S      ^^       1,      Jty     U,      ••'f     A* 

It  is  obvious  that  the  quantities  B  thus  given  are  positive  integers 

or  zero,  and  that  ^j) 

-B,    =  0, 

if  \ts  >  (X-1)<J,  i.e.,  if  t  >  ^^Il^i+l, 

A 

4.  The  method  of  proving  the  impossibility  of  the  relations  will  be 
inductive,  and  the  relations  will  be  so  chosen  that  the  effect  of  operating 
on  the  relation  of  total  order  |(m+l)X— s}  with  0$  is  to  give  a  relation 
of  the  same  constitution  as  the  relation  of  total  order  |(m+l)X— s— 1}, 
for  the  values  1,  2,  8,  ...,  X  of  «. 

We  have 

(l.)     Or{[s...J  P^  }=[S...J  jp,  , 

if     r^Sy 
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p^'  ^  being  a  quantic  in  the  same  variables,  which  is  not  identically 
zero; 

Suppose  there  are,  in  the  relation  of  total  order  (mX+X—l),  for  the 
values  1,  2,  8,  ... ,  X  of  5,  Al  forms  [s  ...]  occurring  to  a  power 

{(m+l)(X-l)+^-l}, 

the  orders  of  the  corresponding  quantics  in  that  relation  being  (m— ^+1); 
then,  since  the  relations  are  such  that  the  effect  of  operating  with  0«  on 
the  relation  of  order  {(w+l)X— s}  is  to  give  a  relation  of  the  same 
constitution  as  the  relation  of  total  order  |(m+l)X--(s+l)},  for  the 
values  1,  2,  8,  ...,  X  of  s,  the  quantities  A  must  satisfy  the  following 
equations  for  all  values  of  m : — 

^(^+i)x_2+5-i^  =  2  u?->+4^+...+4>+...+4'>)("^+^-^. 


/(«i+l)X-»+5-l\ 
/(m+l)X-(s+l)+5-l\ 

=  2  ur>+4-''+...+4-"+41i+-+4^  ^'t-'^% 


(mX-\-S—\\ 


=  2  (4-'>+4-)+...+4-^>+...+4:j)+4))("^+_^-<) 


(m\—\-\-8—l\ 


=  2  wr'>+^r'>+ . . . +^r^>+ . . . +^<r^^  ("»+f  -  ^ . 


|(0) 


Here  we  take  ^1^   as  zero,  for  ^  =  1,  2,  8,  ... ,  X. 
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The  assumption  that  relations  of  this  nature  can,  as  far  as  the  orders 
of  the  quantics  are  concerned,  actually  be  found  is,  remembering  the  results 
of  §  8,  justified,  if  we  can  show  that  each  ^  is  a  positive  integer  or 
zero  and  that 

for  all  values  of  t  concerned  and  for  the  values  1,  2,  8,  ... ,  X  of  5. 

Subtract  each  of  the  above  equations  from  the  preceding;  then,  for 
all  values  of  m  and  for  the  values  1,  2,  8,  ... ,  of  s,  we  have 

/(m+l)X-5+cS-2\  __  2  (A^'^^A^'-')  f^+^~^ 


-.fi^'V    <j-i    r 


Hence  Ap  is  the  value  taken  by  Bfp  when  in  the  latter  S  is  replaced  by 
(i— 1),  and  therefore  -4 J*^  =  coefficient  of  a?^"**  in 

for  s  =  1,  2,  8,  ...,  X. 

Hence  each  ^  is  a  positive  integer  or  zero,  and 

A'P  =  0. 

if    X<-«>(X— l)(i-l);   i.e.,  if    <>  X-M(X-l)(<S-l)+Sf  • 
The  value  oi  A,  may  be  found  in  the  form  of  a  series,  for 

Af  =  coefficient  of  «**-  in  {l+x+a^+...+x^-')*-\ 
i.e.,m  (1 -«*)*-»  (l-a;)-(«-» 

or  in  'T  (-r  (^-1)  x^.  2.>('->-  (Mt-p)-s+S-2\ 

Henee  ^^  =  X  (-.f ;')e«-'J:f^-^). 

and,  similarly, 

writing  ^  for  ^— 1  in  the  value  of  -4,  . 

(In  the  special  case  of  X  =  2,  the  ^^'s  and  £'s  are  binomial  coefficients.) 
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It  should  be  noticed  that  all  the  preceding  results  are  valid  when  m 
is  zero.     Finally, 


=  sum  of  coefficients  of 


2.A(<-1)-1^    ^k(i-\)-i  jjX(«-l)-(.-l)  1 

in  (H-a;+x'+...+a:*-V 
=  coefficient  of  i^-  in  (H-a;+a;''+...+a;*-»)»-i(H-x+«»+...+a:*-') 

=  £?>. 

and  so,  as  far  as  the  orders  of  the  quantics  are  concerned,  it  is  possible  to 
find  relations  of  this  nature.     We  have 

^Bf  =  's    2^  ^f  =  sum  of  coefficients  of  (l+aj+a;^+...+a:^-i)*-i ; 

therefore  2  B,    =  X*"S  for  the  values  1,  2,  3,  ...,  X  of  s, 

and  therefore     2^4?^  =  X*"^,  for  the  values  1,  2,  8,  ...,  X  of  s. 

t 

Hence  in  each  relation  (except  for  certain  small  values  of  m,  when  quantics 

of  negative  order  disappear)  each  of  the  X*~^  forms  [s...],  s  being  any 

one  of  1,  2,  3,  ...,  X,  occurs  exactly  once. 

It  remains  to  discover  the  power  to  which  each  of  the  X*"^  linear  forms 

[...]  occurs  in  each  relation. 

5.  We  shall  require  the  result : — 

If  any  linear  differential  operator 

annihilates  the  product  (PQ)  of  two  quantics  P  and  Q  in  the  variables 
Vv  y^if  -"*  y^>  ^^^^  0  annihilates  each  of  P  and  Q. 
For,  by  the  theory  of  partial  differential  equations,  PQ  must  be  a 

quantic  in  the  variables  aiy^—a^Vv  (hys-^^Vv  '"f<hyr'-(iryv  ^r+i,  ...,y«, 
and,  since  each  of  its  factors  P,  Q  is  a  quantic,  P  and  Q  must  be  quantics 
in  the  same  variables,  and  so  each  of  P  and  Q  is  also  annihilated  by  0. 

6.  We  shall  now  show  how,  when  we  know  the  constitutions  of  the  X 
relations  for  (5—1)  variables,  we  can  find  the  constitutions  of  the  X  rela- 
tions for  S  variables.     Assuming  that  the  relation  in  S  variables  of  order 
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{(m+DX—is+l)  \  can  be  satisfied  only  by  each  quantic  being  identically 
zero,  our  purpose  is  to  show  that  the  relation  of  total  order  ](w+l)X— «} 
is  likewise  impossible  :  if  we  can  do  this,  we  need  only  prove  the  impossi- 
bility of  the  relation  of  total  order  unity. 

Consider  first  the  case  of  two  variables :  the  relations  will  be 

(of  total  order  w\+X— 1), 


2 

«=2 


(of  total  order  w\+\— 2), 


(of  total  order  wi\+X— 5), 
[of  total  order  w\+\— (5+I)], 


'  2  '  [^}^-^>*+^i>r"'+W^"'^*P*  =  0 

(of  total  order  m\)* 

For,  in  the  relation  of  total  order  {(iit+l)X— «[,  the  number  of  constants 
involved  in  the  binary  quantics  is 

w(5-l)+(m+l)(\-«+l)  =  (m+l)\-s+l; 

and,  if  we  operate  on  that  relation  with  0«,  the  resulting  relation  is  of  the 
same  constitution  as  the  relation  of  total  order  {(w+l)X— (s+1)}  ;  and 
therefore,  by  hypothesis,  each  quantic  in  this  resulting  relation  is  identically 
zero  ;  hence,  by  §  5,  in  the  original  relation  each  quantic  pt^  is  identically 

zero,  if  t^s,  and  therefore  the  quantic  p^  is  also  identically  zero. 

Hence,  if  the  relation  of  total  order  n  is  impossible,  so  also  is  the 
relation  of  total  order  (n+1),  for  all  values  of  n,  and  the  relation  of  total 
order  unity  is 

which  requires  P  =  (J  =  0,  since  (X)  =^  (X— 1),  by  §  2. 

Therefore  each  of  the  relations  is  impossible  for  all  values  of  n. 
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The  present  result  for  binary  forms  is  a  special  case  of  the  more 
general  theorem* : — 

If    «x,  bx9  Cx,  ...    be  a  system  of  r  distinct  linear    forms,  and 
a»  /3,  y,  . . .  be  r  positive  integers  satisfying  the  relation 

a+^+y+...  =  n— r+1, 

then  it  is  impossible   to  find  binary  forms  ^,  J5,  C,  ...,    of  orders 
a»  )Q»  y»  . . .  respectively,  such  that 

arM+6r''J5+cr^c+...  =  o. 

7.  In  the  general  case  of  S  variables,  operate  on  the  relation  of  total 
order  |(m+l)\— 5}  with  0,:  then,  by  virtue  of  the  choice  made  for  the 
orders  of  the  quantics,  the  resulting  relation  must,  by  hypothesis,  have 
each  of  the  quantics  therein  involved  identically  zero. 

then,  by  §  5,  p^-'^^  =  0, 

and,  if  0.  |[s...]<^-^><'^+^>+«-2??-*'-^}  =  0, 

then  pj*"*"*"^  must  either    be    identically   zero,   or  be  a  quantic  in  the 
W— 1)  variables  r- ., .    -, 

So,  if  we  assume  the  impossibility  of  the  relation  of  total  order 
|(m+l)X— s— l}i  the  relation  of  total  order  |(w+l)\— 5}  is  either  also 
impossible  or  is  a  relation  in  the  (^—1)  variables  y„  Xg,  x^,  ...,  xs,  since 
only  those  terms  involving  the  linear  forms  [s  ...]  can  contain  quantics 
different  from  identical  zeros.  In  the  latter  case  the  relation  of  total 
order  |(m+l)\— 5}  becomes 

2  {  2  [5  ...](^-^>('^+^>+^-'i>r'^'f  =  0     [in  (<5-l)  variables], 
where  2  implies  the  summation  of  A^p  different  quantics  px  and  linear 

forms  [s ...]. 

Now,  by  §  4,  since  -4^'^  differs  from  B^^  only  in  having  (^—1)  in  place 
of  S,  as  far  as  the  number  of  forms  [^  ...]  and  their  indices  are  concerned, 
this  relation  may  be  the  standard  form  of  relation  of  total  order 
{(?»+l)X— «}  in  (^—1)  variables,  so  that,  by  hypothesis,  every  quantic 

*  J.  B,  Grace,  Algebra  of  Invarianti,  by  Ghraoe  and  Young,  Appendix  ni.;  p.  375. 
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is  identically  zero.  In  other  words  the  A^P  forms  [s ...]  with  index 
{(\— l)(m+l)+^— 5}  maybe  divided  up  into  sets,  such  that  there  are 
A^^  linear  forms  [ss' . . .]  with  that  index,  and  so  on,  and  the  resulting 
relation  will  be  of  the  same  character  as  that  we  have  been  considering, 
with  (<S— 1)  in  place  of  S.  , 

(For  such  relations  the  operators  by  means  of  which  each  is  derived 
from  that  of  total  order  higher  by  unity  will  be  like 

Os^  =  (88')  ^  -  ^ ,    for    «'  =  1,  2,  8, ...,  X.) 

Thus  in  general  the  forms  [^...]  must  be  so  arranged  in  the  relation 
of  total  order  |  (m+1)  X— «}  that  the  corresponding  terms  must  by  them- 
selves, when  we  replace  the  variables  Xi,  x^  by  the  single  variable 
[aji+W^a]*  constitute  the  corresponding  relation  in  (^—1)  variables, 
wherein,  by  hypothesis,  each  quantic  must  be  identically  zero ;  and  this 
is  true  for  each  of  the  \  relations. 

Now  all  the  \  relations  are,  for  any  number  of  variables,  completely 
determined  when  we  know  the  power  to  which  each  linear  form  is  raised 
in  the  relation  of  total  order  {(m+l)\— 1}  ;  for,  if  the  linear  forms 
[Iwwi^?...],  [2wvtt?...],  ...,  [8uvw.,,\  ...,  \\uvw,..^  have  indices  0i,  ^, 
...,  0„  ...,  0x  respectively  in  the  relation  of  total  order  |(m+l)X— 1}, 
then  in  the  relation  of  total  order  |(m+l)\— «},  they  have  indices 
01— (5— 2),  ^— (s— 2),  ...,  0,^1— (5— 2),  0,— (s— 1),  ...,  0x— (s— 1)  re- 
spectively. 

It  will  therefore  be  sufScient  to  show  how  the  relation  of  total  order 
{(m+l)X— 1}  in  ^  variables  may  be  determined  from  the  relation  of  total 
order  |(m+l)\— 1[  in  (^—1)  variables. 

The  linear  forms  in  (^—1)  variables  ajj,  ajj,  ...,  ar«_i  are  given  by 
symbols  like  [wvt^?...],  where  [...]  contains  (^—2)  numbers,  each  of 
which  is  one  of  1,  2,  S,  ...,  \.  Take  the  standard  form  of  relation  of 
order  |(m+l)X— «}  in  (^—1)  variables,  and  replace  each  linear  form 
[t^v«?...]  by  [suvw.,J]\  generalize  the  quantics  in  that  relation  by 
introducing  another  variable  x^ :  then  the  resulting  expression  will  consist 
of  those  X*~*^  terms  of  the  relation  of  total  order  |(w+l)X— s}  in 
5  variables,  which  involve  linear  forms  [«...];  this  is  obvious  from  what 
precedes. 

Let  Qn  be  the  index  of  the  linear  form  \uvw,,,']  in  the  relation  of  total 
order  {(w+l)X— -l}  in  (^—1)  variables;  then  its  index  in  the  relation  of 
total  order  |(m+l)X— s}  in  (J— 1)  variables  will  be  0u— («— 2)  if  u<5, 
and  will  be  ©w— («— 1)  ilW^s, 
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Hence,  in  the  relation  of  order  |(m4-l)X— 5}  in  S  variables,  the  index 
o{[suvw,,.'\  is  0u— (s— 2)  itu<Sf  and  is  Ou—is—Vjiiu'^s;  therefore, 
in  the  relation  of  total  order  |(m+l)\— 1}  in  S  variables,  the  index  of 
[suvw..,']  is  0»— (s— 2)+(s— 1)  =  0tt+l  if  t^<s,  and  is 

0^-(s-l)+(5-l)  =  6^    if  w>5; 

and  this  holds  for  each  of  the  X  relations.  Hence  the  following  simple 
law: — 

Take  the  relation  of  order  {(m+l)\— 1[  in  (5—1)  variables 
Xj,  Xj,  ...,  Xi-i ;  replace  each  form  [uvw,..']  successively  by  [suvw...'], 
where  s  takes  the  values  1,  2,  S,  ...,  X,  and,  it  s^u,  increase  the 
index  of  the  linear  form  by  unity ;  generalize  each  quantic  of  the 
relation  by  introducing  another  variable  Xs.  Then  the  sum  of  all  the 
X*~^  terms  thus  obtained  when  equated  to  zero  is  the  required  form  of 
relation  of  total  order  |(w+l)X— 1}  in  the  S  variables  x^,  x^,  ...,  x^. 

By  repeated  application  of  this  law  we  can  build  up  our  relation  of 
total  order  |(m+l)X— 1}  in  5  variables  from  the  relation  of  the  same 
order  in  2  variables,  and,  since  in  the  latter  the  index  of  every  linear  form 
is  (X— l)(m+l),  we  have  finally:  — 

In  the  relation  of  total  order  {(w+l)X— 1}  in  S  variables,  the 
index  of  any  linear  form  [rstuv^.^tD]  is  |(X— 1)  (m+Vj+O},  where  Qis 
the  number  of  places  in  the  sequence  of  the  (S — 1)  numbers  ryS,t,u,Vf...,w 
{each  number  being  one  0/  1,  2,  8, ...,  X),  where  a  number  immediately 
precedes  a  smaller  number. 

This  completely  determines  the  constitution  of  the  relation  of  total 
order  {X(w+1)--1}  in  ^  variables,  and  so,  by  a  preceding  result,  the 
constitution  of  all  the  relations  in  S  variables. 

In  the  first  relation  there  are  A^P  linear  forms  [su, .  .w^  with  an  index 
{(m+l)(X— 1)+^— 1},  and  we  can  prove  otherwise  that  there  are  A^l^ 
ways  of  choosing  (5—1)  numbers  from  1,  2,  8,  ...,  X,  such  that  s  is  the 
first  and  that  (^—1)  of  the  numbers  immediately  precede  smaller  numbers; 
for  the  result  is  certainly  true  when  5  is  1  or  2,  and,  assuming  it  true  for 
(5—1)  numbers,  it  is  true  for  S  numbers  by  virtue  of  the  relation  of  §  4: — 

for,  if  u  is  any  one  of  1,  2,  8,  ...,  s— 1,  then  there  are  to  be  only  (^—2) 
numbers  in  the  sequence  uvw.,,  immediately  preceding  smaller  numbers, 
and  B^l^  differs  from  A^^^  only  in  having  S  in  place  of  (5—1). 
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8.  With  this  choice  of  linear  forms  it  follows  that  the  relation  of  total 
order  (w+1)  is  impossible,  if  that  of  total  order  n  is  impossible.  We 
proceed  to  show  that  the  relation  of  total  order  unity  requires  each  of  the 
quantics  (constants)  involved  to  be  zero.  The  presence  of  a  quantic  of 
negative  order  implies  that  that  quantic  has  been  annihilated  by  successive 
differentiations  in  the  process  of  deriving  the  relation  of  order  n  from  that 
of  order  (w+l). 

Putting  m  =  0  in  the  relation  of  total  order  (mX+l),  and  taking 
quantics  of  negative  orders  as  absolute  zeros,  the  relation  of  total  order 

unity  is  2  [X-l...]P+2  [X...]Q  =  0, 

.(1)  ^(1) 

^X-l  X 

where  A^^^  =  5—1 ;   A^^^  =  1,  by  evaluation. 

Each  of  the  (5—1)  forms  [\— 1 ...]  and  the  single  form  [X  ...]  has  in 
the  relation  of  total  order  (mX+X— 1)  an  index  (m+l)(X— 1);  hence  no 
[...]  may  here  include  a  number  preceding  a  smaller  number.  So  the  S 
linear  forms  here  involved  must  be  [XX ...  X]  and  [X— 1 ...  X— 1 .  X .  X ...  X], 
where  r  of  the  numbers  (X— 1)  are  followed  by  (5— r— 1)  of  the  numbers 
X,  r  being  one  of  1,  2,  8,  ...,  5—1. 

Let  [XX  ...  X]  =  a:i+6a^2+^8^8+-"  +  ^«^«  J 

[X— 1...  X— 1]  =  a:i+a2  rra+^  ^a+'""f"»«-i^«-i+fl^«  i^a ; 

LA— 1 ...  A— l.AJ  =  ari+aij  x^+Os  ajg+.-.+aa-iXa-i+aa  x^; 

...         ...         .*•         ...         ...         ...         ...         ...         ... 

[X— 1 ...  X— l.X...  X]  =  x^+a^2^X2+..,+a^lr^8-r+afl^^^xs^r+i+^>. 

(wherein  the  last  r  numbers  of  [...]  are  X's), 

...         ...         ...         ...         ...         ...         ...         ...         ...         ... 

[X-l .  X  ...  X]  =  ari+af  a;,+af  X8+...+o?_-;-''ar,_,+  ... 

Here  the  coefficients  are  unrestricted,  except  that,  hy  §  2, 

a^*>  =^  6j    and     of  =^  c(^\    for     r  =  8,  4,  . . .,  «5- 1,  &. 

We  have  to  show  that  we  cannot  find  constants  P^,  Pj,  Pj,  ...,  P^.g,  Q, 
different  from  zero,  satisfying 

Q{xi-\-biXi-\-  ...■\rhixt) 

+'1r'p,(xi+c4'>Xi,+...+o?2,x,_,+a?^,^,ar,_,+i+...+o^+>)x,)  =  0. 

rs=0 
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Equate  to  zero  the  coefficients  of  rr^  X2,  ...»  x^  successively  ;  then 

Q+  "2    Pr  =  0,  (i.) 

r=0 

6aQ+af s'Pr  =  0,  (ii.) 

r=0 

WQ+ai'  ''^S  " P,+af  P,_2  =  0,  (iii.) 

r  =  0 


r=0 


ftaQ+a^^Po+ari^i+.+^r'^^a-s  =  0.  (S) 

Prom  (i.)  and  (ii.),  since  a^^^  =^  ft^, 

r=«-2 

g  =  0.  2    P,  =  0  ; 

r=0 

then,  from(ii.)  and  (iii.),  since  aj    =^  ag  , 

P,_2  =  0,  2    P,  =  0  ; 

r=0 

then,  from  (iii.)  and  (iv.),  since  a^p  ^  a^^\ 

Pa_8  =  0,         '  Y'  Pr  =  0 ; 

r=0 

and  so  on,  taking  the  equations  in  pairs. 
From  the  first  t  equations  we  deduce 

Q  =  P«-2  =  ...  =  P«-t+l  =    2     Pr  =  0, 

r=0 

and,  taking  all  the  equations,  we  have 

g  =  Po  =  Pi  =  Pa  =  ...  =  P«-2  =  0. 
Hence  the  preceding  relations  are  impossible  for  all  values  of  m. 
It  follows,  from  §  1,  that 

Any  quantic  PJ  of  order  n  in  the  variables  arj,  x^,  ...,  x^,  where 
n  is  one  of  wX,  wX+1,  ••,  wX+X— 1,  wand  X  being  any  integers,  is 
xmiquely   expressible   in     the    following    form: — if    n  =  ?/tX+X— s, 
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s  being  any  one  of  1,  %  8,  ...,  X, 

K  =  2[a.  fi,  y.  ...,  e](x-i)(-+i)-.+>+»+fp--*-*, 

where  $  is  zero  if  a  ^  «,  and  is  unity  if  a<  s,  6  being  the  number 
of  places  in  the  sequence  a^y...c,  where  a  number  precedes  immedi- 
ately a  smaller  number.  The  linear  forms  [a^y...c]  are  defined  as 
in  §2. 

Application  to  Binary  Perpetuants. 
9.  Consider  the  expression 

^  =  Mia?i+Maa;a+...+M«aJ« ;  (1) 

and  suppose  the  coefScients  /m  satisfy  the  relation 

where  7^*\  r^'""^\  ...,  r<->,  r^^^  are  any  e  of  the  suflSxes  S,  S—1, ...,  8,  2, 1,  such 
that  r^«)>r^'-i)>r<'"^^>  ...r^^^>r^^\  In  this  case  M  is  expressible  in 
the  form  ,^ ,  ,        , 

where  the  v's  are  linear  functions  of  the  /i's,  and  each  y  is  either  one  of 
the  x'8  or  is  a  sum  of  consecutive  x's,  e.g., 

The  values  of  the  y's  and  the  i/'s  may,  in  fact,  be  written  down  by 
inspection  :  they  are : — 

y^0)    =  a:/*)+i2^/#)+i+-..+a?r(«+i)«i+ic^#*i)    (0  =  1,  2,  8, ... ,  e— 1) 

y,       =a?„     if     K<r^'>]  I,    (2) 

•,        ^jiJ     ('^=?«=^^*or0=l,2,8,...,e)         ^ 


and 


V 


V 


K 


V^>i       =  Mr'»'~Mr(«-l +•••+(  — )*   Vr;i; 


•',:•■+{  =  MrCi+f-V'-'       if      ^<»^*+'>-/*>    }-  (0=1,2,3,. ..,e-l) 


V.,,       if      ^<,<»+i)_/»)     . 
Mr!*;  +  Mr(»-i)+ . . .  +  (— )V,(i)' 
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It  will  be  seen  that  v^^,)  is  zero  by  virtue  of  relation  (1).  The  rela- 
tion (1)  is  completely  determined  by  the  suflSxes  involved,  and,  since  the 

number  of  relations  each  involving  8  suffixes  is  (  ] ,  the  total  number 
of  such  relations  is 

(o+a)+-+a)+-+a)=^-- 

10.  Let  X,  =  ^Bih±A  n,  for  s  =  1,  2,  8,  ...,  &,  where 

n  =  Oj^,  flg,*  •••>  ^«+i , 

01,0^,...,  a^+i  being  the  symbols  of  binary  quantics  of  infinite  order  in 
the  variables  z^^  z^ ;  then 

The  y  forms  in  (2)  therefore  involve  the  symbolical  determinants 

(a^,)a^#*i)^i)  (^  =  1»  2,  3,  ...,  c— 1), 

(»«««+!),  if  ^  =^  r^^\  for  0  =  1,  2,  8,  ...,  c; 

and  so  any  expression  such  as  M,  whose  coefficients  /u  satisfy  the  rela- 
tion (1),  may  be  divided  into  two  parts  involving  the  suffixes 

1,2,3,  ...,7^^>,   7<«>+l,  ...,7^«),   r^^)+i,...,,^s),    7^*^^)+l,...,7^^+^),  &c. 
and 

respectively  ^ 

(3) 

where  the  dotted  lines  . . .  are  to  be  replaced  by  consecutive  numbers,  so 
that  there  is  a  break  in  the  sequence  whenever  we  arrive  at  a  suffix 
number  /^^  involved  in  the  relation  (1),  and  no  number  occurs  in  the 
two  sets. 

If  we  substitute  the  preceding  values  for  x^,  x^,  ...,  x^,  then  Af"  is  a 
sum  of  terms  each  of  which  is  a  product  of  perpetuants  of  forms  of  the 
two  sets  given  by  (3) ;  by  taking  the  (2*— 1)  relations  like  (1),  we  obtain, 
in  the  same  way,  sets  like  (8),  giving  terms  of  all  the  (2*— 1)  varieties  of 
perpetuant  products.     If  the  coefficients  of  M  satisfy  the  relation  (1), 

a  2 
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then  M  is  annihilated  by 

0  =  15 —  —  5 f-...-f'( — )*~   -5 — » 

and  there  are  (2*— 1)  such  linear  partial  differential  operators,  which  we 
shall  denote  by  n     n  n 


11.  Now,  in  place  of  the  operators  of  §  2,  by  means  of  which  each 
relation  is  derived  from  the  relation  of  order  greater  by  unity,  let  us 
take  these  operators  n     n  n 

so  that  now  \  =  2*— 1. 

Take  the  general  relation  of  total  order  {(m4- 1)^—1}  in  (5—1) 
variables  as  determined  in  §  7,  and  from  it  build  up  the  relation  in 
5  variables  in  the  following  way.  Replace  each  form  [i^tn^?...]  in  that 
relation  by  [^suvic.J,  s  being  any  one  of  1,  2,  8,  ...,  X,  where  [suvw,.,y 
is  determined  thus  : — in  the  relations  for  S  variables,  let 


=    9 9      I  ...  I  (    y-^    ^ 


be  the  operator  which  operating  on  the  relation  of  total  order 
{(m+l)\—8\  gives  a  relation  of  the  same  form  as  that  of  total  order 
](m+l)X— (s+1)}  ;  and  in  [uvw...^  =  Xi+{u)x^+...'\'(uvw...)xs-i  re- 
place Xi,  X29  ...,  Xs^i  by  yi,  y^,  ...,  y^^i  [given  by  (8)]  in  any  definite  order, 
which  must  be  the  same  for  all  such  linear  forms ;  the  resulting  linear 
form  is  the  form  [suvw..,y  in  question.  If  we  do  the  same  for  each  of 
the  other  operators,  generalize  the  quantics  by  introducing  a:«,  follow  the 
same  law  for  the  indices  of  the  linear  forms,  and  take  the  sum  of  the  X*"^ 
terms  thus  obtained,  we  shall,  as  before,  obtain  the  relation  of  total  order 
|(m+l)X  — 1}  in  the  S  variables  x^,  x^,  ...,  a:«.  The  remaining  (X— 1) 
relations  can  be  found  from  this  in  the  same  way  as  before,  and  from  their 
constitution  it  follows  that,  if  the  relation  of  total  order  n  is  impossible,  so 
also  is  the  relation  of  total  order  (n+1),  for  all  values  of  n,  and  we  need 
only  consider  the  case  of  total  order  unity. 

If  we  take  Oa_i  =  ^5—   and  Ox  =  ^r— ,    then    the    forms   [X—1  ...]', 

dxi  0x2 

[X  ...]'  are  free  of  Xi  and  x^  respectively,  and  the  proof  that  each  quantic 

(constant)  in  the  relation  of  total  order  unity  is  identically  zero  proceeds  on 

exactly  similar  lines  to  that  in  §  8.     The  corresponding  theorem  relating 

to  the  unique  expression  of  any  form  follows  at  once  from  §  1. 
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12.  Make  the  preceding  substitutions  for  Xj,  2:3,  ...,a;«  in  any  such 
unique  expression,  and  multiply  by  the  proper  (infinite)  powers  of 
Oj^,  o^,  ...,  a^+i^  respectively;  in  the  unique  expression  of  total  order 
|(w!+l)X— s[  put  m  =  0;  then  every  quantic  on  the  right-hand  side 
either  vanishes  or  becomes  a  constant,  while  each  linear  form  gives  rise 
to  terms  which  are  perpetuant  products,  by  §  10,  and  therefore  any  per- 
petuant  of  weight  (X— s),  where  s  is  one  of  1,  2,  3,  ...,  X,  is  reducible. 
Hence : — 

The  minwvum  weight  of  an  irreducible  perpetuant  of  degree  {&-\-Vj  is 

2«-l. 

Again,  taking  the  form  of  unique  expression  of  a  quantic  of  order 
{(w+l)X— s}  in  this  way,  every  linear  form  involves  (^—1)  symbolical 
determinants,  and  has  an  index  {(m+l)(X— 1)— s+1}  at  least ;  hence,  if 
g  denote  the  grade  of  a  perpetuant  of  degree  ^+1  and  weight 

ft)[=  (m+l)X— 5], 
g  >  <"^+l)(^-f -^+^     where    X  =  2*-l. 

(c.+.)^-s+l 

9> s^i > — rf — ; 

and  therefore  g  >  ^^  ^   ^ ,     since     5  ^  X. 

Hence  : — 
The  grade  of  any  perpetuant  of  weight  to  and  degree  S  I 


2*-i-2 


O) 


2*-^-l  ^-2  • 

If  ^  =  3,  the  grade  ^  fo),  which  is  the  result  of  the  Jordan  lemma. 

When  8  is  even,  a  higher  value  for  the  grade  can  be  found  by  taking 
X  =  2  in  the  result  of  §  8. 

Interchanging  x^  and  x^  in  that  result,  and  taking  three  variables 
^1,  x^y  x^y  the  linear  forms  occurring  in  the  relation  are 

«a+(l)a;i+(ll)a:8,  x^+mxi+{^l)x^, 

a:a+(l)a:i+(12)x8,  a:a+(2)a:i+(22)a:8, 

and  we  may  take 

(1)  =  (11)  =  (21)  -=  0  and       (2)  =  (12)  =  (22)  =  1 ; 
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80  that  the  linear  forms  are 

^2>  ^ai"^8>  ^ll"^2»  ^l"r^2  •  ^8» 

or  (ojOb),       (Oaa*),        (aittg),  {(ha J ; 

each  involving  one  symbolical  determinant. 

In  the  general  case  of  a  perpetuant  of  degree  2c,  take  the  unique 
expression  for  a  form  in  (2€— 1)  variables  and  interchange  Xi  and  x^ ;  then 
take  every  (...  1)  as  zero,  and  every  (...2)  as  unity:  with  these  values  of 
the  coefScients  each  linear  form  will  involve  (e— 1)  determinantal  factors, 
for  we  have  seen  that  it  is  true  for  e  =  2,  and,  assuming  that  it  is  true  for 
(2c— 1)  variables,  we  shall  show  that  it  is  true  for  (2e+l)  variables.  For 
let  P  be  a  linear  form  thus  chosen  in  (2c— 1)  variables,  and  so  involving 
only  (c— 1)  determinantal  factors;  each  of  the  linear  forms  in  (2c +1) 
variables  can  be  written  in  one  of  the  four  ways 

P+(...  l)ajj,+(...  Il)x2,+u 

P+(...l)a:3.+(...12)x2.+i, 

P+(...  2) «„+(...  21) a:2.+i, 

and  P+(...  2)a^+(...  21)a:3.+i, 

or  P,  P+X2,+i,  P+a^,  and  P+a^+a:2«+i,  each  of  which  involves  only 
c  determinantal  factors.  Hence  such  a  choice  for  the  linear  forms  is 
always  possible,  and  therefore  any  perpetuant  of  weight  a>  and  degree  2c 
is  of  grade  ^  co/(2c— 2).     Combining  these  two  results  we  have 

If  g  is  the  grade  of  any  perpetuant  of  weight  a>  and  degree  S, 

then  ^ 

9  >  j^ ,     if    5  is  even, 

and  g  >  (^^g)  2^-iZi>     ^  ^  ^^  ^^^• 

The  values  of  the  grade  for  ^  =  8,  4,  ...,  8  are 

[Degree:         8,       4,        5,        6,        7,        8 
Weight  o>  \  ^^^^^  2«      j^       14a>       0,        62a, 


(O 


8'      2'      45'      4'     815*      6 
The  grade  decreases  with  the  degree,  as  it  should,  for 


..  V  a,      ^  /    a,     \  2^—2      ,    .       , 

^'•^  2^12  >  \2^  w=i  ^b^<^^«iy' 


and  (n.)     ^  ^  <  (^  ^)  ^o— . — r, 

2c— 2        \2c— 8/ 22*-2-.i' 
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if  (2€-8)(22-'-l)  <  (2€-2)(22-2-2), 

i.e.,  if  2^*"^  >  2€— 1,  which  is  true  if  e  >  1. 

It  is  obvious  that  a  much  more  general  choice  may  be  made  for  the 
linear  forms  and  the  corresponding  operators ;  so  that  the  preceding 
principles  and  arithmetical  results  still  hold  good. 

The  essential  features  of  the  method,  apart  from  the  numerical  results 
which  necessarily  persist  in  all  such  relations,  are : — 

(i.)  The  form  of  relation  of  order  n  is  derivable  from  the  relation 
of  order  (n+l)  by  operation  with  a  suitable  linear  differential  operator, 
which  is,  in  some  degree,  arbitrary. 

(ii.)  Those  linear  forms  in  any  of  the  relations  which  are 
annihilated  by  the  operator  used  to  reduce  the  order  of  that  relation 
themselves  yield  terms,  which  constitute  the  standard  form  of  rela- 
tion of  the  same  order  in  variables,  whose  number  is  less  by  unity. 
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SOME  ILLUSTRATIONS  OF  MODES  OF  DECAY  OF  VIBRATORY 

MOTIONS 

By  A.  E.  H.  Lovb. 

[Beoeived  and  Read  Maroh  10th,  1904.] 

1. 

The  cause  of  decay  of  vibratory  lootion  which  is  to  be  considered 
here  is  the  communication  of  a  disturbance  from  the  vibrator  to  the 
surrounding  medium.  The  energy  of  the  vibrator  is  gradually  trans- 
mitted to  the  distant  parts  of  the  medium  by  wave-motion.  When  the 
vibrator  is  a  solid  elastic  body  and  the  medium  is  air  there  are  customary 
certain  processes  for  estimating  the  rate  of  decay  of  the  vibrations.  In 
one  of  these  processes  the  vibrator  is  assumed  to  have  its  natural  free 
period,  the  motion  of  the  air  is  assumed  to  be  that  progressive  wave- 
motion  of  simple  harmonic  type  in  the  same  period  which  would  be  forced 
if  the  free  motion  in  question  were  maintained  for  an  indefinitely  long 
time  in  opposition  to  the  reaction  of  the  air,  the  rate  of  transmission  of  the 
energy  across  a  surface  surrounding  the  vibrator  is  calculated,  and  this  is 
taken  to  be  the  rate  at  which  the  energy  of  the  actual  vibratory  motion  is 
diminishing  owing  to  the  presence  of  the  air.  In  another  process  it 
is  assumed  that  waves  of  simple  harmonic  type  are  propagated  in  air 
outwards  from  the  vibrator,  the  reaction  of  the  air  on  the  vibrator  is 
calculated  in  accordance  with  this  assumption,  the  equation  of  motion  of 
the  vibrator  subject  to  this  reaction  is  formed,  and,  with  a  certain  inter- 
pretation of  symbols,  it  is  found  to  be  of  the  ordinary  type  of  damped 
harmonic  vibrations.*  The  rate  of  decay  of  the  actual  vibratory  motion 
is  taken  to  be  that  indicated  by  this  equation.  These  two  processes  lead 
to  the  same  result  when  the  rate  of  decay  is  slow,  and  when  this  is 
the  case  there  can  be  no  doubt  of  their  correctness  as  regards  the 
motion  of  the  vibrator;  but  it  is  manifest  that  they  do  not  give  a 
complete  account  of  the  motion  of  the  medium.  This  motion  cannot  be 
a  progressive  wave-motion  of  simple  harmonic  type  because  in  the 
neighbourhood  of  the  vibrator  its  amplitude  is  continually  diminishing. 
Further,  the  motion  of  the  vibrator  must  have  a  beginning  in  time,  and 

*  See  Lord  Bayleigh,  Theory  of  Somd,  Vol.  n.,  {  302,  and  other  Artlblee. 
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consequently  the  waves  that  are  generated  must  have  a  front  or  boundary 
at  any  instant ;  beyond  this  moving  boundary  there  is  no  disturbance. 
The  existence  of  such  a  boundary  implies  conditions  which  the  disturbance 
must  satisfy,  but  the  processes  which  are  indicated  above  take  no  account 
of  any  such  conditions.  So  far  as  I  am  aware,  the  only  problems  concern- 
ing such  motions  which  have  been  solved  completely  relate  to  systems  in 
one  dimension/  and  it  will  be  found  that  three-dimensional  systems 
present  new  features. 

Even  in  their  application  to  the  motion  of  the  vibrator  it  is  clear  that 
the  success  of  the  above  described  methods  depends  upon  the  possibility 
of  free  vibrations  of  the  vibrator  when  isolated  from  the  medium,  and  upon 
the  smallness  of  the  part  played  by  the  medium  in  the  actual  motion.  In 
the  case  of  a  sounding  body  the  density  of  the  body  must  be  much  greater 
than  that  of  the  air.  Otherwise  the  vibrations  of  the  body  in  air  will  not 
be  approximately  the  same  as  in  a  vacuum.  This  remark  becomes  of  great 
importance  when  it  is  sought  to  extend  the  methods  to  electrical  vibra- 
tions. In  this  case  the  essential  phenomenon  is  the  wave-motion  excited 
in  the  aether,  and  there  is  in  general  no  meaning  in  electrical  vibrations 
independent  of  the  surrounding  medium.  Exceptional  cases  are  the 
vibrations  of  a  condenser  with  or  without  a  small  aperture,!  and  vibra- 
tions within  an  insulating  body  of  enormous  specific  inductive  capacity,  t 
These  are  examples  of  systems  in  which  electrical  vibrations  that  approxi- 
mate to  free  vibrations  are  possible. §  The  nearly  dead-beat  oscillations 
of  a  Hertzian  vibrator  differ  essentially  from  those  that  occur  in  the  above 
mentioned  exceptional  cases.  The  vibrator  is  not  in  any  sense  isolated 
from  the  medium;  and  the  disturbance  that  takes  place  is  much  more 
accurately  described  as  a  change  of  state  of  the  medium  than  ab  a  change 
of  state  of  the  vibrator. 

The  fundamental  tone  of  acoustical  resonators  is  given  out  by  a  mode 
of  vibration  which  depends  essentially  upon  the  neck  making  communica- 
tion with  the  external  medium.  Air  contained  in  a  cavity  within  a  rigid 
boundary  having  no  aperture  has  definite  modes  of  free  vibration,  but 
none  of  them  is  the  same  as  the  mode  of  vibration  that  is  characteristic 
of  the  resonator  made  by  producing  an  aperture  in  the  boundary.  The 
system  acquires  through  the  existence  of  the  aperture  a  new  mode  of 


♦  H.  Lamb,  Ftoeeedinffs,  Vol.  zxxu.,  p.  208  (1900). 

t  J.  Larmor,  /Wrf.,  Vol.  xxyi.  (1895). 

J  H.  Lamb,  Cambridge  Phil.  Soc.  Tratu.,  Vol.  xvm.  (1900). 

^  A  oonductor  outside  which  the  space  is  doubly  or  multiply  oomieoted — €,ff,j  an  infinite 
cylinder  or  a  ring — admits,  when  thin,  of  electrical  oscillations  which  are  very  nearly  free  osoilla- 
tuma. 
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vibration,  which  decays  through  the  transmission  of  energy  to  the  external 
au*.  A  system  with  a  permanent  vibration  of  nearly  the  same  period  and 
type,  which  shall  differ  from  the  system  consisting  of  the  air  in  the  cavity 
only  by  having  an  additional  degree  of  freedom,  can  be  devised  by 
imagining  a  piston  in  the  aperture  to  be  held  nearly  in  position  by  a 
constant  force  equal  to  that  exerted  upon  it  by  the  pressure  of  the  air 
inside  when  at  rest,  and  neglecting  the  air  outside.  The  mode  of  vibra- 
tion characteristic  of  the  resonator  is  that  in  which  the  piston  oscillates 
to  and  fro  within  the  walls  of  the  aperture.  When  the  external  air  is 
present  and  there  is  no  piston  a  slightly  damped  harmonic  vibration  with 
nearly  the  same  period  is  possible,  and  such  vibrations  are  excited  by  any 
causes  which  vary  the  pressure  over  the  aperture,  just  as  the  oscillation  of 
the  piston  would  be  excited  by  varying  the  force  applied  to  it.  The 
electrical  analogue  of  the  air  in  the  cavity  would  appear  to  be  the  dielectric 
plate  of  a  condenser  of  which  the  conducting  surfaces  are  closed.  Making 
an  aperture  in  the  outer  conductor  appears  in  this  case  not  to  introduce 
any  new  electrical  degrees  of  freedom,  and  the  analogue  of  the  aperture  in 
the  acoustical  problem  appears  to  be  a  wire  joining  the  two  conducting 
surfaces.*  But  the  analogue  is  imperfect,  inasmuch  as  opening  a  com- 
munication with  the  external  medium  is  no  longer  the  process  by  which 
the  new  degree  of  freedom  is  introduced. 

In  what  follows  there  will  be  investigated  some  problems  concerning 
the  generation  of  sound  waves  in  air  and  of  electrical  vibrations  in  free 
8Bther.  It  will  be  seen  that  the  customary  methods  represent  well  the 
motion  of  a  sounding  body,  but  that  the  nature  of  the  sound  waves 
generated  by  the  body  is  in  general  different  from  that  assumed  in 
these  methods.  For  electrical  vibrations  the  case  chosen  will  be  that 
of  a  spherical  conductor  over  which  a  surface  distribution  of  electricity 
variable  from  point  to  point  is  produced.  For  the  sake  of  simplicity  the 
sphere  will  be  taken  to  be  a  perfect  conductor. 

In  the  ordinary  method  of  treating  this  problem,!  the  disturbance  is 
assumed  to  be  of  exponential  type,  and  the  possible  exponents  are  determ- 
ined by  the  condition  that  the  electric  force  at  the  surface  of  the  conductor 
is  normal  to  the  conductor.  The  exponents  may  be  real  and  negative  or 
complex   with  negative  real  parts.      Thus  the  solutions  that  are  found 


•  H.  M.  Maodonald,  £leetrie  JFavet  (Cambridge,  1902),  p.  57. 

t  J.  J.  Thomson,  BecerU  Setearehes,  pp.  361  et  seq.  The  problem  was  treated  by  the  same 
author  in  Pro^ediftgt,  Vol.  xv.  (1884),  and  by  H.  Lamb  in  Phil  Trans,  Roy.  Soe.y  Vol.  glxxit. 
(1888). 
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contain  factors  of  the  forms 

which  tend  to  become  infinite  with  r.  These  solutions  cannot  represent 
unlimited  trains  of  waves  propagated  outwards.  The  waves  that  are 
actually  propagated  have  a  boundary  which  moves  outwards  with  the 
velocity  c.  The  effects  due  to  the  boundary  of  the  waves  are  usually  left 
out  of  account,  and  the  disturbances  of  exponential  type  are  also  ignored. 
They  will  be  found  to  represent  an  essential  part  of  the  disturbance. 
Whenever  they  can  occur  they  are  necessary  to  the  continued  advance  of 
the  wave-boundary. 

In  addition  to  problems  of  the  decay  of  vibrations  that  are  conse- 
quences of  an  initial  state,  some  examples  will  be  discussed  of  vibrations 
that  are  maintained  for  a  time  and  are  then  left  to  decay  when  the  cause 
that  maintains  them  ceases  to  operate.  These  examples  bring  out  the 
result  that  there  is  no  essential  difference  in  the  modes  of  subsidence  that 
are  exhibited  in  the  two  cases. 


2.  Introdtiction  of  Arbitrary  Functions, 

In  Prof.  Lamb's  paper*  to  which  reference  has  been  made  there  is 
given  an  illustration  of  the  decay  of  vibratory  motion  by  transmission  of 
the  energy  to  a  distance.  The  system  considered  is  a  massive  body 
attached  to  an  infinitely  long  stretched  string  and  capable  of  vibrating 
transversely  under  the  action  of  a  spring.  The  waves  that  are  propagated 
along  the  string  must  be  expressible  by  a  function  of  the  form  /{at—x). 
The  initial  state  of  the  system  being  one  of  equilibrium,  the  body  is  struck 
transversely  to  the  string,  and  the  initial  conditions  together  with  the 
equation  of  motion  of  the  body  suffice  to  determine  completely  the  value 
of  the  function  /  for  all  values  of  x  and  L  It  appears  that  /  is  of  the 
form  Ae^^^^''^ sinqiat—x)  when  x  <  at,  but  /  =  0  when  x  >  at.  The 
step  by  which  we  can  advance  beyond  the  more  customary  and  less  satis- 
factory  method  of  assuming  that  the  waves  in  the  string  are  of  simple 
harmonic  type  is  the  substitution  of  an  arbitrary  function  f{at—x)  for  a 
function  of  the  form  A  smnit^xja).  The  solutions  of  problems  con- 
nected with  spherical  boundaries  which  will  be  discussed  below  contain 
arbitrary  functions  of  t—rla,  where  r  denotes  distance  from  the  centre  of 
the  sphere  and  a  is  the  velocity  of  wave-propagation.  In  the  case  of 
sound  waves  the  velocity  potential  </>  satisfies  the  equation  cFff^jd^  =  a^V^^, 

*  J*roce0dingtf  Vol.  xzxn.,  p.  208. 


92  Pbof.  a.  E.  H.  Lovb  [March  10, 

and  the  most  general  solution  that  can  express  waves  travelling  outwards 
and  be  proportional  to  a  spherical  surface  harmonic  Sn  is  of  the  form 

a 


"^Hrih^"'-'^]- 


In  the  case  of  electric  waves,  we  take  c  for  the  velocity  of  radiation 
and  obtain  solutions  of  equal  generality*  by  assuming  a  vector  H,  i;,  ^  to 
be  given  by  means  of  equations  of  the  form 

in  which  co»  is  a  spherical  soUd  harmonic  of  order  n,  and  i/,  f  are  obtained 
from  i  by  cyclical  interchanges  of  the  letters  x,  y,  Zy  while  o)n  and  x  remain 
unaltered.     Then  we  may  write  at  pleasure  either 

(a,^.y)  =  |(^.,.^       I  (2) 

(X,  Y,  Z)  =  l-^ii,  n,  0  I  ^3j 

(a,  13,  y)  =  — ccurl(f,  i;,  0- 

Here  (X,  Y,  Z)  represents  electric  force  measured  electrostatically,  (a,  fi,  y) 
represents  magnetic  force  measured  electromagnetically,  and  the  axes  of 
(x,  y,  z)  are  a  right-handed  system.  In  the  case  expressed  by  (1)  and 
(2)  the  normal  component  of  (Z,  Y,  Z)  at  the  surface  of  a  sphere  of 
radius  r  can  be  shown  to  be 


(4) 


so  that  this  form  is  suitable  for  representing  oscillating  electric  charges  on 
a  sphere,  the  distribution  of  surface  density  being  proportional  to  the 
surface  harmonic  contained  in  con* 

8.  Conditions  to  be  satisfied  at  Wave-FrontsA 

For  the  determination  of  the  arbitrary  functions  x  which  occur  in  such 
solutions  as  the  above  we  may  have,  in  addition  to  the  conditions  which 

^  These  solutioiis  were  given  by  the  aathor  in  Phil.  Tnmt.  Eoy,  8oe,,  VoL  oxcvu.  (1901),  as 
generalizations  of  the  well-known  forms  in  which  x  is  <^  exponential  function  of  its  argfoment. 

t  The  results  here  stated  for  the  case  of  waves  advancing  into  a  previously  undisturbed 
portion  of  the  medium  have  been  given  by  the  author  in  Froeeeiingt  (Ser.  2),  Vol.  1,  p.  37,  and 
the  extensions  to  cases  in  which  the  medium  beyond  the  advancing  wave-front  is  disturbed  can  be 
taiade  without  any  difficulty. 
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must  hold  near  to  the  vibrating  nucleus,  certain  conditions  which  must  be 
satisfied  at  the  fronts  of  waves.  In  the  case  of  a  sound  wave  advancing 
into  still  air  the  wave-front  advances  with  velocity  a,  and  the  velocity 
potential  just  behind  the  front  must  satisfy  the  condition 

(diPldt)+a(d</>ldN)  =  0, 

where  N  denotes  the  direction  of  the  normal  to  the  front  in  the  sense  of 
advance  of  the  front.  If  there  is  motion  in  the  region  into  which  the 
waves  advance,  we  may  denote  by  </>'  the  velocity  potential  just  behind  the 
wave-front  and  by  <p"  that  just  ahead  of  the  same  surface,  and  then 
the  condition  to  be  satisfied  is 

0^730  +a  (3^732^  =  (3^'73^)  +a  (3^''/32^.  (5) 

The  conditions  ^'— ^"  =  const,  in  this  case  and  </>  =  const,  in  the  previous 
case  also  hold  at  the  wave-front,  but  they  will  be  found  to  be  satisfied  of 
themselves  in  the  problems  that  we  shall  consider. 

When  a  train  of  electric  waves  advances  into  a  region  in  which  the 
electric  and  magnetic  forces  are  null  the  wave-front  advances  with  the 
velocity  c  of  radiation,  and  the  electric  force  (Z,  Y,  Z)  and  magnetic  force 
{a,  )8,  y)  just  behind  the  advancing  front  are  connected  by  the  equations 


X  =  cos  (z,  N)  13— 'GOB  (yyN)y 


—a  =  COS  {z,  N)  Y— cos  (y,N)Z 


(6) 


where  N  is  the  normal  to  the  wave-front  drawn  in  that  direction  in  which 
this  front  advances.  If  the  magnetic  and  electric  forces  in  the  region  into 
which  the  waves  advance  are  not  null,  we  may  denote  by  (X',  Y',  Z')  and 
(a',  )8',  y')  the  forces  just  behind  the  advancing  front  and  by  (X",  Y^,  Z") 
and'  (a",  I3"y  y)  the  forces  just  ahead  of  the  same  surface.  Then  the 
process  by  which  equations  (6)  are  established  in  the  case  where 
X",  ...,0",  ...    are  zero   leads  to  two   systems  of  equations,  viz.,  three 

of  the  type 

(X'-X")  =  cos  {z,  2V)(/8'-/9")-co8  (y,  N)  (y'-y")  (7) 

and  three  of  the  type 

-  (a'-a'O  =  COS  (z,  N) (F-  FO -cos  (y,  N) {Z'-Z'^.  (8) 

The  equations  of  types  (7)  and  (8)  are  not  independent.  For  example,  the 
three  equations  of  (8)  show  that 

{a' -a") cos (x,  N)+08'-/3") cos (y, iV)+(y'-y') cob{z,N)  =  0; 
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and,  if  this  condition  is  satisfied,  the  three  equations  of  (8)  can  be  deduced 
from  (7).  The  geometrical  interpretation  of  the  conditions  is  given  in  my 
paper  already  cited. 

4.  Sphere  Vibrating  Badially  in  Air. 

The  sphere  will  be  treated  as  an  elastic  membrane  of  mass  M  ahd 
surface  density  o-,  which  is  maintained  nearly  at  a  definite  radius  rg  by 
springs.  It  will  be  supposed  that,  in  the  absence  of  the  air,  the  frequency 
of  vibration  of  the  sphere  would  be  n/27r.  If  /a  is  the  density  of  the  air, 
Tq  the  radius  of  the  sphere  when  in  equilibrium  under  the  pressure  of  the 
air,  ro+f  its  radius  at  time  t,  Sp  the  excess  of  pressure  above  that  in 
equilibrium,  the  equation  of  motion  of  the  sphere  is 

Mii+n^i)  =  -  AirrlSp, 

where  dots  denote  differentiation  with  respect  to  t. 

With  the  ordinary  approximations  the  velocity  of  the  air  and  Sp  can  be 
expressed  in  terms  of  the  velocity  potential  ^.  The  above  equation  may 
be  written  ,^^. 

The  velocity  of  sound  in  air  being  denoted  by  a,  0  must  satisfy  the  equa- 
tion 9^^/3^  =  a\^i/>  outside  the  sphere  and  the  condition 


(f )„. = f- 


The  conditions  of  the  problem  being  symmetrical  about  the  centre  of  the 
sphere,  </>  must  have  the  form  r'^iat^r),  where  x  is  an  unknown  func- 
tion.    Equations  (9)  and  (10)  may  be  written 

i+n'i  =^x\       i=-A  (X+^OXO,  (11) 

where  accents  denote  differentiation  of  the  function  x(^^""^o)  with  respect 
to  its  argument.  The  system  of  differential  equations  (11)  is  of  the  third 
order,  and  we  may  solve  it  by  eliminating  ^  and  forming  a  differential 
equation  for  x  or  vice  versa.  We  should  get  a  linear  differential  equation  of 
the  third  order  with  constant  coefficients.  The  three  arbitrary  constants 
of  the  solution  of  the  equation  for  x  are  definite  multiples  of  the  constants 
of  the  solution  of  the  equation  for  f.  Instead  of  proceeding  in  this  way,  we 
can  obtain  the  complete  primitive  of  the  system  of  equations  by  assuming 
the  forms  ^{at—r)  =  ^^Mat-r+r.)^       ^  ^  ^^at^  (12) 
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the  constant  factor  e^"*"  being  inserted  in  the  form  of  x-     Then 

(n^+W^B  =  ^\A,         XaB  =  -  \A(1+Xr^.  (13) 

It  follows  that  X  satisfies  the  equation 

(n«+X«a^(H-Xro)+  ^  XV  =  0,  (14) 

and  that,  if  X^,  X^,  Xg  are  the  roots  of  this  equation,  the  complete  primi- 
tive of  the  system  of  equations  (11)  leads  to  the  following  forms  for  ^ 
and  ^: — 

r 

^  =  _  l+hlQA^e^^^-  l+^^^e^-o^- 1+2^^8^'"*.  (16) 

rQoXi  rottXg  ^o^^a 


5.  Symmetrical  Sound  Wave  produced  by  Initial  Impulse. 

In  the  simplest  case  the  system  is  set  in  motion    by  an   impulse 
delivered  at  the  instant  ^  =  0.     Then  <p  vanishes  when  t  is  negative,  and 

^  vanishes  when  ^  =  0,  but  ^  has  a  given  value  ^q  when  ^  =  0.  The 
condition  that  <f>  vanishes  for  all  negative  values  of  t  requires  that 
^(^)  =  0  for  all  values  of  f  which  are  less  than  —  Tq.  Hence  the  solution 
expressed  by  (15)  holds  only  for  values  of  r  which  are  less  than  at+rQ. 
For  greater  values  of  r,  x(^^'~"^)  =  0-  Hence  we  have  a  wave  with  a 
boundary  r  =  at-\-rQ  travelling  outwards  with  velocity  a.  The  values  of 
d^/dr  and  d<f>ldt  at  the  front  of  the  wave  must  satisfy  the  condition 
expressed  in  §  8,  viz., 

dt  *  8r ' 

r  r  r  L   r  r  r  7^         J* 

or  A1+A2+A2  =  0. 

The  initial  conditions  in  regard  to  i  and  ^  give  the  equations 

a+\r^Ai+{l+\r^A^+a+\r^Aa  =  -^4 
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To  determine  the  constants  -4i,  iig,  -^g  we  have  therefore  the  equations 

2^  =  0,         2^/X  =  0,         2^X  =  -ro4  (17) 

and  the  complete  solution  of  the  problem  is  expressed  by  the  equations 

^^       1    A   [   (l+X,ro)^^°^     .      a+X^r^e'^  a+\,r^e^^    ]      ... 

^  aro^M(Xi-X^(Xi-X8)"^(Xa-X8)(Xa-Xi)"^(X3^Xi)(X8-X2))  '  ^     ^ 

^  r  ^M  (Xi-Xa)(Xi-X3)  "^  (Xa-X8)(X,-Xi)  "^  (X8-Xi)(X8-Xa) )'  ^     ^ 

of  which  the  latter  holds  when  at+r^ >  r>rQ.  When  r  > at+TQ  we 
must  put  ^  =  0.     Here  X^,  X,,  Xg  are  the  roots  of  the  equation  (14). 

The  solution  represents  a  composite  system  of  waves.  To  interpret  it 
we  consider  the  case  where  the  ratio  pTqIo-  is  small.  The  roots  of  equation 
(14)  are  to  a  first  approximation 

Xi  =  —  I/tq,         Xa  =  in  I  a,         Xg  =  —  in  I  a. 

To  this  order  of  approximation  the  first  term  in  i  vanishes  and  ^  becomes 
n"*^o  sin  nt.     To  the  same  order  of  approximation  <f>  becomes 

^  f. i. [.-««.-v.._„o. n(,-'^)-r^^n  (,- 1^)}  (20, 

Hence,  to  this  order  of  approximation,  the  motion  of  the  sphere  is  the 
same  as  it  would  be  in  the  absence  of  the  air,  and  the  motion  of  the  air 
consists  of  two  wave-motions  :  one  of  simple  harmonic  type  which  would 
be  forced  by  the  maintenance  for  an  indefinite  time  of  this  motion  of  the 
sphere,  the  other  of  exponential  type.  Near  the  sphere  the  latter  is 
damped  rapidly,  but  near  the  front  of  the  wave  it  is  of  the  same  degree 
of  importance  as  the  simple  harmonic  wave.  The  wave  of  exponential 
type  is  practically  confined  to  a  small  region  near  the  front  of  the 
advancing  wave,  but,  in  this  region,  it  is  comparable  with  the  simple 
harmonic  wave  and  the  coexistence  of  the  two  is  required  for  the  continued 
advance  of  the  front. 

When  we  proceed  to  a  second  approximation  we  find  that,  to  the  first 
order  in  Xr^/cr, 

X   --   ^   --£.       ^^ 


ro         or    a^+n\ 


(21) 


and  \  is  the  imaginary  conjugate  to  Xj.     It  follows  that  the  motion  of 
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the  sphere  consists  of  a  motion  of  exponential  type  which  decays  very 
rapidly,  compounded  with  a  motion  of  the  ordinary  damped  harmonic 
type.  Since  the  coefl&cient  of  e^^***  in  (18)  is  small  of  the  order  prjar, 
the  former  motion  is  small  compared  with  the  latter,  and,  since  this 
coefficient  is  negative,  the  effect  of  this  component  of  the  motion  is  to 
make  the  maximum  displacement  of  the  surface  slightly  less  than  it  would 
be  in  the  absence  of  the  air.  The  modulus  of  decay  of  the  damped  har- 
monic oscillations  is  ^     ^T^^  v  >  which  is  the  value  that  would  be  found 

by  the  customary  methods.  In  the  motion  of  the  air  the  simple  harmonic 
wave-trains  obtained  by  the  first  approximation  become  damped  harmonic 
wave-trains,  so  that  the  motion  near  the  sphere  subsides  gradually  in  the 
same  way  as  the  motion  of  the  sphere ;  but,  since  all  the  exponentials  in 
(19)  have  the  value  unity  at  the  wave-front,  there  is  no  damping  at  the 
front,  and  the  motion  at  the  front  of  the  wave  is  subject  to  diminution 
through  the  law  of  spherical  divergence  only.  As  before,  the  co-existence 
of  the  exponential  wave-train  and  the  slightly  damped  harmonic  wave- 
train  is  necessary  to  the  continued  advance  of  the  wave-front. 

When  there  is  initial  displacement  as  well  as  initial  velocity  the 
problem  is  but  slightly  more  complicated.  The  second  of  equations  (17) 
must  then  be  replaced  by  2^/A  =  —  r^a^o*  *Keeping  the  first  approxi- 
mation only,  we  find  that  when  t  is  positive  and  r  is  less  than  at+r^  the 
forms  for  ^  and  <p  are 

i  =  io  cos  nt+n'^  ^q  sin  nt, 

^  =  y  [sin  L  (t-  ^^^^\  +a\  -sin  a  e'^^''-'^<^ol 

where  A  and  a  are  given  in  terms  of  ^q  and  ^o  by  the  equations 

The  form  of  r^,  as  the  sum  of  a  simple  harmonic  function  of  n{t—rla) 
and  an  exponential  function  of  {at-'r)lrQ,  is  determined  by  the  conditions 
which  hold  at  the  surface  of  the  vibrating  sphere.  The  form  of  the  ratio 
of  the  coefficients  of  these  two  terms,  viz.,  —sin  a,  is  determined  by  the 
conditions  which  hold  at  the  front  of  the  wave.     The  actual  value  of  this 


•  A  small  addition  (placed  between  asterisks)  has  here  been  made  to  the  paper  (April  17th, 
1904).     Froi,  Larmor  called  my  attention  to  the  special  case  noted  in  equation  (21a). 

not.  2.    VOL.  2.    iro.  857.  H 
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ratio  is  determined  by  the  initial  conditions.     As  in  the  case  of  initial 
velocity  without  initial  displacement,  the  wave  is  in  general  composite.     In 

one  case  it  can  be  simple.     This  happens  when  ^q  and  ^q  are  connected  by 

a 

the  equation  ^q  =  —  nV^a'^^o*     I^  ^^^^  case  a  vanishes  and  </>  has  the 
*^™^  ^  =  Ar-'Binn{t-{r-r^la}.  (21a)* 


6.  Decay  of  Vibrations  that  have  been  maintained  for  a  time. 

We  may  extend  the  method  of  Art.  5  to  the  case  where  the  system  is 
set  in  motion  by  forces  which  operate  for  a  finite  time.  It  will  be  suffi- 
cient to  consider  the  motion  due  to  periodic  forces  acting  in  the  interval 
^1  >  ^  >  0,  and  to  suppose  that  when  ^  <  0  the  sphere  and  the  air 
surrounding  it  are  at  rest.  Taking  the  force  acting  on  the  sphere  to  be 
proportional  to  e'*"*,  equation  (9)  is  replaced  by  an  equation  of  the  form 

^+nV  =  F(^-\-  -J-  (^)  ^^^^,  (22) 

where  \  is  written  for  lk.  Equation  (10)  is  unaltered,  and  the  form  of  ^ 
is  the  same  as  before,  viz.,  r~^x(^^""^)'  The  system  of  equations  (10) 
and  (22)  will  possess  a  particular  solution  of  the  form 


where  B^in^'+Xla'^-  -^  Xo^o  =  F 


(rr^ 


So«\)+  -t(1+\)^o)^o  =  0 


^0 


(24) 


Since  equation  (14)  has  not  any  pure  imaginary  roots,  Xq  cannot  be  a  root 
of  it,  and  the  equations  (24)  determine  A^  and  B^  in  terms  of  F.  We  shall 
therefore  take  A^  and  B^  to  be  known.  The  complete  expressions  for  ^ 
and  ^  are  to  be  determined  by  adding  to  the  right-hand  members  of  (23) 
expressions  of   the  forms  given  by  (16)  and  (16),  in  which  the  constants 

A^y  ^2>  ^8  ^r®  ^o  be  determined  by  the  conditions  that  ^  and  ^  vanish 
when  ^  =  0  and  that  {d<pldt)+a{d<pldr)  vanishes  at  r  =  at-\-rQ.  These 
conditions  give 

2  (^  +  ro)  As  =  0,     2(l+roX,)^  =  0,         2^  =  0,  (25) 

0    V  A,  /  0  0 

and  these  equations  determine  Ai,  A^,  A^  in  terms  of  Af^,     It  follows 
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that  we  may  put 

atn     0     \Ag  / 


0 
8 


T      0 


(26) 


in  which  the  A'%  are  known  in  terms  of  F,  \  is  ik,  and  Xj,  \^  \  are  the 
roots  of  the  equation  (14).  This  solution  holds  for  $  when  ^  is  in  the 
interval  ^i  >  ^  >  0,  and  it  holds  for  ^  when  at'\-rQ>  r>  r^  and  t  is  in 
the  same  interval.  The  motion  of  the  sphere  is  compounded  of  three 
motions : — (1)  a  simple  harmonic  motion  of  the  same  period  as  the  force 
and  having  a  definite  phase-relation  to  the  force,  (2)  a  motion  of  expo- 
nential type  which  is  relatively  very  small  when  the  sphere  is  massive, 
(8)  a  motion  of  slightly  damped  harmonic  type.  The  second  and  third  of 
these  motions  are  of  the  same  types  as  those  which  are  consequent  upon 
an  initial  disturbance.  The  motion  of  the  air  is  compounded  of  three 
wave-motions  of  types  corresponding  exactly  with  the  three  motions  of  the 
sphere.  When  the  force  has  been  in  action  for  a  sufficiently  long  time 
the  motion  of  the  sphere  is  practically  a  simple  harmonic  motion,  and 
the  motion  of  the  air  near  the  sphere  is  practically  a  simple  harmonic 
wave-train.  These  motions  are  represented  by  the  particular  solutions 
(23).  But  the  motion  of  the  air  near  the  front  of  the  waves  never 
has  this  simple  character.  The  co-existence  of  the  three  types 
of  waves  is  necessary  to  the  continued  advance  of  the  wave- 
front. 

The  mode  of  decay  of  the  vibratory  motion  after  the  force  has  ceased 
to  act  will  be  determined  by  taking  a  new  solution  of  the  equations  (9)  and 
(10)  in  the  forms 


1    ^ 
r  I 

ar^  1  \X,        / 


(27) 


in  which  constant  factors  e^«"^'  are  absorbed  in  the  constants  A\.     The 

constants  A\y  A%  A'^  are  determined  by  the  conditions  that  $  and  $  have 
given  values  when  t  =  ^j,  and  that  (d<pldt)'\-a(d<l>ldr)  is  continuous  at  the 
surface  r  =  at—ati+TQ.  The  solution  expressed  by  (27)  will  hold  in  the 
interval  t>  t^  and  in  the  region  ro  <  r  <  at—ati+VQ.     The  equations  by 

H  2 
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which  the  constants  A^  are  determined  are  accordingly 


1 

8  8 

1  0 


2(l+X-ro)^,e^^^ 

0 


A.oti 


(28) 


The  results  show  that  the  simple  harmonic  motion  of  the  sphere  with  the 
period  of  the  force  ceases  at  once,  and  the  subsequent  motion  of  the  sphere 
is  of  the  same  kind  as  the  motion  consequent  upon  given  initial  displace- 
ments and  velocities.  The  motion  of  the  air  near  the  sphere  is  of  the 
same  kind  as  that  determined  by  initial  conditions.  The  two  types  of 
motion — exponential  and  slightly  damped  harmonic — must  co-exist  in 
order  that  the  waves  sent  out  in  the  subsequent  motion  may  be  continuous 
with  the  waves  sent  out  by  the  maintained  vibrations. 


7.  Bigid  Sphere  vibrating  in  Air. 

As  a  second  example,  we  may  consider  the  vibrations  of  a  rigid  sphere 
of  mass  M  controlled  by  a  spring  of  such  strength  that  in  the  absence 
of  the  air  the  frequency  would  be  n/2'7r.  The  surface  of  the  sphere  at 
any  time  may  be  taken  to  be  expressed  by  the  equation  r  =  ^o+f  Pi, 
where  Pi,  or  more  fully  Pi  (cos  0),  is  the  zonal  surface  harmonic  of  degree 
unity  referred  to  the  line  of  motion  of  the  centre  as  axis.  The  motion 
of  the  air  will  be  expressed  by  a  velocity  potential  </>  of  the  form  given 
by  the  equation 


(29) 


The  function  x  is  connected  with  the  displacement  i  by  two  equations 
which  hold  at  r  =  Tq.  One  of  these  is  the  condition  of  continuity  of 
velocity  normal  to  the  surface,  viz., 


i=-l^{r-\+r-\'}r^ 


(80) 


and  the  other  is  the  equation  of  motion  of  the  sphere,  viz., 

M(i+n'i)  =  r  (-p  ^)       (-cos  d)  2'7rt^  sin  6  dd, 


(81) 


where  cos  6  is  the  argument  of  Pj.    Taking  a-  for  the  density  of  the 
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sphere,  we  may  write  this  equation : — 

'i+n^i  =  -  -£-  ^  Ix'  {at-r^+r,x"{at-r^}.  (82) 

Equation  (80)  is 

i  =  ^-o"'  i2x(a*-yo)+2rox'(a<-»-o)+»^x"(«<-»-o)}.  (88) 

To  solve  these  equations  we  assume 

X(at-r^  =  Ae^,        $  =  Be^,  (84) 

a  factor  e'*""  being  absorbed  in  A.    Then  we  have 


Bin'+a'X")  =  —^  ±Q,+r,\^A 


0 


B\a  =  ^(2+2ro\+T^,\^A 


(85) 


0 

BO  that  \  must  satisfy  the  equation 

(n«+a^X')(2+2roX+^A^+-^a«A'(H-roX)  =  0.  (36) 

If  \i,  \,  Agy  \  ^^^  ^^^  roots  of  this  equation,  the  forms  for  ^  and  <p  are 

</>  =  -  §2(H-rXJ^,6^^^-'^+^°>.  (38) 

/    1 

This  solution  holds  when  r<,at+rQ  and  ^>0.     It  can  be  adapted, 

• 
as  before,  to  represent  motions  due  to  given  initial  values  of  i  and  ^. 

This  adaptation  yields  two  equations  connecting  the  ^'s.  The  condition 
at  the  front  of  an  advancing  wave,  viz.,  (d<pldt)+a(d<pldr)  =  0,  gives  rise 
to  the  relation  ^  /  2       \\ 

which  must  be  satisfied  when  r  =  at-^-rQ.  This  condition,  therefore,  is 
equivalent  to  the  two  equations 

2^,  =  0,         2A,^=0.  (39) 

1  1 

Hence  all  the  constants  are  determinate  when  the  initial  state  is  given. 
When  pl<r  is  small  two  roots  of  the  equation  (36)  are  approximately 

\  =  ml  a,        Aa  =  —ml  a,  (40) 
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and  the  other  two  are  approximately 

^8  =  i(-l+0/ro,        \  =  i(-l-0/ro.  (41) 

The  coeflScients  of  ^^  and  e^°*  in  (87)  are  very  small,  and  the  motion  of 
the  sphere  is  very  nearly  a  simple  harmonic  vibration  of  frequency  n/27r. 
The  motion  of  the  air  is  compounded  of  two  wave-motions :  one  wave- 
train  is  very  nearly  simple  harmonic,  with  the  same  period  as'  the  motion 
of  the  sphere  ;  and  the  other  is  very  rapidly  damped.  Near  the  sphere  the 
motion  of  the  air  is  practically  that  belonging  to  the  simple  harmonic 
wave-train.  Near  the  front  of  the  wave  the  rapidly  damped  harmonic 
motion  has  the  same  degree  of  importance  as  the  nearly  simple  har- 
monic motion,  and  the  co-existence  of  the  two  is  necessary  to  the 
continued  advance  of  the  front. 

When  we  make  a  second  approximation  to  the  roots  X^  and  X^  we  find 

'  2(7  ia'+nX  ^    a       '2<r      4.a'+nX 

and  X^  is  the  imaginary  conjugate  to  Xj.  This  approximation  gives  the 
same  results  as  regards  the  effective  inertia  and  the  decay  of  the  motion 
as  are  obtained  by  Lord  Rayleigh  {Theory  of  Sound,  Vol.  n.,  §  825). 

Similar  methods  may  be  employed  when  the  motion  of  the  sphere  is 
maintained  periodic  for  a  time  and  then  allowed  to  decay,  with  results 
of  the  same  kind  as  those  for  radial  vibrations.  Further,  no  essentially 
new  feature  is  introduced  when  the  normal  displacement  of  the  sphere 
depends  upon  a  surface  harmonic  of  order  higher  than  unity. 

8.  Electric  Vibrations  of  Order  Unity. 

The  first  case  of  electric  vibrations  to  be  discussed  is  that  in  which  elec- 
trification is  distributed  over  the  surface  of  a  conducting  sphere  with  sur- 
face density  proportional  to  the  first  zonal  harmonic  Pi.  We  shall  suppose 
that  before  the  instant  ^  =  0  the  electrostatic  field  of  this  electrification  is 
established  through  all  space  outside  the  sphere  r  =  /q.  The  initial  state 
of  the  medium  outside  this  sphere  is  that  expressed  by  the  equations 

8-^«> 


(a,  )8,  y)  =  0 


(48) 


in  which  £  is  a  constant.      The  initial  surface  density  on  the  sphere  is 
then  EPJ^Trrl. 

At  the  instant  ^  =  0  the  cause  which  previously  maintained  the  field 
expressed  by  (48)  is  supposed  to  cease  to  operate.     Thereafter  the  surface 
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r  =  ro  is  to  be  taken  to  be  that  of  a  perfect  conductor.  It  is  required  to 
determine  the  subsequent  state  of  the  medium  in  accordance  with  the 
conditions :  (i.)  that  the  initial  field  is  that  expressed  by  (48),  (ii.)  that 
the  tangential  electric  force  vanishes  at  r  =  Tq, 

It  is  clear  that  a  new  state  of  the  medium  arises,  for  the  surface 
condition  at  r  =  Tq  is  not  satisfied  by  (48).  It  is  clear  also  that  the 
disturbed  state  of  the  medium  cannot  at  any  instant  t  have  extended  to 
the  part  of  the  medium  beyond  the  sphere  r  =  ct+VQ,  Further,  it  is 
known  that  the  problem  can  have  only  one  solution.*  The  form  of 
solution  which  suggests  itself  naturally  involves  the  assumptions  (i.)  that 
the  surface  density  on  the  sphere  is  always  distributed  so  as  to  be 
proportional  to  Pi,  (ii.)  that  the  spherical  surface  r  =  ct+rQ  is  the  front 
of  an  advancing  wave.  We  can  show  that  the  solution  obtained  by  means 
of  these  assumptions  satisfies  all  the  conditions  of  the  problem.  In 
accordance  with  what  has  been  said  in  §  2,  we  ought  to  take  (Z,  7,  Z)  and 
(a,  i8,  y)  in  the  region  r  <  ct+rQ  to  be  given  by  (1)  and  (2)  with  7i  =  1 
and  (On  =  z-     We  take  them,  therefore,  to  be  given  by  the  equations 

(X.  Y,Z)=      cixz,  yz,  -^-y^  (1|.)'2L(££z:1)  ' 


+  c(0,    0.       -2)  (i|-)2dc^) 

\  r  or/        r 


y.       (44) 


which  are  the  same  as 


/ Y  V  7^  —  r  (.^         ^       _  ^  _  ^ \  x(ct—r) 


while  (48)  is  the  same  as 


(XYZ)-(^       ^        ^\^ 

\cxoz     oyoz     oz  I   r 


We  then  show  that  we  can  adjust  the  unknown  function  x  so  as  to  satisfy 
the  surface  condition  at  the  conductor  r  =  Vq,  and  also  to  satisfy  the  con- 
ditions of  the  types  (7)  and  (8)  which  must  hold  at  the  front  of  the 
advancing  wave. 


^  For  the  proof  of  this  theorem  in  the  caae  where  there  is  a  moving  surface  of  discontinuity, 
my  paper  abready  cited  in  Proceedingt  (Ser.  2),  Vol.  I. 
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To  express  the  condition  that  the  tangential  component  of  (Z,  F,  Z) 
vanishes  at  r  =  ro,  denote  by  B  the  radial  component  of  (Z,  Y,  Z),  so  that 

Br  =  Xx+Yy+Zz. 

Then,  at  this  surface,  B  is  the  resultant  of  (X,  7,  Z)  and  the  direction  of 
(X,  Y,  Z)  is  the  same  as  that  of  r.    Hence,  at  this  surface,  we  have 


or 


X  _  Y  _  Z 

_  B 

X        y        z 

r 

X—Bxjr  =  0, 

•  •  ■  • 

I  form  therefore  the  vector  (X—Bxjr,  Y—By/r,  Z—Bzir),  and  express 
the  condition  that  it  vanishes  at  r  =  rg.     I  find 

fz-B— ,  y-i2-^,  Z-B—) 
\  r  r  T I 

and  it  vanishes  at  r  =  ro,  provided 

xM-^o)+^oX'(o<-^o)+rSx^M-ro)  =  0.  (46) 

This  holds  for  all  positive  values  of  t. 

To  deduce  the  form  of  x  1©*  f  stand  for  Qt—r^.      Then  x(0  is  ^ 
function  of  ^  which,  for  all  values  of   ^  that  are  >  —  ro,  satisfies  the 

equation  x"(f)+ro-^x'(^)+^o-*x(^)  =  0; 

and  therefore,  for  all  such  values,  x  (^  has  the  form 

X(f)  =  e-*«^^o [^^  cos  (W8  f/ro)+J5i  sin  (^8  f/ro)]. 

It  follows  that,  for  all  values  of  r  and  t  which  satisfy  the  inequality 
c^  >  r— ro,  X  (c^— r)  may  be  written  in  the  form 

X(c«-r)  =  A  e-i««-''+«'oyro  gin  j  ^  (c<-r+ro)+6 1 ,  (47) 

where  A  and  e  are  arbitrary  constants.  It  follows  that  a  damped  har- 
monic train  of  waves  is  propagated  outwards ;  the  period  is  4'7rro/Oiv/8, 
and  the  modulus  of  decay  is  c/2ro.  The  forms  obtained  by  substituting 
this  value  of  x  i^  (^^)  ^6  those  which  are  generally  taken  as  the  solution 
of  the  problem.     This  solution  holds,  however,  only  when  r  <  c^+rQ. 

The  conditions  which  have  to  be  satisfied  at  the  wave-front  r  =  c^+rg 
are  three  of  the  type 

riX-X^  =  z^-yy  (48) 
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and  three  of  the  type    —ra  =  z{Y—Y^—y{Z—Z^, 


(49) 


where  Xq,  Yq*  ^o  ^^^  *b©  ^>  ^»  ^  expressed  in  (48),  and  (X,  Y,  Z)  and 
(a»  i8,  y)  are  given  by  (44).     The  first  of  equations  (48)  is 


xz 


^(8x+8rx'H-»^x")-  f  ^  =  f  (X'+^O 


(60) 


the  second  differs  from  this  only  by  having  yz  in  place  of  xz,  and  the 
third  is 

In  these  x»  x'»  x"  ni^st  have  their  values  at  the  surface  r  =  ct+r^  and  r 
must  have  this  value.  It  follows  that  the  value  of  x'  vanishes  at  this 
surface,  and  that  the  value  of  x  ^^  this  surface  is  E/c.  When  these  con- 
ditions are  satisfied,  it  appears  that  equations  (49)  are  satisfied  identically. 
Now  we  have 

- V8  cos  j^  (o«-r+ro)+€  |], 
and  this  vanishes  at  the  surface  r  =  ot+VQ,  if  e  =  }x.    Thus  we  have 

and  the  constants  A  and  €  are  determined.     With  this  form  of  x  we  find 


x'  = 


-i^*-"^-'^'"'"«^{^<«*-^+^«) 


x"=  z^*-*^^-'^""--l^<«'-+^^-fl 


(68) 


It  may  be  observed  that  with  the  above  determination  of  A  and  e  the 
magnetic  force  along  a  circle  of  latitude  is 


where 


S  =  J  (o«— r+r^/ro    and     tan  i  =  (r— 2rJ/V3 ; 
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OS  6     4£?    /-        ^0    I    ^o\*     -5  /   /oaj  jp  1     ^\ 


also  the  radial  electric  force  is 

cos 6    4E   /,      Tn   ,   rl\^ 

and  the  tangential  electric  force  is 

where  tan  S'  =  (r—rf)  /  (r+r^^S.  These  results  differ  from  those  obtained 
by  J.  J.  Thomson  {loc,  cit.)  as  regards  phase.  The  phases  given  by  him 
are  not  determined  by  the  conditions  which  hold  at  the  front  of  the  wave- 
train. 

It  appears  from  the  above  analysis  that  the  damped  harmonic  wave- 
train  represented  by  the  customary  form  of  solution  can  advance  into  a 
region  in  which  the  electric  field  is  expressed  by  (48).  The  same  analysis 
can  be  applied  at  once  to  show  that  it  cannot  advance  into  a  region  free 
from  electric  and  magnetic  forces ;  it  can  also  be  applied  to  determine 
the  mode  of  decay  of  the  external  field  due  to  maintained  electrical 
oscillations  of  the  same  surface  harmonic  type  on  the  sphere.  Exactly  as 
in  the  problem  of  sound  waves  it  appears  that  the  forced  wave  must  be 
accompanied  by  a  wave  of  the  type  (47),  and  that  the  wave  that  is  pro- 
pagated outwards  after  the  system  is  left  to  itself  is  also  of  the  type 
expressed  by  (47) ;  and  the  constants  A  and  e  of  these  two  waves  can  be 
adjusted  so  as  to  satisfy  the  conditions  that  hold  at  the  front  of  the  forced 
wave  and  at  the  common  boundary  of  the  two  waves.  The  concurrent 
existence  of  a  wave  of  type  (47)  along  with  the  forced  wave  is  necessary 
to  the  continued  advance  of  the  wave-front.  Exactly  as  in  the  sound 
problems  the  damped  harmonic  wave-train  is  not  damped  at  the  front,  but 
is  subject  only  to  the  kind  of  diminution  by  spherical  divergence  that  is 
appropriate  to  the  spherical  surface  harmonic. 

9.  Bedistribution  of  the  Energy. 

In  the  initial  state  the  sBther  in  the  region  between  the  spheres  r  and 

1  2 

r+dr  possesses  electric   energy  of  amount   3—  iirf^drE^  -g-  or  r'*E^dr, 

and  the  total  energy  of  the  field  is  \E^r~^.  In  the  subsequent  state  of 
wave-disturbance  the  same  portion  of  the  medium  possesses  magnetic 
energy  of  amount 

8- 


l.,^ir^^\(h^^li^\;.  ,54, 
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and  it  possesses  electric  energy  of  amount 

where  x  has  the  value  already  determined.     The  amount  of  the  magnetic 
energy  in  the  region  is 

sinv'S^-rsin  (^8  ^"- Y^f^'^^  (56) 


^0 


where  S  is  written  for  iict—r+r^/rQ.  As  soon  as  the  wave-front  has 
travelled  to  a  distance  from  the  conducting  surface  which  is  at  all  large 
compared  with  the  radius  of  this  surface  the  factor  e~^^  will  be  small 
except  in  the  immediate  neighbourhood  of  the  wave-front,  and  thus  we 
see  that  the  energy  of  the  wave-motion  will  be  accumulated  near  the 
wave-front.  Also  when  r  is  large  compared  with  Tq  the  above  expression 
may  approximately  be  replaced  by 


^  6'^  {  1-cos  (2^3  S-  ^)  I  dr.  (57) 


2 


We  may  calculate  the  energy  between  the  wave-front  and  a  spherical 
surface  within  it,  and  not  far  from  it,  by  integrating  this  expression.  Con- 
sider the  case  where  the  inner  of  these  surfaces  is  at  a  distance  of  half 
a  wave-length  behind  the  front,  i.e.,  at  a  distance  2'7rro/\/8.  The  magnetic 
energy  between  the  surfaces  is  approximately  equal  to 

2  ^  f'^''"  g-25  J  1^ J  ^Qg  (2^8  a)-  "^  sin  (2^8  S)  \  2rod^, 
ro  Jo  ^  ^  ^ 

which  is  JE^r-»  (1  - e-2WV8) 

If  we  had  taken  the  first  wave-length  of  the  advancing  wave  instead  of 
the  first  half  wave-length,  we  should  have  found  JJE?^r^*(l— e"*'/^^  as  the 
approximate  value  of  the  magnetic  energy  between  the  surfaces.  If  we 
calculate  the  electric  energy  in  the  same  way  and  to  the  same  order  of 
approximation,  we  find  the  same  values,  so  that  the  total  energy  between 
the  two  surfaces  is  approximately  equal  to  JE^r~*(l— e"^'''^^  when  the 
surfaces  are  half  a  wave-length  apart,  and  to  ^E^r~*(l— e"*''^^  when  they 
are  a  wave-length  apart.  The  terms  omitted  in  the  calculation  are  small 
compared  with  those  retained  in  the  order  rjr  and  higher  powers  of  Tq/v, 
r  denoting  the  radius  of  the  wave-front.     It  appears  therefore  that  the 
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energy  of  the  mitial  electrostatic  field  is  propagated  outwards  with  the 
wave  in  such  a  way  that  the  energy  that  was  initially  within  a  spherical 
surface  surrounding  the  conductor  is  the  energy  of  the  wave-motion  when 
that  surface  is  the  wave-front,  and  it  is  gathered  up  close  behind  the  wave- 
front.*  When  the  wave-front  is  at  a  great  distance  from  the  conductor 
the  accumulation  of  energy  at  the  front  is  so  great  that  all  but  about  i^ 
of  the  total  initial  static  energy  of  the  field  is  gathered  up  in  the  first  half - 
wave-length,  and  all  but  about  t^J5  ^^  ^^  ^^  gathered  up  in  the  first  wave- 
length. 

10.  Electrical  Vibrations  of  Order  2. 

We  suppose  that  the  initial  electrification  has  surface  density  propor- 
tional to  the  second  zonal  harmonic  Pg,  or  to  the  solid  harmonic 
22^— a:^— y^,  which  is  2rjP2,  on  the  sphere  of  radius  r©,  and  we  take  the 
initial  field  to  be  given  by  the  equation 

which  gives  a  surface  density  (8/27r)jSr^^P2.  The  appropriate  forms  of 
(Z,  y,  Z)  and  (a,  j8,  y)  in  the  ensuing  wave-disturbance  are  expressed  by 
(1)  and  (2),  in  which  n  =  2  and  «»  =  22r*— a:*— y*,  and  we  have 

(«,  ft  y)  =  eofe., -««,  0)  (i- 1)' !!l^ 


\     59) 


With  these  forms  ive  find 


r  r  r  r  \r    or  I         r 


(60) 


and  the  (a;,  ^, ;?) -components  of  a  vector  which  has  the  same  tangential 

*  The  remark  that  it  is  the  statio  eleotrio  energy  of  the  field  which  is  propagated  with  the 
wayee  was  made  by  Prof.  Larmor  in  aletter  to  the  author  before  this  paper  b^gan  to  be  written. 


.(61) 
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components  as  (Z,  7,  Z),  and  no  radial  component  can  be  written  down 
in  the  forms 

Y-:M.(xf+Y^+Z±) 

Hence  the  condition  that  the  surface  r  =  ro  may  be  that  of  a  perfect 
conductor  is 

and  it  follows  that  x(c^— ^)  niay  be  expressed  in  the  form 

where  Xi,  X^,  Xg  are  the  roots  of  the  equation 

7^X»+8/^X«+6roX+6  =  0,  (64) 

and  A  I,  A^,  A^  are  constants.     The  real  root  is  approximately  —  (l'6)ri"^, 
and  the  imaginary  roots*  are  approximately  (—0*7  ±  1*80  rj"^. 

To  determine  the  constants  Ai,  A^^  A^'^q  have  the  conditions  at  the 
front  of  the  wave,  i.e.,  at  the  surface  r  =  r^^+ct.  We  use  the  same  equa- 
tions (48)  and  (49)  as  in  the  previous  problem,  but  now  X^^  Yq,  Z^  are 
given  by  the  equations 


(65) 


^  J.  J.  ThomBon,  Rtcmt  Setearehetj  p.  371,  gives  the  ixDAginarj  roots. 
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and  (Z,  F,  Z)  and  (a,  )8,  y)  are  given  by  (69).     Now  we  have 

.Z-.^+.V  =  6c[|^{(l-«^X+(l-^nc'}  +  f(l-^x"]] 

(66) 

80  that  equations  (48)  require  that  at  the  surface  r  =  ct+rg  we  should 

^^""^   ,  X'  =  0.       x"  =  0.       x  =  --E/6c. 

and  it  will  be  found  that  when  these  equations  are  satisfied  equations  (49) 
are  satisfied  identically.  Hence  the  constants  Ai,  A^,  A^  are  determined 
by  the  equations 

3  S  S 

2  ^.  =  -  JS?/6c,      2  AsX  =  0,      2  AX,  =  0.  (67) 

1  1  1 

The  important  result  is  that  the  ^'s  are  definite  multiples  of  E/c,  and,  in 
particular,  that  the  A  that  corresponds  with  the  real  value  of  X  is  not 
small  in  comparison  with  the  other  ^'s. 

Hence  in  this  case  the  wave-motion  that  ensues  when  the  initial 
statical  field  is  left  to  subside  is  compounded  of  two  wave-motions — one  of 
exponential  type  determined  by  the  real  value  of  X  and  the  corresponding 
value  of  A,  and  the  other  of  damped  harmonic  type  determined  by  the 
conjugate  complex  values  of  X  and  the  conjugate  complex  values  of  A  that 
belong  to  them.  Neither  of  these  waves  can  be  propagated  except  in  com- 
pany with  the  other,  for  the  co-existence  of  the  two  is  requisite  to  the 
continued  advance  of  the  wave-front.  Near  the  conductor  the  field  sub- 
sides very  rapidly,  but  near  the  common  front  of  the  waves  the  fields  that 
belong  to  them  are  not  subject  to  damping,  but  merely  diminish  according 
to  the  law  of  spherical  divergence  which  is  appropriate  to  the  spherical 
surface  harmonic  concerned. 


11,  Generalization  of  the  Results  for  **  Electrical  Vibratio7is  on  a 

Spherical  Condtictor,'' 

We  may  proceed  to  discuss  waves  that  correspond  with  surface  har- 
monics of  higher  orders.     In  any  case  we  have  to  form  the  condition 
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which  is  to  be  satisfied  at  the  surface  of  the  conductor.     Taking  the  forms 
(1)  and  (2),  we  may  show  that 


r  \     r  r  rl 


=  -^i{<»+»^-~-"l(;^)l 


I  \  r   5r/     r  \  r    ^/         r 


,(69) 


and  so  on.     Thus  the  condition  is  expressed  by  the  equation 


or  I         \r   or  I  r 


=  0,  (70) 


which  must  hold  when  r  =  r^.  This  is  a  linear  differential  equation  of 
the  (n+l)-th  order  with  constant  coeflScients  satisfied  by  x(c<— r©),  and 
it  serves  for  the  determination  of  x(c^— r)  in  the  form 

X(c^-r)  =  *2    ^.e^.«<-'"+''o),  (71) 

where  the  values  of  \r^  are  roots  of  an  equation  of  the  (n+l)-th  degree 
with  determinate  numerical  coefficients.  When  n  is  even  one  root  is  real, 
and  we  may  expect  it  to  be  negative  ;  we  may  also  expect  the  remaining 
roots  to  be  complex  with  negative  real  parts,  and  when  n  is  odd  we  may 
expect  all  the  roots  to  have  this  character.*  The  constants  A  will  be 
determined  by  the  conditions  which  hold  at  the  wave-front  r  =  ct-\-r^. 
In  general  these  conditions  can  be  shown  to  lead  to  the  equations 

/  =  0,      x"  =  0,      ...,      x^'*^  =  o, 

and  X  ==  ^  given  constant.  These  hold  at  r  =  c^+^o>  ^^^  ^^^7  suffice  to 
determine  the  constants  A^^  A^^  ...,  ^n+i*  It  follows  that,  in  general,  with 
an  initial  distribution  of  surface  density  proportional  to  a  definite  surface 
harmonic  of  order  2m  a  wave  of  exponential  type  and  m  waves  of  damped 
harmonic  type  are  propagated  together  with  a  common  front,  and  that 
when  the  harmonic  is  of  order  2w+l  the  waves  propagated  are  all  of 
damped  harmonic  type  and  are  in  number  w+1.  In  both  cases  the  field 
near  the  sphere  subsides  rapidly,  nearly  all  its  energy  being  transferred  to 
a  relatively  thin  spherical  shell  near  the  wave-front.  The  field  of  each  of 
the  waves  near  their  common  front  diminishes  only  through  the  kind  of 

*  J.  J.  Thomson  (A>r.  cit,)  g^ves  the  roots  in  case  «i  =  3. 
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spherical  divergence  that  is  appropriate  to  the  spherical  harmonic  con- 
cerned. In  all  cases  the  co-existence  of  the  various  waves  of  the  system 
is  requisite  for  the  continued  advance  of  the  wave-front. 


12.  General  Conclusion. 

In  our  problems  of  sound  waves  we  found  that,  besides  the  slightly 
damped  harmonic  wave-trains  which  have  periods  nearly  equal  to  the 
natural  periods  of  the  vibrator,  there  must  be  others  of  exponential  or 
rapidly  damped  harmonic  type,  which  accompany  the  former  as  they 
travel  outwards  and  serve  to  establish  continually  the  front  of  the  ad- 
vancing waves.  These  subsidiary  wave-trains  have  little  influence  on  the 
motion  of  the  vibrator,  but  they  play  a  large  part  in  the  motion  of  the 
medium,  especially  in  the  region  near  the  wave-front.  The  number  of 
them  increases  with  the  complexity  of  the  mode  of  vibration  (expressed  in 
the  case  of  a  sphere  by  the  order  of  a  surface  harmonic),  and  all  those  that 
correspond  with  a  particular  mode  of  vibration  must  co-exist  along  with  the 
slightly  damped  harmonic  wave-train  that  is  characteristic  of  the  mode. 
They  cannot  exist  independently.  The  motion  of  the  medium  that 
belongs  to  any  particular  vibration  of  the  nucleus  may  be  analysed  as 
above  into  a  system  of  damped  harmonic  and  exponential  wave-trains, 
but  the  analysis  is  entirely  mathematical  and  does  not  correspond  with  a 
possible  physical  analysis  into  motions  that  can  be  executed  independently 
of  each  other. 

When  a  distribution  of  charge,  which  would  not  be  possible  for  a  free 
charge,  is  maintained  over  a  conductor,  and  suddenly  released,  electric 
waves  travel  out  into  the  medium.  The  waves  may  be  expected  to  fall 
into  classes  determined  by  the  modes  of  distribution  of  the  charge,  and 
the  number  of  waves  in  a  class  may  be  expected  to  be  definite.  The 
different  waves  in  a  class  are  of  exponential  or  damped  harmonic  types, 
and  they  are  distinguished  from  each  other  by  the  exponents  and  periods.* 
They  can  have  no  physical  existence  independently  of  each  other  ;  all  the 
waves  in  a  class  must  co-exist,  t  The  composite  system  of  electric  waves 
which  consists  of  all  the  waves  in  a  class  advances  into  the  statical  field 
due  to  the  initial  distribution  of  the  charge,  and  the  co-existence  of  the 


*  It  is  possible  that  the  types  may  involve  a  dependence  on  time  of  a  more  complicated 
character  than  exponential  or  damped  harmonic  when  the  conductor  is  not  spherical. 

t  Mr.  Maodonald  has  called  my  attention  to  the  fact  that  a  similar  result  was  found  by 
Heaviside,  EUetricdl  Paper t.  Vol.  ii.,  p.  408. — April  \lth^  1904. 


1904.]      SOMB  ILLUSTRATIONS  OF  MODES  OF  DBCAY  OF  VIBBATOBY  MOTIONS.      118 

several  waves  is  necessary  to  the  continued  advance  of  the  front.  As  the 
wave  advances,  it  transforms  into  electromagnetic  energy  the  excess  of 
the  statical  energy  of  the  initial  field  over  that  of  a  free  charge  of  the 
same  total  amount  on  the  same  conductor ;  and  this  electromagnetic 
energy  is  transferred  continually  towards  the  front  of  the  advancing  wave, 
in  such  a  way  that  at  a  distance  from  the  conductor  the  wave  practically 
passes  as  a  pulse.  The  electric  waves  that  are  thus  generated  appear  to 
have  little  analogy  to  the  sound  waves  sent  out  from  a  vibrator,  and 
having  nearly  the  natural  period  of  the  vibrator,  but  to  be  analogous 
rather  to  the  subsidiary  sound  waves  which  accompany  these  and  serve  to 
establish  the  advancing  wave-fronts  without  having  a  sensible  influence 
upon  the  vibrator.  This  theory  should  be  applicable  to  all  cases  in  which 
the  space  outside  the  conductor  is  simply-connected;  there  may  be 
exceptions  when  the  space  is  multiply-connected  or  when  this  condition  is 
nearly  realized — for  example,  when  a  gap  is  made  in  a  conducting  ring. 


SIR.  2.     VOL.  2.     NO.  858. 
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ON  A  PLANE  QUINTIC  CURVE 
By  F.  MoRLEY. 

[Beceiyed  Maroh  13th,  1904.— Bead  April  Uth,  1904.] 

In  a  memoir  in  the  American  Journal  (Vol.  x.,  "  On  Critic  Centres  ") 
I  pointed  out  that  a  curve  of  order  5,  through  the  nine  flexes  of  a  cubic 
curve  and  the  twelve  other  intersections  of  the  lines  of  flexes,  would  have 
itself  flexes  at  the  nine  points,  the  stationary  lines  thereat  meeting  on  the 
quintic.  And  I  mentioned  that  a  curve  of  order  4,  through  the  twelve 
points,  would  have  them  as  flexes.  This  quartic  appears  in  a  paper  by 
CaporaU,  published  first  in  his  Works  (p.  836),  whence  it  appears  that  the 
twenty-four  flexes  of  the  quartic  fall  into  two  such  sets  of  twelve.  Proofs 
of  Caporali's  statements  are  supplied  in  a  memoir  by  Ciani  (Nap.  Bendi- 
conti,  Ser.  8,  Vol.  ii.,  p.  126,  1896). 

The  object  of  the  present  paper  is  now  clear — to  prove  that  the 
forty-five  flexes  of  the  quintic  fall  into  five  sets  of  nine,  or  rather  that 
the  forty 'five  stationary  lines  pass  by  nines  through  five  points  on  the 
curve ;  and  to  discuss  the  quintic  with  reference  to  this  set  of  five 
points,  which  are  singular  points  of  a  novel  kind. 

1.  First  Equ4ition  of  the  Curve. 

If  we  denote  a  cubic  by  (ax)*,  its  Hessian  by  {hxf,  and  draw  from  a 
point  y  tangents  to  the  pencil  a+XA  =  0,  we  have  as  locus  of  points  of 
contact  the  quintic  in  question 

(1.1)  Q  =  {axf  ihx)^  (hy)^(hxf  (axf  (ay)  =  0 ; 
the  polar  quartic  of  y  is 

(1 .2)  Qi  =  (ax)8  ihx) {hyf-'(hxf  (ax) (ay)^  =  0  ; 

the  polar  cubic  of  y  is  either 

(1 .  3)  Qn  =  (axf  (hy)^^(hxf  (ayf  =  0 

or 

(1.8')  (axf(ay)(hx)(hy)^-(hxf(hy)(ax)(ay)^  =  0, 

the  two  being  equivalent  by  Salmon's  identity  (Higher  Plane  Curves^ 
p.  206). 
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The  polar  conic  of  y  is 

(1 .  4)  Qni  =  (aa:)«  (a2/)  (%)'-  Qix)^  (hy)  {ayf  =  0, 

and  the  polar  line  of  y  is 

(1 .  5)  gnu  =  {CLX)  {ayf  {hyf-Qix)  (kyf  {ayf  =  0. 

It  appears  from  these  that  (1)  the  points  where  a  meets  h  are  on  Q,  Qi, 
Qii\  whence  they  are  flexes  on  Q,  the  stationary  lines  meeting  at  y. 
(2)  The  points  t,  where  (axf(ay)  meets  Qixf{hy),  are  on  Q,  Qn,  Qm. 
(8)  The  point  where  {ax){ayf  meets  (hx){hyf  is  on  Qi,  Qn,  Qiiw  Thus,  in 
particular,  y  and  any  of  the  four  points  t  are  each  on  the  polar  conic  of 
the  other, 

2.  Mutuality  of  the  Five  Points. 

Use  now  the  canonic  form  of  Hesse,  and  let  a  term  in  parentheses  be 
subjected  to  permutation  of  the  sufiBxes  1,  2,  3,  and  then  to  summation 

of  distinct  terms.    Thus  let  (x{)  stand  for  ajJ+Xg+Xg,  {x^y^t^  for  the  sum 

of  six  terms,  and  so  on. 

The  pencil  of  cubics  is  (x\)'\'&viXiX2X^-=^  0,  the  polar  conic  of  y  is 

o 

{y\X\)'-\'2m{yiX2X^  =  0.     These  give  on  elimination  of  m  the  quintic  Q  : 

(2.1)  (JjJ)  (y  1  Xg  Xg)  =  3a:i  x^  x^  {y^  a:  J) . 
The  polar  cubic  of  a  point  ^  as  to  Q  is 

(2.2)  (yit^t^(x^+^{y^t^x^(t^x^;i  +  ^(y^x^x^{^,x;) 

=  8  (^1  ^2  ^a)  (^1  -^i) + 6  (^1  ^2  ^s)  (yi  ^1  ^l) + ^^1  ^2  ^3  (Z/i  ^i)- 
I  say  that  this  equation  holds  when  x  and  t  are  distinct  points  such  that 

(2 .  8)  (j/i xl)  =  0,     iy, Xa x^  =  0,     {y,  tl)  =  0,     {y^t^t^  =  0, 

With  these  suppositions,  (2  .  2)  reduces  at  once  to 

(2.2')  (2/1  ^2^3)  (^^i)  =  ^(tiX^x^iy^tiXi). 

But,  from  (2.8),  \y^  =  ^2^3— ^3 a; j, 

Mj/l   ^    tiXiit^X^       *sX2) ', 

whence  —  =  ^2  ^8+ ^3  ^2  __  (.Vi^g^s) 

M  ^1  ^i  iyi  h  ^1) 


and  also  =  2(^i£i£^ 


I  2 
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whence  (2 . 2')  follows.  That  is  to  say,  the  four  points  ta  are  related 
among  themselves  as  each  was  with  y.  The  five  points  are  mutual — we 
call  them  all  ^a  (a  =  1  to  5) ;  the  polar  conic  of  any  one  goes  through  the 
rest,  or,  in  other  words,  ^^  is  apolar  with  Q  ;  or,  again,  the  join  of  any 
two  cuts  from  Q  three  other  points  of  which  the  two  are  the  Hessian. 

It  follows  that  what  was  true  for  the  one  point  is  true  for  all ;  in 
particular,  that  the  forty -five  stationary  lines  pass,  by  niiies,  through  the 
Jive  points. 

8.  The  Equation  in  terms  of  the  Five  Points. 

The  quintic  depended  on  a  Hesse  configuration  (eight  numbers)  and  a 
point  (two  numbers).  Hence  we  may  expect  the  five  points  to  determine 
Q,  and  we  next  obtain  a  symmetric  equation. 

Let  C  be  the  conic  on  the  five  points,  ta ;  it  touches  the  quintic  at  each 
point.     Taking  for  coordinates  of  ta 

Xi  ^   t^,         X2  ^   ^taj         ajg  =   1, 

let  the  conic  be 

(8.1)  C  =  x^xs—xlli=0, 

and  let  the  tangent  at  ta  be 

(8  .2)  Ca  =  x^-x^ta+x^tl  =  0. 

Also  let  Cafi  =  (ta-t^)\ 

and  let  the  conic  in  lines  be 

The  polar  of  F  as  to  Cj  Cg  Cg  C4  Cg  is  the  cubic 

(3.3)  IC^C^C^C,  =  0, 

which  cuts  out  from  the  conic  the  Hessian  of  the  five  points ;  and  the 
second  polar  of  F  as  to  the  five  lines  is  the  line 

(8.4)  22CiaC8C45  =  0, 

which  cuts  out  the  fourth  transvectant  of  the  five  points. 

Assume  now 

10 

(8.5)  Q  =  CiC2C^CiC^—\C  ^  CiqCf^C^Cg+^C^^Ci^CQC^g. 

Excluding  Ci  from  the  summations,  we  have 

6  4 

Q  =z  C1G2 Cq C4 C5 — XCCi  2  Cq CqC^ — A  Z  C12 Cg C^ C^ 

8  12 

+/i(7  Ci  2  C28  C'45+/x(7  2)  Cja  Cq  C45. 
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Operating  with  i(^i^i+2^i^2+^8)^»  we  get  the  second  polar  of  ^i, 

•  12  6 

Qn  =  Ci  2  C12C18C4C5 — XCi  2  C12C8C45 — 2XCi  2  Ci^Ci^G^C^ 

-|-/aCi  2  C28C45+/XC1  2  Ci2CqC^ 

+ terms  with  C  as  factor. 
This  vanishes  at  ^2  ^f 

(1  —  2X)  C122  Ci8C24C25+(m — ^)  C'ls  i^ia  2  C2sC^'\-2  2  018^24025} 

+mCJ22C28C45  =  0; 

hence  1— 2X+2  (/tx— X)  =  0    and     2/a— X  =  0,    whence    X  =  J,    m  =  i« 
Thus  the  syvimetric  equatiofi  of  the  quintic  is 

(3  .  6)  Ci  C2  Cq  C4  C5 — JC  2  C12  Gq  C4  C5+ (jCT  2  C12  Cg  C45  =  0, 

or,  in  a  convenient  notation, 

(3.7)  {l-lC.T+^\C.r^C,C2C^C,C,  =  0. 


4.  Common  Lines  of  the  Quintic  and  the  Five-fold  Polar  Conic. 

In  the  symmetric  equation  (3 . 6),  let  ^4  =  0,  ^^=00,  xjix^  = «, 
a;8/2a;2  =  y,  so  that  x  and  y  will  be  conjugate  coordinates  if  the  conic  be 
a  circle  and  t^  and  t^  the  points  at  infinity  on  it.     The  equation  becomes 

3xyll{x+ytl—2ti) 

-ixy-l)  {^{t2-t^Hx+ytl-2t,)xy 

+:^(x+ytl){x+7jtl-2t^{x+ytl^2t^+U{x+y^-2t,} 
+i(a:y-l)M2;(^2-^'(a:+y^?-2^i)+2(4+^J)(a:+y^f-2^i) 

+^(t2-t^'{x+y^}  =0; 

8 

or,  if  n(^— ^1)  =  ^— Si^+S2^"-«8» 

(4 . 1)  -xy(x''+y's^-6xys^+4{x^+y''4+6xy{x82+ys,s^ 

m 

—6{a^Si+y\s^—4xy  {SiS^+s^  +  S  (xsi+ys^ 
—  2(siS2— 253)  =  0. 
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From  this  it  appears  immediately  that,  if  t  be  a  cube  root  of  %  the  real 
asymptotes  are  x-^-yi^  =  2t.     These  are  lines  of  the  circle.     Hence  : 

The  tangents  of  the  quintic  at  the  points  where  the  join  of  two 
of  the  five  points  meets  it  again  are  also  tangents  of  the  conic. 

There  are  then,  in  addition  to  the  common  tangents  at  the  five  points, 
thirty  other  common  tangents,  or  forty  in  all.  Hence  the  quintic  is  of 
class  20,  and  is  of  full  genus  6. 

Selecting  a  zero  of  direction  such  that  Sq=  1,  the  polar  cubic  of  t^ 
and  ^5  as  to  (4  .  1)  is 

(4 .  2)  x''+y''+6xy-3  {xs^+ys^ +8^8^+1  =  0. 

If  we  operate  on  this  (written  homogeneously)  with 

(iii+fj+Ct,)iitl+fj+Ct^, 

the  result  is  zero.     Hence  : 

Any  four  of  the  Jive  points  are  apolar  toith  the  quintic ;  or,  other- 
wise expressed,  the  polar  conic  of  three  of  the  five  points  is  the 
double  join  of  the  other  two. 

In  the  notation  of  §  8,  this  double  line  is  C^^C  =^  Ci C2. 

A  number  of  conies  and  cubics  associated  with  the  curve  might  be 
written  down ;  I  mention  only  the  conic  xy  =  4,  which  from  (4  .  1) 
osculates  the  quintic  at  ^4  and  ^5,  and  passes  through  the  intersections  of 
the  tangents  where  their  join  meets  Q  again. 


5.  Nature  of  the  Five  Points. 

In  the  general  plane  quintic,  through  a  point  of  the  curve  can  be 
drawn  six  lines  meeting  the  curve  again  in  a  self-apolar  set  of  four 
points.  This  six-line  for  the  quintic  replaces  the  four  tangents  from  a 
point  of  a  cubic,  which  Salmon  showed  to  have  constant  double  ratios. 
And  it  may  be — to  this  point  I  expect  to  return — that  among  the  three 
six-lines  from  three  points  of  a  quintic  there  is  a  special  trilineation. 

At  certain  points  of  the  curve  specified  invariants  of  the  six-line  will 
vanish :  for  instance,  the  six-line  will  be  self-apolar  in  general  at  forty 
points. 

The  peculiarity  of  the  points  t,  in  the  quintic  of  this  memoir,  is 
that  their  six-lines  are  arbitrary ;  any  line  through  a  point  t  cuts  out  a 
self-apolar  four-point.     The  proof  is  simply  that,  if  in  (4 . 1)  we  hold  y, 
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we  have  a  quartic  in  Xy  say  (aa;)*,  for  which  |  a)8  |  *  =  0.  This  is  verified 
at  once. 

The  same  could  be  proved  from  the  fact  that  the  pencil  of  cubics 

(sixf'\'\{hxf  =  0 

cuts  a  line  in  an  involution  any  two  triads  of  which  are  apolar ;  whence 
the  four  points  where  cubics  of  the  pencil  touch  a  line  are  self-apolar,  and 
the  four  points  in  which  these  cubics  cut  the  line  again  are  also  self- 
apolar,  the  two  sets  of  four  forming  a  cube-configuration. 

6.  The  hook  of  the  Cv/rve. 

The  five  points  t  may  be  all  real,  three  real,  or  one  real,  so  that  we 
may  have  fifteen,  nine,  or  three  real  flexes,  and  respectively  0,  8,  6  real 
isolated  double  lines,  by  Klein's  rule. 

The  figure  (drawn  by  Mr.  J.  F.  Messick)  indicates  the  most  difficult  case 
of  fifteen  real  fiexes,  and  may  be  otherwise  of  use  as  showing  the  pencil  of 
cubics.  In  obtaining  this  figure  I  write  the  pencil,  in  conjugate  co- 
ordinates.  ^y(^^y)^^(^^^y^f^^i  =  0; 

two  flexes  are  at  the  circular  points,  the  two  real  finite  flexes  are  the 
complex  cube  roots  of  unity. 
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1.  Introductory. 

The  object  of  abstract  wave  theory  has  generally  been  to  examine 

solutions  of  c^V^0  =  0,  in  three  dimensions,  in  the  form  of  surface 
integrals  of  the  Kirchhofif  or  Poisson  type ;  and  from  these  the  principle 
of  Huygens  in  actual  wave  motions  has  been  deduced. 

Prof.  Love  has  lately  considered  the  modification  of  these  results  in 
the  case  of  wave  motions  with  discontinuities  at  wave  fronts ;  without 
considering  these  latter  cases,  the  object  of  the  present  paper  is  to  extend 
the  methods  of  abstract  wave  theory  to  the  general  equation 


An  extension  is  first  made  of  Whittaker's  form  of  solution,  and  from 
this  are  deduced  the  various  types  of  </>  representing  hyper-spherical 
diverging  waves ;  with  the  help  of  these  forms  a  general  solution  of  the 
Kirchhoff  type  is  examined ;  and,  finally,  from  a  more  general  point  of 
view,  solutions  both  of  the  Barchhoff  and  Poisson  types  are  obtained  and 
discussed. 

2.  Extension  of  Whittaker's  Solution. 

It  has  been  shown  that  the  general  solution,  regular  at  the  origin, 
of  the  equation 

l<i>.+^+  +^  =  j_^  (1) 


1904.]       Ways  propagation  in  isotropic  space  of  p  dimensions.  128 

when  p  =  2,  has  the  form 

0=\   f{xismu-^X2Q0BU-\-ct^v)du,  (2) 

Jo 

and,  when  2>  =  8,  has  the  form 

0=1    I   f(xi  sin u  sin  v-\-X2 sin  u  cos  v-^-x^qob  w+c^,  w,  v)dudv,     (8) 

This  form  of  solution  can  evidently  be  generalized  for  any  value  of  p,  and 
a  formal  proof  would  follow  the  same  lines  as  that  for  the  simple  cases.* 
We  find  then,  in  the  general  case, 

0=1       1     ...   I    f{\Xi-\-\X2'{'»*.'{'\Xp-{'CtfU,Vif   ,..,  Vp-2)dudVi.,.  dVp^2t 

(4) 
where  Xj  =  sin  i^  sin  i^^  sin  t;^  . . .  sin  Vp-2 

Xs  =  sin  i^  sin  t?!  sin  t^a  . . .  cos  Vp^2 


Xj,_i  =  sin  u  cos  Vi 
Xp  =  cos  u 


(5) 


8.  Relations  among  Hyper-spherical  Harmonics. 

If  in  the  general  solution  the  time  occurs  as  a  factor  e^,  the  equation 

takes  the  form  ,_,2  i  i  \  ^       n  ta\ 

(V«+1)0  =  O,  (6) 


and  the  general  solution  becomes 


0=1    I  ...  [  e*^^^'^+ •+^'>'V(tt,  t?i,  ...,Vp^2)dudvi ...  dvp^2' 
Jo  Jo      Jo 


(7) 


Particular  solutions  of  (6)  are  known  in  the  form  of  hyper-spherical 
harmonics,  and  these  can  be  shown  to  be  included  under  (7)  by  means 
of  a  general  relation 


('  e^^^^^'Pnd?,  cosi^)  Qin^-^udv  =  const.  '^^t^Zl^^^ , 
Jo  ^"^ 

where  Pn  ip,  cos  u)  is  the  zonal  harmonic  of  order  n  and  rank  p. 


(8) 


♦  E.  T.  Whittaker,  Math,  Ann.,  Vol.  Lvn.,  p.  333. 
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4.  Sym/metry  round  the  Origin. 

But  for  our  present  purpose  we  require  the  form  of  the  general  solu- 
tion (4)  when  0  is  symmetrical  round  the  origin.  Since  0  only  depends 
upon  r,  we  find  its  form  by  taking  the  mean  of  (4)  over  the  boundary  of  a 
hyper-sphere  of  radius  r  round  the  origin.     Thus,  if 

a?!  =  r  sin  0  sin  01 . . .  sin  0p_2  =  Mi ^>     •  •  •>     Xp=^r  cos  Q  =  /A^r, 

and  dft)  =  sin'*"-  Q  sin^"^  0i  •  •  •  sin  0p_3  dQ dfpi . . .  d<f>p^2t 

we  have 

0  =  l(2co  I     ...  I  /{(XiMi+...+^pMp)^+c^»  ^>  ^i»  •••>  ^p-s}  d!ud!t?i ...  d!t?p_2- 

(9) 

Then,  changing  the  (0,  0)  variables  so  that  (Xi/xj -+•... -|-Xp/Ap)  =  cos  zr,  say, 
we  are  evidently  left  with  an  expression  of  the  form 

0=1   \fr{r  COB  w-^-cfj&iDP'^  wdw.  (10) 

Jo 

This  then  is  the  general  solution,  regular  at  the  origin,  of  the  differential 
equation  (1),  which  reduces  to 

Suppose  first  that^?  is  odd  and  equal  to  2n+8.     Then 

0=  \'\fr{ct+rcoQw)&m^''''^wdw  =  j     V^(ar+cQ(l— a^"da.       (12) 
Now  let  C7  be  a  function  given  by 

Z7=  r    F{ar+cOda.  (18) 

Then  S  =  f    a^F"{ar+ct)da,  where  i^'=  ^,  if  y=aK+cL     Hence, 
from  (12),  we  have 


Again,  if  2?  is  even  and  equal  to  2n+2,  we  have 

<f>=\   \fr(rco6W+ct)Bin^''wdw,  (15) 

Jo 

and,  if  ^  =  1   ^^'^  ^^^  to+ct)  dw,  (16) 

Jo 
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we  have,  as  before,  <p  =  ( ^  ~  ^=^1    T' •  (^'^) 


When  the  time  occurs  as  a  factor  e^,  these  expressions  reduce  to  the 
known  solutions  of  -o  ^  i   ^_, 

sm  7"  u 

In  (14),  C7  becomes ,  and  5-5  =  1 ;  thus  we  have 


0  =  (1+  ^y  ^  =  const.  r-(»^i>  Jn+i(r).  (19) 


Similarly,  from  (17),  we  have 


0  =  ^1  +  ii^y  Jo  (r)  =  const,  r-  Vn  (r).  (20) 


6.  Diverging  Waves  in  Two  and  Three  Dimensions. 

In  all  these  results  <f>  has  been  assumed  to  be  regular  at  the  origin, 
but  we  require  to  remove  this  limitation. 

The  general  expression  to  be  substituted  in  (13)  for  U  is,  of  course, 

^r^m-r)  ,  F(ct+r)  ^21) 

r  r 

Or  we  might  write  it  in  the  form  of  an  integral  to  compare  with  the  case 
of  two  dimensions  as 

i7  =  I /(c^+rcos«(j)sin w?d2^+i  F(c^+^costr) — t-r— sin7^?d?r.  (22) 
Jo  Jo  rsm^ 

The  corresponding  general  form  for  V  in  (16)  is  that  given  by  Poisson, 


V  =  I  f{ct-\-r  cos  (A)  do)+ 1   F(fit'\-r  cos  w)  log(r  sin^  w)  dco. 
Jo  Jo 


(23) 


These  integrals  can  easily  be  transformed  into  others  more  suitable  for 
our  purpose.     Thus  V  is  the  solution  of  the  equation 

Consider  a  function  of  the  form 

V  =  \f(ct-\-ar)  U(a)  da.  (25) 
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Substituting  in  the  differential  equation,  we  have 

i{r{a^-l)r+af}Uda  =  0. 

Now  we  choose  U  so  that 

Thus  W  =  aU,         W=  (a*-l)  U. 


Hence  TF  =  Va«- 1       and       U=  (a«- 1)  "*. 

Thus  V  =  \f(ct+ar)  -==  (26) 


is  a  solution  of  (24),  provided  that  Va^— l/'(c^+ar)  vanishes  at  the  two 
limits  of  the  path  considered. 

Taking  paths  along  the  real  axis  for  a  from  1  to  oo  and  from  —  1  to 
—  00 ,  and  changing  the  variable,  we  get  the  general  solution  as 

rroo 
/(ct—r cosh v)dv+\    F{ct+r cosh v)dv,  (27) 

Jo 

with  suitable  limitations  on  the  forms  of/  and  F,  involving  the  converg- 
ence of  the  integrals. 


6.  Diverging  Waves  in  p  Dimensions. 

Finally,  then,  we  obtain  the  general  expression  for  <p  which  satisfies 
the  differential  equation  (11)  and  represents  symmetrical  diverging  waves 
in  space  of  p  dimensions. 

In  three  dimensions  we  have 

0  =  r-'f{ct-r),  (28) 

and  in  space  of  an  odd  number  of  dimensions  (p  =  271+3) 

In  two  dimensions  we  have 

0  =  [  f(ct—r  cosh  v)  dv,  (30) 

Jo 

and  in  space  of  an  even  number  of  dimensions  (p  =  2n+2) 

0=]    {Tli^^}   /(y)^^»         y  =  c^— rcoshv.  (81) 
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7.  Strength  of  tJie  **  Source  '*  in  these  cases. 

(*\  . 
7^"^  -^j  in  the  different  cases  we  have  first, 

from  (29), 

Im  (r^^+^SsWs^  ^  const,  fict). 

Also,  from  (81), 
r=o  \  dr    / 

T       *2n+i  3  2n— 1   3   2/1—3        3    1     3  f*  /..  ^  u   \  ji 

=  hm  r^"^'  7^ -^ ...  7s :t-      f(ct—r  cosh  v)  at? 

r=o  or      r       or      r  or   r    cr  Jq 

3  f* 
=  const,  lim  r-^r-  I   /(c^— rcosh  lO  rfr  =  const. /(c^. 
r=o     arJo*^ 


8.  Discussion  of  the  Forms  for  0. 

Returning  now  to  the  general  equation,  putting  c  equal  to  unity  for 
convenience,  ^mj,       ^,  ^Na,        :\a. 

It  has  been  pointed  out  before*  that  for  solutions  symmetrical  round  the 
origin  the  case  of  p  =  8  is  somewhat  unique  in  that  it  is  the  only  case  in 
which  there  is  a  solution  of  the  form 

0  =  ^(r)/(^±r).  (88) 

Duhem  argues  from  this  that  it  is  only  in  three  dimensions  that  solutions 
of  (82)  are  possible  in  the  form  of  surface  integrals  of  the  Kirchhoff  and 
Poisson  types ;  from  another  point  of  view  Lamb  considers  that  the  cases 
^  =  1,  2,  8  form  a  sequence,  with  a  regular  gradation  of  properties  due  to 
the  increasing  mobility  of  the  medium.  However,  from  the  preceding 
results  we  see  that  the  real  distinction  lies  between  the  cases  in  which  p 


*  Duhem,  Sydrodynamique,  t.  n.,  p.  138  ;  Volterra,  Acta  Mathematiea,  Vol.  xvni.,  p.  220  ; 
Lamb,  Proe,  London  Math.  Soc,^  Vol.  xxxv.,  p.  141. 
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is  odd  and  those  in  which  p  is  even,  the  comparative  simplicity  of  the 
former  being  also  expressed  in  the  fact  that  for  harmonic  variation  with 
the  time  the  solutions  are  expressible  in  terms  of  Bessel  functions  of  half 
an  odd  integer.     From  (29)  we  see  that  for  p  odd  there  is  a  solution  given 

^y  0  =  V-i(r)/i  {t+r)+yjr^  (r)f^(t+r)  +similar  terms.  (34) 

However,  the  case  of  ^  =  3  is  distinguished  by  being  the  only  case  in 
which,  if  we  regard  0  as  propagated  from  a  point  source,  it  is  propagated 
without  change  of  type. 

9.  Extension  of  Kirchhoff  Solution. 

We  may  now  consider  directly  the  question  of  solutions  of  the 
Kirchhoflf  form  in  the  general  case. 

Let  0  and  <f>Q  be  functions  of  Xi^  x^^  ...,  Xp,  t  satisfying  equation  (32) 
and  regular  within  a  domain  V  in  p  dimensions  whose  frontier  is  denoted 
by  S.     Then,  extending  Green's  theorem,  we  have 


First,  let  j9  be  odd  and  equal  to  2;i+3,  and  take 

where  r"  =  (aj,-a!?)«+(iC2-icS)'+...  +  (^p-ir^'. 

Then,  cutting  out  the  point  (arj,  x%  ...,  a;p  in  the  usual  way  by  a  hyper- 
spherical  surface  of  small  radius,  we  obtain 

(87) 
where  A  =  2iri'T{p-l)IT(^). 

Now  denoting  the  operator  tt-j  —  k3  by  D,  we  have 
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Hence 

Now  we  multiply  each  term  of  this  equation  by  dt  and  integrate  with 
respect  to  t  between  the  limits  —  x  and  +  oo .  Then,  if  the  function  f{t) 
is  taken  so  as  to  vanish  at  the  limits,  and  if  0  is  also  subject  to  this 
limitation,  the  right-hand  side  of  (39)  gives  zero  to  the  result ;  also  the 
terms  of  the  second  member  on  the  left  can  easily  be  seen  to  be  transform- 
able into  corresponding  terms  with  the  functions  /  and  fj>  interchanged, 
but  with  y  now  equal  to  ^— r  instead  of  ^+r. 
Thus  we  have 

r  /(o<i([^*(i!,  ...,i;,  o+(  JB"i  5|M_D.^(j)^' 

+1^18^  11^]  =  0.(40, 

Now  the  function  f(t)  is  arbitrary ;   hence  we  infer  that  the  factor  under 
the  integral  sign  is  always  zero ;  and,  writing 

^_|,3«i3  A  =  ^^  (41) 

dv       i=i  ov  oxi*        &v        cv  or* 

this  can  be  put  in  the  form 

where  y  =  t—r. 

Secondly,  let  p  be  even  and  equal  to  2n+2  ;  then  we  take 

r/3^     92\« 

And  by  a  similar  transformation  we  find  in  this  case 

sL^  Jo  W ~ 3^/  ^^** '""'  ^^^^ 

where  j^  =  <— roosh*. 

m.  2.    VOL.  2.    MO.  859.  K 
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10.  More  general  view  of  the  Kirchhoff-Poisson  Solutions. 

Before  discussing  these  results  we  shall  obtain  them  by  a  more  genera] 
method,  which  is  also  capable  of  giving  solutions  of  the  Poisson  type. 

Consider  the  equation 

We  require  to  find  a  solution  ^  finite  and  continuous  in  a  certain  domain, 
and  taking  given  values  over  a  given  frontier. 

Let  00  b^  ^  solution  of  (44)  finite  and  continuous  along  with  its 
derivatives  of  the  first  two  orders  in  a  domain  in  p -1-1  dimensions,  whose 
frontier  is  denoted  by  a>p+i ;  then,  writing 

£   SU  dxi_dU  dt  _  ^^^  (^gj 

we  have,  by  an  extension  of  Green's  theorem,* 


(46) 


Let   (xj,  ...,  ajp,  tP)  be  the  coordinates  of  a  point  in    space  oi  p+1 
dimensions  ;  and  let 

u  =  {to--t)lr. 

A  function  <f>Q  satisfying  the  conditions  in  the  region  for  which  w  >  1  is 
given  by  P,, 

00=  I  {u^^l)^(p-^^du.  (47) 

Of  this  region  consider  the  part  bounded  by  the  frontier  Wp+i  made  up  of 
the  following  parts : — 

(i.)  The  cone  C  given  by  t^  =  1  =  {tQ—t)lr. 

(ii.)  The  cylinder  R    given   by  r  =  e,  where   e  is    to   decrease 
indefinitely. 

(iii.)  The  surfacfe  Q  on  which  the  function  0  and  its  derivatives 
are  supposed  known. 

•  Coulon,  Proc.-Vei'd,,  Bordeaux,  1898-99,  p.  86. 
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Now,  if  we  take  Q  to  be  a  general  surface  in  ^^ + 1  dimensions,  we  shall 
obtain  </>  in  the  form  of  a  combination  of  solutions  of  the  Eirchhoff  and 
Poisson  types ;  but  to  separate  the  two  types  we  first  suppose  Q  to  be  a 
cylindrical  surface  with  its  generators  parallel  to  the  axis  of  t  Thus  on 
Q  we  have 

-^  ^  0      and      du>p+i  =  dSdtf 

where  dS  =  element  of  surface  of  a  section  of  Q  by  a  plane  t  =  constant. 
For  convenience  the  figure  is  drawn  for  the  case  p  =  2. 


tt-i 


Pig.  1. 


Then  (46)  becomes 


JQ+R+C 


(48) 


It  can  soon  be  verified  that  the  integral  over  the  cone  vanishes,  and  that 
over  the  cylinder  B  it  becomes  in  the  limit 


-A  {"  it,- 


,_J   .  /_0  _o 


ty-'<i>(.xi x;,t)dt, 


K    2 
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where  A  is  the  surface  of  the  hyper-sphere  of  unit  radius  in  p  dimensioDs. 
Thus  we  obtain,  from  (48) , 

A  J"*  ito-tf'' <t>{xl  ...,  xl,  Odt  =  JrfSp^  (^Ij  "^^)  ^*'  ^^^^ 

Now,  if  we  differentiate  this  equation  p— 1  times  with  regard  to  ^o»  we  get 

on  the  left-hand  side — supposing  0  to  vanish  for  infinitely  large  negative 

values  of  t —  «  n    ^ 

^A{p^2)\4>ix',,„.,xl,if).  (50) 

Also  the  expressions  on  the  right-hand  side  can  be  reduced  by  the  aid  of 
the  following  results. 

Using  the  definition  of  ^o  given  in  (47),  we  find 

provided  that  y/r  vanishes  for  ^  =  —  oo ,  and  also  that 

(i.)  if  p  be  odd,  then  s^i (i>— 1) ; 

(ii.)  if  p  be  even,  s^^p; 

and  in  both  cases 


miy^Hzr^t^' 


Hence,  from  the  right-hand  side  of  (49),  we  get 

+iii(^r-;"'""^(^')]<"' 

Writing  t  =  ^q— rcosh  v,  and  using  our  previous  notation,  we  find  that 
the  first  part  of  (61)  becomes 

-[dSJ^  r  </>^-'Hxl  ...,  :c^,  fi^rcoshv)smhP-U^dv, 
and  the  second  part  of  (51)  is 

[ds£  r  </>^"'Hxl  ...,  xl  ^-r  cosh  v)Bmh^-'vdv. 
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Hence  we  have,  finally, 

=  f  dS  ( J  -  ^)  r^^p-^)  (j.J^  ^^^^^l^fp^j. cosh  „)  gijjhP-2  V dv.    (62) 

When  p  is  odd  the  integral  with  respect  to  v  can  be  evaluated,  and  in  fact 
we  find  that  for  the  two  cases — p  odd  and  p  even — this  can  be  put  into  two 
forms  (42)  and  (43)  given  previously. 


11.  Discussion  of  the  Results. 

Returning  to  these  expressions,  we  notice  at  once  the  similarity  of  the 
results  to  the  ordinary  form  in  three  dimensions  :  if  we  rej^ard  the  value 
of  <p  due  to  a  simple  source,  varying  with  the  time  according  to  the 
function /(^),  as  given  by  the  expressions  in  (29)  and  (31),  we  see  that  we 
may  consider  the  general  form  of  ^  at  a  point  as  due  to  a  distribution  of 
simple  and  double  sources  over  the  given  frontier.  On  the  other  hand, 
the  diflference  between  (42)  and  (43)  is  marked.  For  when  p  is  odd  we 
require  to  know  the  values  over  the  frontier  S  at  a  particular  time  for 
each  point  of  S,  namely  the  time  tQ—r;  but  whenjp  is  even  we  require  to 
know  these  values  not  only  at  the  time  ^o~^»  ^^^  ^^r  all  time  previous 
to  this.* 

12.  Extension  of  the  Poisson  Solution, 

We  shall  find  the  difference  expressed  in  another  way  if  we  proceed  to 
obtain  solutions  of  the  Poisson  type.  For  this  purpose  we  return  to  the 
integral  given  in  (46),  and  now  suppose  Q  to  be  the  plane  ^  =  0.  The 
figure  (Fig.  2)  is  drawn  for  two  dimensions  ;  then  il  is  the  plane  of  x,  y. 

As  before,  the  integral  over  the  cone  vanishes ;  and  the  integral  over 

the  cylinder  is  the  same  as  before,  but  with  different  limits  for  t ;  in  fact 

it  is  p^^ 

A  \ "  (^0—  ^)^'"'"  i>  (^u  . . . ,  4»  ^)  ^^-  (68) 

Jo 

Now  Q  is  the  part  of  the  plane  ^  =  0  which  is  cut  out  by  the  cone  it  =  1  ; 
that  is,  it  is  a  hyper-sphere  of  radius  tQ  in  space  of  p  dimensions.     Also 


*  Cf.  Volterra,  Jtend.  B,  Ae.  Lineei^  Ser.  5,  Vol.  i.,  p.  161 ;  Hadamard,  Bulletin  ds  la  See, 
Math.,T.  xxTin.,  p.  69. 
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over  Q  we  have 
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dt 


=  -1, 


3xi  _ 


Tv 


=  0,         i  =  1,  2,  ...,p. 
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Fig.  2. 


Hence,  from  (46)  and  (46),  we  see  that  the  integral  over  il  is 


-\{*'^-*^)^- 


Thus  we  have 


A  ^(^0-0"-'  0(«b  ...,  xl  t)dt  =  (   (^|&  -.^^)  dfi,         (54) 

where  in  the  second  integral  t  is  put  equal  to  zero  after  differentiating, 
and  the  integration  extends  throughout  the  hyper-sphere  of  radius  t^. 

Remembering  the  definition  of  ^q,  and  denoting  by  ^i  and  <f>i  the 
values  of  ^  and  ^  when  ^  =  0,  (64)  becomes 

A  \\tQ—(f'-^i>{xu  ...,  xl,  t)dt 
Jo 

=  j  dQ  [^  (tt*-l)i<^-«>0i+^i  r(t^^-l)*<^-»>dJ,  (55) 


where 


u  =  t^lr. 


Further,  A  is  the  surface  of  the  hyper-sphere  of  unit  radius ;  then 

dn  =  r^-^dAdr, 
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Let  <Ih(t)  and  (fnir)  denote  the  mean  values  of  ^i  and  in  taken  over  the 
hyper-spherical  surface  of  radius  r ;  then  (55)  may  be  written 


I   {t^-tf^ i>(x\,  ...,  a;p,  t)dt 
Jo 


=  ^  r^'^dr\^{u'-\)^^''^^  il>i{r)+^^^^^ 


(56) 


Now,  if  we  differentiate  this  equation  p—1  times  with  respect  to  t^,  we 
get  on  the  left-hand  side 

(l)-2)!0(x;,  ...,  xj,  ^,    •  (57) 

and,  applying  the  operator  to  the  right-hand    side,   the  result  may  be 
written 

^^,^{i?-r^^^''''^r-^(x)dr+^  (58) 

or,  if  we  put  F^^^^ (^^f^*<^-»> r ^{x)dr. 


and  /  =  similar  quaniily  with  0i  (r)  instead  of  0i  (r),  we  have 

{p-^)\  i>{xu  ....  xl  iP)  =  F+^, 


dt. 


(59) 


18.  Comparison  of  different  Cases  of  the  Extended  Poisson  Form, 

The  results  given  in  (58)  or  (59)  are  solutions  of  the  required  Poisson 
type.     We  get  the  ordinary  form  by  taking  ^  =  3 ;  then 


-P*  =  g^  £*  r  i>i{r)dr  =  t^ <f>i{t^. 


Hence  <p{xi,  xl,  xl,  f)  =  to  ^(g+  ^  j  t^  ^dt^  \ .  (60) 


In  two  dimensions  we  have 


p_  f*°r^(r)dr 
Jo  Ve^^  ' 
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which  is  the  Poisson-Parseval  solution  for  this  case.* 

These  two  cases  are  typical,  as  before,  of  the  two  classes — p  odd  and 
p  even.  It  can  be  verified  that  in  the  former  case  F  always  reduces  to  a 
sum  of  expressions  from  which  the  integral  with  respect  to  r  has  dis- 
appeared ;  so  that  the  values  of  the  quantities  are  only  required  to  be 
known  on  the  frontier  r  =  t^.  On  the  other  hand,  for  p  even,  the  initial 
values  have  to  be  known  throughout  the  hyper-sphere  r  =  t^. 

The  application  of  the  formula  (60) — say  to  sound  waves  in  three 
dimensions — is  well  known.  Suppose  the  initial  disturbance  is  confined 
to  a  limited  region  T,  and  let  r^,  r^  be  the  radii  of  the  least  and  greatest 
spheres  described  about  an  external  point  0,  so  as  just  to  cut  T.  Then 
^  at  0  is  zero  for  any  time  t  <  r^,  and  is  also  zero  for  any  time  t  >  r^. 

Now  apply  the  result  (61)  to  the  similar  problem  in  two  dimensions. 
If  i\  be  the  radius  of  the  least  circle  to  cut  T,  we  see  that  ^  at  0  is  zero 
for  any  time  t  <  r^.  But,  from  the  fact  that  the  integrals  are  taken  over 
the  area  of  the  circle  r  =  ^  we  see  that  in  general,  at  any  time  t  >  ri, 
0  is  not  zero,  but  only  falls  asymptotically  to  zero.  This  seems  to  be  the 
simplest  way  of  showing  the  existence  of  the  *'  tail "  in  the  case  of 
cylindrical  waves. 


14.  The  Residual  Integral. 

The  results  we  have  obtained  can  be  expressed  in  another  way  by 
means  of  what  has  been  called  the  residual  integral  of  partial  di£ferential 
equations,  t 

Consider  the  simplest  equation  in  two  independent  variables  with  real 
characteristics ;  that  is,  the  case  of  jp  =  1, 


which  can  be  reduced  to 


duhv  ~ 


Suppose  the  values  of  ^  and  its  first  derivatives  are  given  on  an  arc  AB  ; 
then  0  is  defined  in  the  region  ABC  formed  by  -4i3  and  parallels  through 

♦  Cf.  Rayleigh,  Theory  of  Sound,  Vol.  n.,  p.  103. 
t  Hadamaid,  loe,  eit. 
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A  and  B  to  the  axes  of  u  and  v  respectively. 

On  AB  let  there  be  two  points  a,  jS,  such  that 

on  A  a  and  BjB  the  given  values  of  <p  and  its 

derivatives  are  zero ;    but  on  afi    let    these 

values  be  arbitrarily  given,  with  the  condition 

of  being  zero  at  a  and  /3  in  order  to  preserve 

continuity.     Then   the    area    ABC    can    be 

divided   as    shown    in  the  figure   into  three 

kinds  of  regions ;  it  is  the  value  of  </>  at  any 

point  0  in  the  region  numbered  3  which  is  j^^  3, 

defined  as  the  residual  integral.     In  this  case 

it  is  easily  seen  to  be  a  constant. 

Now  suppose  that  we  are  representing  wave-motions — say  sound  waves 
in  an  unlimited  medium — by  the  equations  we  have  used ;  then,  if  the 
initial  disturbance  be  confined  to  a  limited  region,  we  see  that  the  medium 
at  any  point  will  come  to  rest  after  the  passage  of  the  disturbance  across 
it,  if  the  residual  integral  is  in  general  a  constant — which  may  in 
particular  be  zero. 

Hence  we  may  infer  that  in  the  general  equation 


rt- 


the  residual  integral  is  constant  if  jp  be  odd,  but  is  not  so  if  jp  be  even. 
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NOTE  ON  A  SYSTEM  OP  LINEAR  CONGRUENCES 

By   J.   CULLBN. 
[BeoeiTed  April  7th,  l904.-.Read  April  14th,  1904.] 

Gauss  {Werke,  Vol.  n.,  pp.  507-509)  has  given  a  table  from  which 
the  linear  forms  of  J?  in  the  equation 

are  easily  obtained.  In  a  previous  communication*  the  writer  has  given  a 
general  process  for  solving  any  linear  system.  When,  however,  H  is 
ambiguous  in  sign  the  work  in  applying  this  process  can  be  considerably 
reduced.     The  object  of  the  present  note  is  to  explain  this  briefly. 

[The  results  in  the  present  paper  are  numbered  with  accented  figures, 
thus :  1',  2',  &c.  References  with  unaccented  figures  (as  1,  2,  &c.)  relate 
to  the  numbered  results  in  the  original  paper.] 

1.  In  the  system  §  2  of  the  original  paper  it  is  clear  that  the  solution 
arising  out  of  the  selection  of  one  residue  in  each  row  is  quite  independent 
of  the  value  of  any  of  the  other  residues. 

Thus,  for  instance,  in 

H  =  ai  (mod  P)  =  )8,  (mod  Q)  =  p\  (mod  jp'), 

H  in  no  way  depends  on  the  other  residues. 
Hence  we  may  introduce 

oo  =  0  (mod  P),        iSo  =  0  (mod  g), 

providttd  (ij  the  redundant  cases  are  subsequently  excluded,  (ii.)  the  actual 
cases  in  which  0  ocenrB  are  retained. 

Since  the  symbol  k  in  the  set  row  of  each  c(trip  refers  to  the  case  a«, 
and  Tj  in  the  arrangement  row  of  each  strip  to  the  case  jS^,  the  case 
oq  is  excluded  or  retained,  according  as  the  symbol  0  is  not  written  or  is 
written  in  the  set  rows.  In  like  manner,  I3q  is  excluded  by  not  using  the 
arrangement  in  which  0  occurs  in  the  arrangement  rows,  though  0  is 
always  written  in  the  initial  division  of  the  arrangement  row  of  each  strip. 

2.  The  effect  of  introducing  0  in  each  row  of  the  given  system,  where 
it  is  wanting,  is  that 

(i.)  The  preliminary  work  is  much  simplified,  for  oq  =  0,  /Sq  =  0 
now  take  the  place  of  a^,  fii  in  the  determination  of  the  X's  and  the 
r's  in  p.  825  ; 

•  Firoe.  London  Math.  Soe.i  Vol.  zxxiv.,  pp.  323-334. 
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(ii.)  The  equation  (10)  becomes  simply 

H  =  xPQ+r^^o+ro,Kf        since        ro,o  =  0; 

(iii.)  The  headings  of  the  columns  of  the  elements  table,  p.  888, 

become  ro,Of  ^0,1,  ^0,2,  ...,  n,o,  ^2.0.  ^8,0,  ...i  with  0  throughout  the 

first  column ;  and  hence,  because  0  is  written  in  the  initial  division 

of  the  arrangement  rows,  this  division  is  now  always  placed  under 

the  0  in  each  line  of  the  base  sheet  when  finding  the  arrangement 

numbers,  instead  of  different  numbers  for  different  strips,  as  given 

by  Rule  III. 

In  short,  we  proceed  exactly  as  in  the  paper,  with  this  difference : 

that  the  subscript  0  is  substituted  for  1  in  the  preliminary  work  and 

elements  table,  and  the  question  of  the  retention  or  rejection  of  oq,  ^q  (it 

rarely  happens  that  these  are  to  be  retained)  is  to  be  considered. 

8.  The  remarks  of  the  foregoing  paragraphs  apply  to  any  linear 
system  whatever.  In  what  follows  we  consider  a  linear  system  in  which 
there  exists  an  ambiguity  in  sign  for  every  residue,  as  is  always  the  case 
in  H  where  aH^±b(P  =  N. 

The  same  ambiguity  arises  also  in  the  residues  obtained  by  combining 
different  moduli.     In  fact,  we  always  have 

a{±H)^±b(±G)^  =  N. 

4.  In  a  system  of  the  given  type, 

H=±ai,     ±a^,    ±...,  ±a«  (modP)  (10 

=  ±A,    iiSa,    ±...,  ±i8n(modg)  (20 

=  ±Pv    ±/02»    ±...,  ±pf  (modp') 

•••       •••       •••       •••        ••• 

=  ±pt\  ±pt\  ±--  ±P^:Umodp^^>), 

we  are  merely  concerned  with  the  congruences  (10  and  (20.  As  to  the 
others,  we  need  only  supply  0  where  it  is  absent,  and  proceed  as  in  the 
original  paper  (pp.  328-334),  dotting  only  the  given  0*s. 

If  we  make  all  the  residues  in  (10  positive,  and  arrange  them  according 
to  the  order  of  magnitude,  we  have,  on  taking  oi,  the  smallest,  and  a2m> 
the  greatest,        ^  =  ^^^  ^^     ^  ^^  ^^^^^     ^  ^^  ^^^^  pj 

Now,  call  Ov)  cL^'  complementary  residues  where 

a^+a^=^  P.  (80 

We  then  have  also  w+w' =  l+2m.  (40 
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5.  It  is  now  easy  to  show  that  r^^o,  r^',o  are  complementary  with 
respect  to  the  modulus  PQ  if  w+w'  =  2m+l.  For,  by  (3),  (5),  (7), 
p.  824,  we  have 

r^r.o  =  PXir.o+a^  =  uPa^+cL^  (mod  PQ)  =  Qva^  (mod  PQ), 

Also  r-,^,0  =  Q^Qtr'  (mod  PQ). 

Therefore,  by  (3'),  r^,o+^m'.o  =  0;  so  that,  taking  r^^o,  ^^.o  as  least 
positive  residues,  then  ^    ^_|_^  ,  ^  — .  pg  ^gfj 

In  a  precisely  similar  manner  we  find  that,  if  k+k'  =  2n+l,  then 

ro..+ro,.=  Pg.  (6') 

6.  From  (5')  and  (6')  it  follows  that,  having  found  r^,o  and  ro,  „  it  is 
not  necessary  to  apply  the  congruences,  p.  325,  to  find  r^',o  and  r©, «', 
Tsr'  ranging  from  m-\-l  to  2;^,  and  ic'  from  n-\-l  to  2n.  A  similar  remark 
applies  to  0^-,  o  and  6^o,  *-  in  the  elements  table  for  every  row  (1  to  a),  since 
we  have  for  any  prime  p^''\  by  (5')  and  (6'), 

e^^J.o  =  <<^>-0t%  (°»od  jp(^>),      eS:V  =  ^'^-^!.  (mod  i,(^)). 

It  is  not  even  necessary  to  complete  the  elements  table  in  this  manner  ; 
for  all  we  really  require  are  the  residues  (6)  and  {t)  for  the  columns  under 
^0,0,  ''0,1,  ...,  ro^n  ;   ^1,0,  ^2,0,  ...,  ^«,o,  PQ*     This  is  easily  seen,  as  follows. 

7.  To  find  the  arrangement  numbers  for  the  strip  p',  say,  write  0  in 
the  initial  division  and  place  this  division  under  the  0  of  the  p'  line  of  the 
base  sheet,  writing  1,  2,  ...,  m  under  the  ^"s  that  equal  ff^Q,  0^q,  ...,  ff^^, 
and  m+1,  w+2,  ...,  2m  under  the  ^"s  that  equal  (^'— ^«,o),  (^'— ^«-i,o)> 
...,  (^'— ^i,o)  respectively.  This  is  nothing  more  than  writing  the  corre- 
sponding subscripts  of  the  complementary  residues.     [Cf.  (6').] 

It  will  be  noticed  that  w  and  tsr'  are  equally  distant  from  the  centre  of 
the  strip;  in  fact,  since  0^q  =  xV  and  0!^,  q  =  x^Vy  we  have,  by  (5'), 

xt'\rx*f  =  V  (mod^')         or         X'\rx^  =  1  (mod  p') ; 

so  that  x+x'  =  l+p'  if  a;>0<p',  a;'>0<j!>',  x  and  x'  being  the 
numbers  in  the  base  line  over  ff„  »,  ff„,  q. 

[Ex.  gr. — In  the  base  sheet  facing  p.  334,  for  ^  =  17  say,  and 
d^^Q  =15,  then  d^,o  =11  — 15  =  13,  the  numbers  in  the  base  line  over 
16  and  13  are  aj  =  6,  x'  =  12,  and  6+12  =  1  +  17.  Similarly  for  other 
cases.] 

This  serves  as  a  useful  check  in  writing  down  the  arrangement 
numbers. 

8.  Having  seen  that  the  number  of  columns  of  the  elements  table 
giving   the   arrangement   numbers   may   consist  simply  of   m   columns, 
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instead  of  2m,  we  can  now  show  by  (6')  that  a  similar  result  holds  for 
the  columns  giving  the  set  numbers,  viz.,  that  we  need  only  n  instead 
of  2n  columns*  (since  r©,  o  =  0). 
For  suppose  that  a  solution  is 

we  can,  by  searching  to  the  left  of  the  0  of  the  base  line,  make  x  negative, 
and  hence,  if  a;  =  —  j/  (2/  >  0),  then 

H  =  -iyPQ-r^^o-ro,.')  =  -  {(i/--2)PQ+r^,o+ro.  J  ; 
and,  as  H  is  itself  ambiguous  in  sign,  there  must  also  be  the  positive 
solution  H  =  (y-2)Pg+r^,o+ro,.. 

In  other  words,  since  x  and  y  are  numerically  equal,  we  have  the  result 
that,  if  ic'  appears  throughout  the  strips  in  the  arrangement  tsr'  under  x 
on  the  left  of  the  0  of  the  base  line  (thus :  . . .,  5,  4,  3,  2, 1, 0, 1,  2,  3, 4,  5, . . .), 
then  K  appears  throughout  in  the  arrangement  zsf  under  a;— 2  on  the  right 
of  the  base  linens  0,  where 

tsr+isr'  =  2m+l,         k+k'  =  2n+l. 

As  these  solutions  are  numerically  equal  (in  fact,  complementary  with 
respect  to  the  modulus  that  is  the  product  of  all  the  moduli),  we  may 
obviously  exclude  one,  which  is  done  at  once  by  excluding  the  set  numbers 
k'  that  range  from  n+1  to  2n. 

9.  In  brief,  therefore,  in  the  linear  system  arising  from  the  equation 

we  may  neglect  all  ambiguity  in  sign  in  the  a's  and  jd's  (so  that  no  two 
complements  ever  occur  in  the  system),  and  proceed  as  in  the  original 
paper,  with  the  addition  of  reading  to  the  left,  and,  if  k  appears  throughout 
the  arrangement  77  under  x  on  the  left,  then  the  solution  is 

H  =  -xPQ+r„,o+ro... 

10.  The  case  JV  =  fl'^— G^  where  JV  is  a  factor  of  a*±l,  requires 
special  treatment,  since  it  is  known  that  every  factor  of  a*  ±  1  is  of  the 
form  Bz+1.  It  is  further  known  that,  generally,  H  =  s^L  +  M ;  hence 
we  have  a  row  ^^  „^^  ^^  ^^^  ..^^  ^  (n^oa  ^P), 

in  which  none  of  the  a's  are  complementary.  It  is,  however,  easy  to 
see  that  all  that  is  required  is  to  proceed  in  the  manner  explained  above 
in  searching  to  the  right  of  the  0  of  the  base  line,  but  in  searching  to 
the  left  we  take  the  complementary  arrangements  and  deal  only  with  these. 

*  A  considerable  saving  in  the  labonr  of  drawing  up  the  strips.  It  also  extends  the  soope 
of  the  prooess. 
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AN   EXTENSION   OF   SYLOW'S   THEOREM 

By  6.  A.  Miller. 

[Reoeived  April  7th,  1904.— Read  April  14th,  1904.] 

Frobbniub  extended  Sylow's  theorem  by  proving  that  every  group  (G) 
whose  order  (g)  is  divisible  by  2>*»  p  being  any  prime  number,  contains 
1+kp  sub-groups  of  order  ^•.*  The  present  note  is  devoted  to  the 
theorem  that  the  number  of  cyclic  sub-groups  of  order  jp*  (a  >  1,  jp  >  2) 
in  G  is  always  of  the  form  Jcp  whenever  the  Sylow  sub-groups  t  of  order  p^ 
in  G  are  non-cyclic.  In  particular,  every  non-cyclic  group  of  order  p^ 
contains  just  Ip  cyclic  sub-groups  of  order  p%  and  hence  the  number  of 
its  non-cyclic  sub-groups  of  this  order  is  of  the  form  l+ip.  We  shall 
first  prove  this  particular  case ;  that  is,  we  shall  first  assume  that 
g  =  p'^. 

When  G  is  Abelian  the  number  of  its  operators  of  order  p*  is 

where  m^B  (/8  =  1,  2,  ...,  a)  is  the  number  of  the  invariants  of  G  which 
^  p^.l  The  number  of  the  cyclic  sub-groups  of  order  p*  is  the  quotient 
obtained  by  dividing  the  number  of  the  operators  of  this  order  by 
p«— p«-i.  As  mi+ma+...4-m«_i  >  a— 1,§  it  follows  that  the  given 
theorem  is  true  for  any  Abelian  group  of  order  jp**.  In  the  next  three 
paragraphs  it  is  assumed  that  G  is  a  non-Abelian  group  of  order  p^, 
p>  2. 

Since  the  number  of  the  non-invariant  cyclic  sub-groups  of  order  jp* 
in  G  is  a  multiple  of  p,  it  remains  only  to  show  that  the  number  of  its 
invariant  cyclic  sub-groups  of  this  order  is  also  a  multiple  of  p.  Let  P« 
be  such  an  invariant  sub-group.  It  is  contained  in  some  invariant  sub- 
group of  each  of  the  orders  i?*"*^', 2)*'*^^  ...,^"*.  Hence  we  may  assume 
that  there  is  an  invariant  non-cyclic  sub-group  of  order  p'"*^^,  y  >  0, 
which  includes  an  operator  of  order  p'^'^^"^  which  generates  P..     As  this 

*  Frobenius,  Berliner  Sitzungtberichte,  1895,  p.  984. 

t  Bulletin  of  the  American  Mathematieal  Society,  Vol.  ix.,  1903,  p.  543. 

{  Cf.  Netto,  Vorleeungen  uber  Algebra,  Vol.  ii.,  1900,  p.  247. 

}  It  will  always  aaeamed  that  G  is  non-OTolio.    When  0  is  cyclic 

BlllOe    tA0  »    1. 
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non-cyclic   group   contains  just  p  cyclic  sub-groups  of  order  2?*,*  being 
conformal  with  the  Abelian  group  of  type  (a+y— 1,  1),  G  must  contain 
at  least  p  cyclic  invariant  sub-groups  of  order  2>*  whenever  it  contains    ^ 
one  such  sub-group.     These p  sub-groups  generate  a  group  (H^  oi^p"^^^. 

If  G  contains  another  invariant  cyclic  sub-group  P^  of  order  p*,  it 
must  contain  another  invariant  sub-group  (flj)  0'  order  p*^^^  which  involves 
just  p  such  invariant  cyclic  sub-groups.  If  none  of  these  is  contained 
in  Hi,  we  have  found  just  2p  cyclic  invariant  sub-groups  of  order  ^•.  If 
one  of  them  is  in  H^,  the  2p— 1  distinct  cyclic  invariant  sub-groups 
which  are  found  in  Hi  and  H^  have  just  p*"^  common  operators.  We 
proceed  to  show  that  the  group  generated  by  Hi  and  J?2f  i-^i>  -^2}»  is 
conformal  with  an  Abelian  group  whenever  Hi  and  H^  have  a  common 
cyclic  group  of  order  p"^. 

The  commutator  sub-group  of  {Hi,  H^]  is  clearly  the  sub-group  of 
order  p  contained  in  P.,  since  a  generator  of  P^  transforms  each  one  of  a 
set  of  generators  of  Hi  into  itself  multiplied  by  an  operator  of  this  sub- 
group of  order  p.  Moreover,  if  an  operator  (sij  transforms  an  operator  s^ 
into  itself  multiplied  by  an  operator  of  order  p,  which  is  commutative  with 
$1  and  5j,  then  (s25iF  =  ^s?.t  Hence  {Hi,  H^]  is  conformal  with  the 
Abelian  group  of  type  (a,  1,  1).  This  process  can  be  continued  until  the 
cyclic  invariant  sub-groups  of  order  p*  which  have  ^*"^  operators  in 
common  with  P.  are  exhausted.  All  of  these  generate  a  group  which  is 
conformal  with  an  Abelian  group  of  type  (a,  1,  1,  ...)•  As  all  the  in- 
variant cyclic  sub-groups  of  order  p*  can  be  divided  into  one  or  more 
sets,  it  is  proved  that  every  non-cyclic  group  of  order  p^  contains  Ip  cyclic 
sub-groups  of  order  p*,  jp  >  2,  a  >  1 .  t 

That  the  theorem  is  also  true  when  g  is  not  a  power  of  a  prime  follows 
directly  from  the  fact  that  every  Sylow  sub-group  of  order  jp*  transforms 
any  sub-group  of  order  ^*  which  is  found  in  G,  but  not  in  the  Sylow 
sub-group,  into  p'^  conjugates.  '  Hence  the  number  of  sub-groups  of  any 
particular  type  which  are  found  in  G,  but  not  in  a  given  Sylow  sub-group, 
is  a  multiple  of  p.  It  is  clear  that  the  given  theorem  could  also  have 
been  stated  as  follows : — If  G  contains  a  non-cyclic  sub-group  of  order  p*, 
the  number:  of  its  non-cyclic  sub-groups  of  this  order  is  of  the  form  l+Arp. 

•  Bnnmide,  Theory  of  Oroup*  of  Finite  Order,  1897,  p.  76. 

t  ffnatfa  ej  Am  jimtriernkMotkematieal  Society,  Vol.  vn.,  1901,  p.  350. 

:(  It  is  easy  to  prove  that  all  the  operators  of  otderp^im0wkitk^  hftw  almoaip  ooajiigatM 
under  G  generate  a  characteristic  snb-gfroup  which  is  conformal  with  an  Abelian  group.  In 
paztionlar,  the  number  of  sub-gfroaps  of  order  p  is  of  the  form  1  +  p  +  ArpS.  Bauer  proved  that 
the  number  of  sub-groups  of  order  p'*'^  is  of  the  form  1  -f  p+i»^4  ..,  +  iP.  NouveUet  Annalee, 
Vol.  XIX.,  1900,  p.  508. 
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PERPETUANT   SYZYGIE8   OF   DEGREE   FOUR 

By  P.  W.  Wood. 

[Received  Maioh  29th,  1904.— Read  April  14th,  1904.— Reviaed  May  17th,  1904.] 

1. 

It  is  known  that* 

All  perpetuants  linear  in  the  coefficients  of  each  of  the  quantics 
^iS  ^2*'  *••>  ^«'»  where  n^,  n^,  ...,  ^a  are  all  infinite,  can  be  expressed 
linearly  in  terms  of 

(i.)  symbolical  products  of  the  form 

(OjOj)^*  (OaOg)^* ...  (aa_ia«)\ 

where    Xj  >  2*"-,  X2>2*"^  ...,  X«_i  ^  1,  and  the  sequence  of  the 
letters  Ox,  o^,  ...,  a^  is  fixed  beforehand;  and 

(ii.)  products  of  perpetuants  of  lower  degrees. 

In  a  previous  paper  +  I  have  proved  this  theorem  to  be  exact,  so  that 
the  type  forms  of  class  (i.)  are  actually  irreducible ;  and  this  fact  makes 
it  worth  while  to  search  for  the  syzygies  connecting  the  product  forms 
of  class  (ii.)  above. 

2. 

The   number  of   linearly  independent  perpetuants  of    weight  a>  and 

degree  S  is   \^         )  ;    the   number  of   types   of   class   (i.)  above  is, 

\    o  —  2    / 

since   each  symbolical   product   must  be  of   weight   (2^~^— 1)  at  least, 
(^'""       ~j;ifPis  the  number  of  distinct  product  forms  chosen  in 

accordance  with  some  definite  convention,  then  the  -  (^  ""  "~        ~   j  +Pr 

types  and  product  forms  are  equivalent  to  y'\         j  linearly  independent 


*  Ghraoe,  Ftoe,  London  Math,  Soe,,  Vol.  xxzv. 
t  Wood,  ibid.,  Vol.  1,  Ser.  2. 
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forms.  Hence  there  must  be  S  syzygies  between  these  types  and  pro- 
dncts  where  u+s-^-'-l\,j,     /u>+S-2\ 

^  =  [        s-2        )^^~\   S-2   )' 

80,  since  the  theorem  of  §  1  is  exact,  there  must  be  exactly 

syzygies  among  the  product  forms  alone. 

Here  we  have  defined  P  as  the  number  of  distinct  product  forms ;  if 
we  introduce  Q  other  distinct  product  forms,  then  we  have  to  find  Q 
further  syzygies ;  it  is  therefore  contrcu^^  to  our  purpose  to  introduce  any 
product  form  which  is  obviously  expressible  in  terms  of  those  already 
chosen ;  and  in  general  we  should  ensure  that  none  of  the  product  forms 
are  in  this  sense  redundant. 

8.  Syzygies  of  Degree  8. 
The  only  product  forms  of  weight  w  are 

(6c)",  (ca)",  (aft)". 
If  o)  >  1,  we  have     S  =  (co— 2)+8— (w+l)  =  0, 

and,  if  o)  =  1,  there  are  no  type  forms,  and  the  number  of  syzygies  is  1. 
Hence  there  are  no  syzygies  of  degree  3,  save  for  weight  unity,  for  which 
there  is  a  single  sy zygy      ( j^j  ^  (^^j  ^  (^ jj  =  0 

4.  Syzygies  of  Degree  4. 

Using  the  symbol  {aia2,,.ar}**  to  denote  a  covariant  of  weight  o)  in 
the  symbolical  letters  %,  Og,  ...,  ar,  the  products  of  degree  4  are  of  the 
following  classes: — 

ab]-{c}{d},   {(u:}- {b}  {d\ ,   {ad}-\b}{c}] 
bc}^{a}{d},  i6d[-|aHc[,   {cd}-^  {a}  {b} 

a}  {bed}" 
b]{a€d}' 


Degree  2  X  Degree  1 
X  Degree  1. 


,  .       ,       Degree  8  X  Degree  1. 
c}{abd}-        ^  ^ 

d}  {abc} 

ab}^  {cd}--\    X  =  1,  2,  ...,  o)— 1 

ac]^  {M}— \    \  =  1,  2,  ...,  o)— 1  [  Degree  2  X  Degree  2. 

ad}""  {bc\^''\    X  =  l,  2,  ..•,«-! 

WK.  2.    TOL.  2.    NO.  860. 
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Consider  the  products  {a}{6cd}**;  the  covariants  {bed]''  admit  of 
expression  in  a  number  of  ways  ;  in  the  present  paper  we  shall  write  any 
such  covariant  in  the  form  (fic)""^  (cd)^,  where  X  may  take  any  value  from 
1  to  ft)— 1.  In  permitting  X  to  take  the  value  o)— 1,  we  are  disregarding 
the  results  for  degree  8,  for  we  know  by  the  theorem  of  §  1  that  the 
covariant  (6c)  (cd)""^  is  expressible  in  terms  of  the  other  products  already 
included.  [Covariants  (cd)**-^(d6)^,  {db)**''^(bc)^  are  obviously  redundant.] 
Similarly,  in  writing  further 

|6[  jocdf}-  in  the  form  (cd)— ^ (e?a)^ \ 

{c}  |a6d["  in  the  form  (da)--^(a6)^  [,     X  =  1,  2,  ...,  o)— 1, 

jdflaic}-  in  the  form  (a6)— M6c)M 

we  are  including  four  forms  (6c)(cd)**"S  (cd)(rfa)**"\  {da){ab)'''\  (a6)(6c)'•"^ 
which  are,  by  the  theorem  of  §  1,  expressible  in  terms  of  other  product 
forms.  We  may  omit  these  forms  as  being  reducible,  and  the  only  effect 
will  be  to  remove  from  our  final  result  four  of  the  syzygies  ;  for  the  sake 
of  symmetry  the  four  forms  are  here  retained. 
The  product  forms  we  are  considering  are 

(air,     (acr,     (ad)-,     (6c)",     (id)",     (cd)**, 
(a6)— ^(6c)\     (oc)— MidDM 
(6c)--^(cd)\     (a6)"-Mcd)^ 


(cd)— ^(d^)\     (ad)^-^{bcy 
idar'-^{ab)\ 


-,     X  =  1,  2,  3,  ...,  ft)— 1. 


The  number  of  product  forms  is  therefore 

6+7(ft)-l)  =:7ft>-l; 
and  therefore  the  number  of  syzygies  between  them  is,  if  ft)  ^  5, 

(";')+'«-'-Ct')=i'- 

If  ft)  ^  4,  the  number  of  syzygies  is 

and  the  values  of  S  are  given  by 

ft)  =  1,  2,  3,  4  ;         S  =  3,  7,  10,  12    respectively. 

In  the  same  way,  in  the  general  case,  if  &)  <  2*"^—^,  then 


^--crr)]- 
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5. 


Put  a  =  (ab)Cxdx,  fi  =  (bc)dtax,  y  =  {cd)axbr,  S  =  {da)btCx;   so  that 
a+fi+y+S  =  0.     Then  the  product  forms  are 

<S-,         (a+j8)-,    (/8+y)-; 


a". 

i8-, 

)8-V, 

;3-v, 

y-'a, 

y-v, 

«-'/3, 

a-«/3«, 

a— M, 

a-»<?. 

i8-M, 

y8-*<?, 

y-'5. 

y-*<S». 

y 

V, 

a-- 

"iS-. 

a- 

-'<r. 

)8- 

-'.r, 

y- 

-'5'. 

....         iSy-'; 

ya— '; 

a)8->; 

a*--'; 

^i--'; 

y5— >; 

(a+/3)-iO+y),     (a+)8)-«08+y)« 

(a+/3)-'03+yr (a+/3)(/3+y)-i. 

We  require  thirteen  linear  relations  among  these  forms  by  virtue  of 

the  relation 

a-fi+y+S  =  0. 

Consider  first  those  forms  which  are  immediately  expressible  in  terms 
of  others :   we  have 


(a+/3)' 


a'-^S  =  -  (a'+a'-^^+a—^y), 
^-M  =  -  (/8-+/3-V+)8-'a), 
y-M  =  -  (y"+y-'a+y— »/3) ; 

'(fi+y)  =  /8(a+i8)-i+(-r-V(y+^-S 


(a+/3)08+y)->  =  'T'  (-T^)^-V+(-)->'T'  (''7^)«-*.J'; 

«J"  =  -(ai— i+)8i— i+y^-- ^). 

Therefore  the  forms  (a+fi)",  (/S+y)-,  (a+)8)— '(/3+y),  (a+)8)(/8+y)— S 
«i"~M,  j8""'5,  y~M,  ^  are  immediately  expressible  in  terms  of  the 
remaining  forms. 

L  2 
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Again,  if  w  ^  s,  we  have  two  farther  syzygies 

[S  (^)  (a+)8)-*08+y)*  =  (a+Zfi+y)"  =  (fi-Sr 

i  = 


=  I(-)'(:?)^-'^' 


If  £0  =  4,  only  one  of  these  syzygies  is  a  new  one  and  is  to  be  regarded 
as  expressing  (a+jS)*(/8+y)*  in  terms  of  the  remaining  forms;   if  w  <  4, 
there  are  no  syzygies  of  this  kind. 
Finally  we  have 

(a+cJ)-  =  (-)-(^+y)-,  (^+<y)-  =  (-)-(y+ar, 

(y+<J)-  =  (-)-(a+/3)-; 
and  these  three  relations,  together  with 

may  be  taken  as  equations  for  expressing  ^,  aS^'^^S^'^yS^'^  in  terms 
of  other  forms,  and  are  therefore  independent  of  the  preceding  syzygies, 
provided  w  =^  3. 

Hence,  if   w  ^  5,  the  thirteen  syzygies  are,  writing  down  only  the 
determinantal  factors, 

{abr+{abr-Hbc)+(abr-\cd)+{abr-^{da)  =  0,  (i.) 

{bcr+(bcr-'  (cd)+{bcr-'  {da)+{bcr-^  (aW  =  0,  (ii.) 

{cd)''+{cd)^-Hda)+{cd)^-\ab)+(cd)^'Hbc)  =  0,  (iii.) 

idar+idar-^  {ab)+{dar-^  (bc)+idar-'  (cd)  =  0,  (iv.) 

(ac)--  *ir  M  (abr^HbcY  =  0,  (v.) 

i=0    \l/ 

(6d)«-  *ir  M  ibcr-' (cd)*  =  0,  (vi.) 

%  M  (cLbr-\daY-{-r'^  (*")  (6c)-Vd)*  =  0,  (vii.) 

S"  (*")  (6c)-*(a6)<-(-r*2  M  (c<?)-*(da)*  =  0,  (viii.) 

!l  ft)  (<««)"-*(«*)*-(-)- il  (^)  (&c)-*(da)'  =  0,  (ix.) 
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(.acy-^m-  'T'  (^~^)  (a6)*(6c)"-*+(-)- *T'  ('"'T^)  (cdi'-Hdaf  =  0, 

(X.) 

(acHbd)-'-  *T'  f*""^)  (ci)*(6c)-*+(-r  'T'  f*""^)  (abr-Kda)*  =  0, 

<=o    \    i    /  i=o    \    ^    / 

(xi.) 

*ir  C")  (ac)-'(6d)*-  'if  (-)♦  (**)  (6cr-*((ia)*  =  0,  (xu.) 

i=o  \^/  i=o  \i/ 

'i"  (-)*  ('")  (ac)-< (6d)*-  ]¥^  (-)*  (*")  (afi)-* (cd)*  =  0.  (xiii). 

If  w  =  4,  one  of  the  syzygies  (xii.),  (xiii.)  is  involved  in  the  others,  so 
that  there  are  twelve  syzygies  in  all ; 

if         CO  =  8,  both  the  syzygies  (xii.)>  (xiii.)  are  involved  in  the  others, 

and  also  the  four  syzygies  (iv.),  (vii.),  (viii.),  (ix.)  are  equi- 
valent to  only  three,  so  that  there  are  ten  syzygies  in  all ; 

if         ft)  =  2,  both  the  syzygies  (xii.),  (xiii.)  are  involved  in  the  others, 

the  syzygies  (x.)  and  (xi.)  are  identical,  and  also  the  syzygies 
(vii.),  (viii.),  (ix.)  are  involved  in  the  others,  so  that  there 
are  seven  syzygies  in  all ; 

if         o)  =  1,  the  thirteen  syzygies  reduce  to  the  following  : — 

(ab) + (be) + (cd) + (da)  =  0,      {ac)  -  (ah)  -  (6c)  =  0,      (bd)  -  (be)  -  (ed)  =  0. 
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ON  SPHERICAL  CURVES.    Part  U. 


By  Harold  Hilton. 

[Beoeived  Maioh  29th,   1904.  —  Bead  April   14th,   1904.] 


1.  In  a  previous  paper*  I  discussed  the  properties  of  curves  on  a  sphere 
which  can  be  stereographically  projected  into  plane  algebraic  curves. 
Every  n-ic  (curve  of  the  n-th  degree)  on  a  sphere  defined  in  the  usual 
manner  as  a  curve  cut  by  any  plane  in  n  points  is  an  algebraic  curve, 
for  its  stereographic  projection  on  a  plane  is  evidently  cut  by  any  straight 
line  in  n  points  and  is  therefore  algebraic. 

2.  In  my  previous  paper  I  showed  that,  if  a  spherical  n-ic  has  S  nodes 
and  K  cusps,  and  is  such  that  m  tangent  circles  pass  through  any  two 
points  and  such  that  r  bitangent  circles  and  i  osculating  circles  cut  any 
given  circle  orthogonally, 

m  =  in^— 25— 3/c,+  n  =  m(m— 1)— 2t— 3«, 

I  =  fw(w— 2)— 65— 8/c,         K  =  3?;t(m— 2)— 6t— 8i, 

deficiency  =  J(?i— 2)^—5— ic  <4;  0. 

These  results  hold  when  a  curve  has  ordinary  singularities  of  any  order, 
provided  that  a  A;-ple  point  I  with  superlinear  branches  of  orders  r,  s,  t,  ... 
[2r  = /r]  is  considered  equivalent  to  |JA:(A;— 1)— 2(r— 1)[  nodes  and 
2(r— 1)  cusps.  If  5+/C  =  J(n— 2)^  and  (/>,  6)  are  the  polar  coordinates 
of  any  point  of  the  curve,  cosp  and  tand  can  be  expressed  as  rational 
algebraic  functions  of  a  single  parameter. 


*  Froc.  lAmdon  Math.  Soc.j  Ser.  2,  Vol.  1,  p.  267  (1904).  To  save  space  I  shall  assume 
that  the  reader  has  access  to  this  paper. 

t  The  number  of -circles  through  two  g^ven  points  normal  to  the  cunre  «  m  ;  the  number  of 
circles  touching  the  curve,  orthogonal  to  a  g^ven  circle,  and  cutting  another  given  circle  at  a  g^ven 
angle  -•  2m ;  the  number  of  circles  touching  the  curve  and  cutting  two  given  circles  at  given 
angles  ««  4m. 

X  A  multiple  point  of  order  k.  Multiple  points  involving  compound  singularities  (e.g.,  cusps 
of  the  second  species)  are  excluded. 
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8.  Let  A  be  any  point  on  the  sphere.  Let  one  of  the  imaginary 
generators  through  A  meet  a  spherical  n-ic  *  in  P  and  let  the  other  meet 
it  in  Q.  Let  the  other  generators  through  P  and  Q  meet  in  B.  Then  B 
will  be  called  a  satellite  of  A  with  respect  to  the  curve  :  A  is,  of  course, 
a  satellite  of  B.  Each  point  A  has  p^  satellites  (n  =  2p)^  p  of  which  are 
real,  unless  A  v&  o.  /r-ple  point  of  the  curve,  when  it  has  {p—kf  satellites, 
(p^k)  of  which  are  real. 

If  the  generators  through  A  touch  the  curve,  so  that  ^  is  a  focus  (or 
if  each  generator  through  A  passes  through  a  double  point  of  the  curve), 
two  of  the  real  and  two  of  the  imaginary  satellites  of  A  coincide  in  one 
real  4-pte  satellite  of  A.  If  the  generators  at  A  touch  the  curve  at  A, 
so  that  ^  is  a  nodal  foctcs,  A  coincides  with  its  multiple  satellite.  If  the 
generators  through  A  are  inflexional  tangents  to  the  curve,  so  that  A  is 
an  inflexional  focus  (or  if  each  generator  through  A  is  a  tangent  at  a 
double  point  of  the  curve),  three  of  the  real  and  six  of  the  imaginary 
satellites  of  A  coincide  in  one  real  9-ple  satellite  of  A. 

4.  It  is  easy  to  find  the  properties  of  the  plane  curve  into  which  a 
spherical  curve  is  projected  from  a  point  A  on  the  sphere,  when  the 
stereographic  projection  of  the  spherical  cui*ve  from  some  other  point  B  is 
known  :  for  we  obtain  the  projection  from  A  by  inverting  the  projection 
from  B  with  respect  to  a  circle  whose  centre  is  the  projection  of  A  from 
B,  and  then  reflecting  it  in  a  diameter  of  the  sphere  perpendicular  to 
AB  {he  cit.y  §  5).  Thus,  when  we  project  stereographically  from  A,  the 
satellites  of  A  project  into  the  singular  foci  of  the  plane  curve  (the  inter- 
sections of  the  tangents  to  the  plane  curve  at  the  circules).  If  ^  is  a 
nodal  focus,  the  projection  of  the  spherical  curve  is  a  plane  (m— 2)-ic 
touching  the  line  at  infinity  at  each  circule.  If  A  is  the  4-ple  satellite 
of  a  focus  Bj  B  projects  into  a  singular  inflexional  focus  of  the  plane 
curve  (the  intersection  of  tangents  of  three-point  contact  at  the  circules). 
If  i4  is  a  focus  whose  4-ple  satellite  is  B,  B  projects  into  the  intersection 
of  tangents  at  the  circules  to  cusps  of  the  plane  curve.  If  A  is  an 
ordinary  /r-ple  point  of  the  spherical  curve,  the  plane  curve  is  of  degree 
(n— /r)  and  has  the  projections  of  the  k  cii'cles  of  curvature  at  A  as 
asymptotes.!  If  ^4  is  a  cusp  of  the  first  species,  the  plane  curve  touches 
the  line  at  infinity.  If  ^  is  a  cusp  of  the  second  species,  the  plane  curve 
has  a  cusp  at  infinity,  &c.,  &c. 


*  I  shaU  assume  that  the  spherical  curve  and  vertex  of  projection  are  both  real  unless  the 
contrary  is  stated.    The  stereogp:«phio  projection  is  then  a  real  algebraic  plane  curve, 
t  It  follows  that  2^'  >  n. 
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5.  The    following    theorems    will    illustrate   properties   of    spherical 
curves : — 

(1)  Given  four  fixed  points  A,  B,  C,  D  on  o,  sphere ;  all  spherical 
4-ics  through  A,  G,  D  having  B  for  a  focus  whose  satellite  is  A  pass 
through  a  fifth  fixed  point  and  have  four-point  contact  with  the 
osculating  circle  at  A. 

(2)  If  i4  is  a  point  on  a  spherical  4-ic,  the  generators  through 
A  and  the  osculating  circle  at  A  meet  the  curve  at  four  concyclic 
points  (including  A). 

(8)  The  osculating  circle  at  a  fixed  point  £  of  a  spherical  4-ic 
meets  the  curve  again  in  A  ;  and  on  any  circle  meeting  the  curve 
in  A^  Hj  B,  K  a  point  P  is  taken  such  that  the  pencil  A{BP^  HK) 
is  harmonic  :    then  the  locus  of  P  is  a  circle  through  A. 

(4)  If  two  points  Af  B  on  a  spherical  4-ic  are  satellites  of  each 
other,  the  points  of  contact  of  the  two  circles  through  A  and  B  which 
touch  the  curve  lie  on  two  circles,  one  touching  the  4-ic  at  A  and 
the  other  at  B, 

(5)  A  spherical  4-ic  has  a  cusp  C  and  a  focus  A.  If  £  is  the 
4-ple  satellite  of  A,  the  circle  ABC  touches  the  4-ic  at  C. 

(6)  Given  in  a  cuspidal  spherical  4-ic  the  osculating  circle  at  a 
fixed  point  A  and  the  satellite  B  of  A,  the  locus  of  the  cusp  is  a 
spherical  4-ic  touching  the  given  circle  and  having  a  focus  at  B  and 
a  node  at  A.  Each  branch  of  the  locus  at  A  cuts  the  given  circle  at 
an  angle  of  30°. 

(7)  If  one  of  the  four  nodes  ^4  of  a  spherical  6-ic  is  the  4-ple 
satellite  of  a  focus,  the  points  of  contact  of  the  four  osculating  circles 
through  A  are  concyclic. 

(8)  If  the  node  ^  of  a  spherical  6-ic  is  the  4-ple  satellite  of  a 
focus  B,  the  twenty-two  osculating  circles  through  A  all  touch  a 
curve  with  four  real  foci,  B  being  one. 

(9)  A  spherical  6-ic  has  a  node,  a  nodal  focus  A,  and  two  cusps 
H,  K;  it  the  osculating  circles  at  L  and  M  pass  through  ^1,  the 
circles  AHK,  ALM  touch. 

(10)  If  a  spherical  6-ic  has  three  nodes  and  a  nodal  focus  A^  the 
six  points  of  contact  of  the  three  bitangent  circles  through  A  are 
concyclic. 

The  above  theorems  may  be  proved  by  projecting  stereographically 
from  A. 
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6.  If  P  is  any  point  on  a  spherical  2p-ie  and  A  is  any  fixed  point,  then 

sin*  iPBi  sin»  iPB, ...  sin*  iPBp, 

sin'  iPCj  sin«  JPCj ...  sin*  \PCf-x  sin*  \PAy 

sin*  iPA  sin'iPDa  ...  sin* iPi)p_,  sin^P^. 

Bin*'  \FA 

are  connected  by  a  homogeneous  linear  relation,  where  the  B\  are  the 
p  real  satellites  of  A  and  the  Cs,  D's,  . . .  are  also  fixed  when  A  is  fixed. 
Conversely,  if  the  quantities  are  connected  by  a  homogeneous  linear  relation 
when  A  and  the  B's,  Cs,  D's,  ...  are  fixed,  the  locus  of  P  is  a  spherical 
2p-ic.     The  theorem  leads  to  simple  results  in  certain  cases,  e,g, : — 

£i,  B^  are  the  real  satellites  of  A  with  respect  to  a  spherical  4-ic ; 
-4,  Cx  are  the  real  satellites  of  Bj  and  A,  Cg  of  B^.  If  a  circle  orthogonal 
to  the  circles  ABiCi,  AB^C^  cuts  the  curve  in  two  real  points  Pj  and  Pa, 
then 

sin  iPi^i  sin  \PiB^  cosec*  iPi-4  =  sin  iPa^i  sin  ^P^B^  cosec^  ^P^A. 

If  il  is  a  focus  of  the  4-ic,  jB^  and  B^  coincide  (at  B  say).     We  have  then 

sin  JP^B  coBeciPi-4  =  sin  JPaJS  cosecJP2-4, 

where  Pi  and  Pa  are  two  real  intersections  of  the  curve  with  any  circle 
orthogonal  to  all  circles  through  A  and  B. 

7.  Two  points  P,  (J  on  a  sphere  are  inverse  with  respect  to  a  circle^* 
when  the  line  PQ  passes  through  the  pole  of  the  plane  of  j  with  respect 
to  the  sphere.  The  locus  of  Q  is  the  inverse  of  the  locus  of  P  with 
respect  to  j.  The  values  of  n,  m,  S,  Ky  r,  i  and  the  deficiency  are  the  same 
for  two  inverse  curves.  The  inverses  of  the  satellites  of  a  point  are  the 
satellites  of  the  inverse  point  with  respect  to  the  inverse  curve.  The 
inverse  of  a  focus  is  a  focus  of  the  inverse  curve,  &c. 

8.  Let  0,  0'  be  two  diametrically  opposite  points  on  a  sphere,  and  let 
P  be  any  point  of  a  spherical  n-ic.  The  envelope  of  circles  on  OP  as 
diameter  is  the  first  (positive)  pedal  of  the  curve  with  respect  to  0,  and 
the  first  negative  pedal  with  respect  to  0'.  The  second  (positive)  pedal  is 
the  first  pedal  of  the  first  pedal,  the  thud  pedal  is  the  first  pedal  of  the 
second  pedal,  and  so  on ;  similarly  for  the  negative  pedals.  The  p-th 
pedal  of  the  q-th  pedal  is  the  {p+q)-th  pedal,  p  and  q  being  any  positive 
or  negative  integers  (the  0-th  pedal  being  the  curve  itself).  The  r-th  pedal 
with  respect  to  0  is  the  r-th  negative  pedal  with  respect  to  0'.    Properties 
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of   the  pedals  may  be  proved   by  projecting   stereographically  from  O 

or  a. 

If  Tir,  mr,  ...  are  the  quantities  corresponding  to  n,  m,  ...  for  the  r-th 
pedal  with  respect  to  0,  when  0  and  0'  have  no  special  relation  towards 
the  given  curve,  then 

mi=w+2w,     ??ia=5w,  ...,     Wy  =  (3r— l)w; 

Ki  =  i,  ^2=«+n4-w,        .-I      Kr  =  i'\-n+{r—l)m; 

1^  =  1-^-3)1,         i2=  i+n+4ni,     ...,       £r  =  <+w+4(r— l)m;* 

the  deficiency  of  all  pedals  is  the  same  as  the  deficiency  of  the  curve ; 
0  is  an  rw-ple  point  of  the  r-th  pedal  at  which  there  are  m  super  linear 
branches  of  order  r ;  each  of  the  generators  through  0'  touches  the  first 
pedal  at  ^  places,  has  two-point  contact  with  the  second  pedal  at  {m--n) 
places  and  three-point  contact  at  ^n  places,  has  (r— l)-point  contact  with 
the  r-th  pedal  at  ^i  places,  r-point  contact  at  (m—n)  places,  and  (r+l)- 
point  contact  at  ^n  places.! 

If  0  or  0'  has  a  special  relation  towards  the  given  curve,  these  results 
must  be  modified.  Thus,  if  0  is  a  focus  of  the  curve,  it  is  an  (m— 2)-ple 
point  of  the  first  pedal,  which  is  only  of  degree  (2m— 2)  ;J  if,  in  addition, 
0'  is  the  4-ple  satellite  of  0,§  the  same  is  true  of  all  the  pedals.  If  0  is 
an  inflexional  focus  of  the  curve,  it  is  an  ordinary  focus  of  the  first  pedal. 
If  0  is  the  4-ple  satellite  of  a  focus  of  the  given  curve,  0'  is  the  4-ple 
satellite  of  a  focus  with  respect  to  the  first  pedal.  If  0'  is  a  focus  of  the 
given  curve,  it  is  an  inflexional  focus  of  the  first  pedal.  ||  If  0  is  a  nodal 
focus  of  the  curve,  it  is  a  nodal  focus  of  the  first  pedal  which  has  (m— 4) 
other  branches  through  0  and  is  of  degree  (2m— 2). 

The  properties  of  the  negative  pedals  may  be  obtained  by  inter- 
changing 0  and  0'  in  the  above.H 


*  If  a  g^enerator  through  0'  cute  a  ciroley  in  I\  the  pair  of  generators  through  F  counts  as 
(r— 2)m  of  the  tr  circles  osculating  the  r-th  pedal  and  cuttingy  orthogonally. 

t  The  first  pedal  has  \n^  foci  besides  (/,  but  no  other  positive  pedal  has  a  focus  other  than 
the  multiple  focus  (/. 

X  If  the  generators  through  0  each  touch  the  curve  at  k  places,  0  is  an  (m— 2A;)-ple  point  of 
the  first  pedal  which  is  of  degree  2(m— A:). 

}  Or  if  O'  is  the  focus  and  0  its  4-ple  satellite. 

II  If  the  generators  through  O'  have  each  r-point  contact  with  the  curve,  they  have  (r+ 1)« 
point  contaot  with  the  first  pedal. 

H  These  theorems  hold  when  we  take  0  and  (/  not  diametrically  opposite,  if,  in  the  definition 
of  a  pedal,  we  substitute  for  *^  the  circle  on  OF  as  diameter  *'  "  the  circle  through  0  and  F 
cutting  the  circle  0F(/  orthogonally." 
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9.  The  evolute  of  a  spherical  curve  with  respect  to  a  circle  j  is  the 
locus  of  the  limiting  points*  of  j  and  the  osculating  circles  of  the  curve, 
i.e.,  the  envelope  of  circles  orthogonal  to  the  curve  and  to  jA  It  is 
anallagmatic  (its  own  inverse)  with  respect  to  j.     Let  n\  m\  ...  be  the 

quantities  for  the  evolute  corresponding  to  n,  m, Then  n'  =  2i;  for 

any  circle  s  orthogonal  to  j  cuts  the  evolute  only  at  the  limiting  points  of  j 
and  the  i  osculating  circles  orthogonal  to  s ;  the  evolute  meets  j  at  the 
2<  points  of  contact  of  j  and  osculating  circles.  Again,  m'  =  2m+2<  ;l 
for,  taking  any  two  points  H,  H*  inverse  with  respect  to  J,  we  see  that  the 
circles  through  ff,  H'  touching  the  evolute  are  the  m  circles  through 
fl",  ff'  normal  to  the  given  curve  (each  of  which  has  double  contact  with 
the  evolute)  and  the  2(  intersections  of  the  evolute  with  j. 

Again,  i'  =  2n+6i,  for  the  only  osculating  circles  of  the  evolute 
orthogonal  to  j  are  those  whose  points  of  contact  are  at  the  intersections 
of  the  curve  or  of  the  evolute  with  j  ;  for  otherwise  we  should  have  two 
consecutive  circles  normal  to  the  curve  and  j  coinciding,  which  is  not 
possible  in  general.  Now,  it  may  be  readily  shown  that  each  intersection 
of  the  given  curve  with  j  is  an  inflexional  focus  of  the  evolute ;  and  at 
each  of  the  2<  points  where  the  evolute  cuts  j  we  have  three  consecutive 
osculating  circles  of  the  evolute  orthogonal  to^'  {he.  cit.,  p.  270,  §  14). 

Again,  k'  =  3n'— 3w'+i'  =  2(3i— Sm+w),  showing  that  the  number 
of  osculating  circles  of  four-point  contact  of  a  spherical  ?i-ic  is  (3i— 3m+n) 
in  general. 

The  above  results  must  be  modified  if  the  given  curve  is  anallagmatic 
with  respect  to  i ;  see  §  13. 

Every  focus  of  a  curve  is  a  focus  of  its  evolute ;  for,  if  a  generating 
line  touches  the  curve  at  P  and  meets  j  at  Q,  the  generator-pair  through 
Q  is  a  circle  cutting  j  orthogonally  at  Q  and  the  curve  orthogonally  at  P. 

10.  Let  V  be  the  vertex  of  a  given  cone  and  j  the  circle  in  which  the 
polar  plane  of  V  meets  the  sphere.  The  envelope  of  the  polar  planes 
with  respect  to  the  sphere  of  the  points  in  which  the  given  cone  meets  the 
plane  of  y  is  a  cone  with  vertex  V  which  is  the  reciprocal  of  the  given  cone 
with  respect  to  the  sphere.  The  reciprocal  cones  cut  the  plane  of  j  in  two 
curves  which  are  polar  reciprocals  of  each  other  with  respect  to  j,  and  cut 
the  sphere  in  two  curves  both  anallagmatic  with  respect  to  j  which  are 

*  The  limidng  points  of  two  elides  are  the  two  points  through  which  pass  all  oiroles  cutting 
the  given  circles  orthogonally  ;  t.tf.,  the  points  in  which  the  sphere  meets  the  line  conjugate  to 
the  interseotion  of  the  planes  of  the  drdes. 

f  If  the  oixoley  is  not  mentioned,  it  is  assumed  to  be  the  circle  at  infinity. 

X  Not  m,  as  erroneously  stated,  loc.  cxt,  p.  272,  §21. 
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called  reciprocal  spherical  curves.  The  reciprocal  of  a  circle  whose  plane 
passes  through  F  is  a  pair  of  points  coUinear  with  F,  and  vice  versa.  The 
reciprocal  of  a  pair  of  nodes  on  a  curve  is  a  circle  orthogonal  to  j  and 
touching  the  reciprocal  curve  in  four  places ;  the  reciprocal  of  a  pair  of 
cusps  is  a  circle  orthogonal  to  j  and  osculating  the  reciprocal  curve  in  two 
places.  If  N^  M,  A,  K,  T,  I  correspond  in  the  reciprocal  curve  to  n,  m, 
S,  K,  T,  I  in  the  given  curve,  then 

N  =  (w— n),       M=my       A  =  54-i(w— 2n)(m— 18), 

K  =  ic+3(m— 2n),       T  =  r— i(;;i— 2n),       I  =  i, 

i(i^-2)«-(A+K)  =  i(n-2)«-((5+/c)+i(m-2n).* 

If  we  are  given  a  property  of  a  certain  type  of  anallagmatic  spherical 
curve  (the  type  being  defined  by  the  quantities  n,  m,  . .  .)>  we  can  deduce 
by  reciprocation  a  property  of  another  type  of  anallagmatic  spherical 
curve.     If  w  =  2n,  we  have 

n  =  JV,         m  =  My         5  =  A,         ic  =  K,         r  =  T,         i  =  I ; 

so  that  all  properties  of  an  anallagmatic  spherical  curve  for  which  m  =  2n 
may  be  duplicated.! 

11.  The  in(/i— 1)  circles  each  of  which  touches  a  spherical  n-ic 
anallagmatic  with  respect  to  j  at  two  of  the  n  points  where  it  meets  j  are 
called  the  asymptotic  arcs  of  the  curve.  The  pairs  of  points  reciprocal  to 
the  asymptotic  arcs  are  n(n— 1)=  {M—Nf—{M—N)  foci  of  the  reciprocal 
curve,  the  remaining  (M—N)  foci  being  the  n  intersections  of  j  with  the 
given  curve.  For  let  P^,  Pg,  ...,  P»  be  these  intersections;  then  the  tan- 
gent planes  at  P^,  Ps,  ...,  Pn  touch  the  cone  reciprocal  to  the  cone  on 
which  the  given  curve  lies,  so  that  Pp  Pg,  ...,  P»  are  foci  of  the  reciprocal 
curve  (loc.  cit.,  p.  275,  line  12).  Again,  the  generators  through  Pj  and  Pg 
meet  again  in  a  pair  of  foci  of  the  reciprocal  curve,  the  pair  being  the 
reciprocal  of  a  circle  cutting  j  orthogonally  at  Pj  and  Pg.  Therefore  the 
generators  through  P^,  P^,  ...,  P^  meet  again  in  n(n— 1)  foci  of  the  re- 
ciprocal curve  which  are  reciprocal  in  pairs  to  the  asymptotic  arcs  of 
the  given  curve.  I 

*  From  these  equations  we  can,  of  course,  deduce 

fi«(if-iV),      8- A  +  i{if-2iV)(if-18),     .... 

t  In  the  same  way  that  Pascars  theorem  for  a  conic  is  duplicated  into  Pascal's  and 
Brian6hon*B  theorems.  The  condition  for  a  plane  cunre  corresponding  to  m  »7n  is  class 
B  degree. 

X  It  should  be  noted  that  the  foci  of  a  curve  anallag^matic  with  respect  to/  are  completely 
determined  when  we  know  the  foci  Ipng  on/.  In  general  the  foci  of  any  curve  with  r*  foci  are 
completely  determined  when  we  know  r  foci  no  two  of  which  lie  on  the  same  generator. 
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12.  We  may  prove  properties  of  a  spherical  curve  anallagmatic  with 
respect  to  a  circle  j  and  lying  on  a  cone  whose  vertex  is  V  by  projecting 
it  stereographically  into  the  intersection  of  a  sphere  with  a  cylinder  or  a 
cone  whose  vertex  is  the  centre  of  the  sphere  (loc.  cit,  §§  80-36).  A 
better  method,  however,  is  to  project  the  curve  from  V  on  to  the  polar 
plane  of  V  with  respect  to  the  sphere  (the  plane  of  j).  A  circle  on  the 
sphere  (not  orthogonal  to  j)  projects  into  a  conic  having  double  contact 
withy.  The  generator-pair  through  a  point  P  on^  projects  into  the  tan- 
gent at  P  to^.*  A  circle  orthogonal  toy  and  the  reciprocal  pair  of  points 
project  into  a  straight  line  and  its  pole  with  respect  to  j.  Two  circles 
orthogonal  to  j  and  each  other  project  into  two  lines  conjugate  with 
respect  toj. 

For  example : — The  envelope  of  a  chord  of  a  conic  h  whose  extremities 
are  conjugate  with  respect  to  a  fixed  circle  j  is  a  conic  touching  the  tan- 
gents to  h  and  j  at  their  points  of  intersection  ;  and,  reciprocally,  the  locus 
of  the  intersection  of  two  tangents  to  h  which  are  conjugate  with  respect 
to  j  is  a  conic  passing  through  the  points  of  contact  with  h  and  j  of  their 
common  tangents.  Hence : — If  a  spherical  4-ic  h  is  anallagmatic  with 
respect  to  a  circle  jj  the  envelope  of  a  circle  orthogonal  to  j  cutting  h  in 
four  points  subtending  a  harmonic  pencil  at  any  point  of  the  circle  is  a 
4-ic  anallagmatic  with  respect  to  j  having  the  intersections  of  h  and  j  for 
foci ;  and,  reciprocally,  the  locus  of  the  intersection  of  two  circles  touching 
h  and  orthogonal  to  j  and  each  other  is  a  4-ic  anallagmatic  with  respect  to 
j  which  meets  j  at  the  four  foci  of  h  lying  on  j.  If  V  lies  within  the 
sphere,  we  may  by  stereographic  projection  reduce  these  two  theorems  to 
the  well  known  theorems : — The  envelope  of  a  quadrant  chord  of  a  sphero- 
conic  is  a  sphero-conic  confocal  with  the  reciprocal  of  the  given  sphero- 
conic  ;  and,  reciprocally,  the  locus  of  the  intersection  of  two  orthogonal 
tangents  to  a  sphero-conic  is  a  sphero-conic  whose  reciprocal  is  confocal 
with  the  given  sphero-conic. 

Again  : — If  a  plane  cuspidal  3-ic  touches  three  given  straight  lines  at 
three  given  collinear  points,  the  cusp  lies  on  a  fixed  conic  touching  the 
three  fixed  lines ;  and,  reciprocally,  if  the  3-ic  touches  three  given  con- 
current lines  at  three  given  points,  its  inflexional  tangent  touches  a  fixed 
conic  through  the  given  points.  Hence  : — A  spherical  6-ic  has  two  fixed 
nodes  A,  B  lying  on  a  circle ^  with  respect  to  which  it  is  anallagmatic  and 


*  This  gives  a  simple  proof  of  the  theorem  ''  Four  generatom  of  a  ooniooid  of  the  same 
syitem  out  all  generators  of  the  opposite  system  in  a  constant  cross-ratio,"  and  of  the  allied 
theorems. 


158  -   Mr.  H.  Hilton  [April  14, 

has  two  cusps  :  if  it  has  a  fixed  guiding  arc,*  the  cusps  lie  on  a  fixed  4-ic 
anallagmatic  with  respect  to  j  which  touches  the  given  guiding  arc  at  two 
points  and  has  ^,  J3  for  foci ;  if  it  touches  at  a  fixed  point  P  a  fixed  circle 
with  respect  to  which  A  and  B  are  inverse  points,  the  circle  orthogonal  to 
j  and  osculating  the  curve  in  two  places  touches  a  fixed  4-ic  anallagmatic 
with  respect  to/  passing  through  A,  B,  and  P. 

Again : — A  spherical  6-ic  with  two  nodes  is  anallagmatic  with  respect 
to  a  circle y,  has  fixed  asymptotic  arcs  which  meet  at  A^  B^  and  C,  and 
passes  through  a  pair  of  fixed  points  P,  P'  on  the  asymptotic  arc  BC. 
The  locus  of  the  nodes  is  a  spherical  6-ic  through  A  anallagmatic  with 
respect  to^  whose  asymptotic  arcs  are  AB,  AC,  and  a  circle  whose  plane 
contains  the  line  conjugate  to  PP'.  The  tangents  at  A  to  the  curve  and 
the  circles  through  A  orthogonal  to  j  and  passing  through  P,  B,  and  C 
form  a  harmonic  pencU. 

This  may  be  proved  as  before ;  or,  if  j  is  imaginary,  we  may  reduce 
the  curve  to  a  sphero-8-ic  lying  on  the  cone 

i2^+y'+^(^y+flz)+z(ax^+by'+c2^+2fyz+2gzx+2hxy)  =  0, 

where  the  expression  in  the  last  pair  of  brackets  breaks  up  into  two  linear 
factors  ;  and  it  is  readily  seen  (by  considering  the  intersection  of  the  cone 
with  the  plane  z  =1)  that  the  nodal  line  of  this  cone  lies  on  the  cone 

{a^+y^+:^{ax+hy+gz)  =  x{ax^+bt^+cs^'\-2fyz'\-2gzx'\-2hxy). 

Again  : — If  a  fixed  circle  is  touched  by  a  circle  cutting  orthogonally  in 
P  and  Q  a  fixed  circle  j  through  two  fixed  points  A  and  jB,  the  circles 
cutting  j  orthogonally  at  A  and  P,  B  and  Q  meet  again  on  a  fixed  4-ic 
anallagmatic  with  respect  to  j. 

Again  : — Any  spherical  n-ic  anallagmatic  with  respect  to  j  meets  j  at 
Pi,  Pa,  ...,  Pn»  If  the  asymptotic  arcs  through  P^  and  Pj,  Pg  and  Pg,  ..., 
Pn_i  and  Pn  pass  through  fixed  coplanar  points,  then  the  asymptotic  arc 
through  Pn  and  P^  passes  through  two  fixed  points  or  touches  two  fixed 
circles  according  as  n  is  even  or  odd. 

13.  Let  a  spherical  curve  be  anallagmatic  with  respect  to  a  circle  j 
and  lie  on  a  cone  whose  vertex  is  F,  and  let  the  quantities  corresponding 
to  n,  m,  ...  for  its  e volute  with  respect  toy  be  denoted  hj  n\m\  ... ;  then 


*  The  g^ding  arc  is  the  drde  through  the  six  points  not  lying  on  J  in  which  the  asymptotic 
arcs  meet  the  cnzre.  If  the  ouire  passes  through  the  intersection  of  two  as3rmptotic  arcs  (or  if, 
as  in  the  present  case,  two  of  the  asymptotic  arcs  are  replaced  by  a  circle  through  A  and  B 
orthogonal  toy),  the  guiding  arc  touches  the  ourre  (loe,  eit,,  p.  280,  }  35). 
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n\m\  ...  have  no  longer  the  values  obtained  in  §9.  The  projections 
from  V  on  the  plane  of  j  of  circles  normal  to  the  curve  and  orthogonal  to 
j  are  straight  lines  joining  points  on  the  projection  of  the  curve  to  the 
corresponding  points  on  the  reciprocal  polar  of  the  projection  with  respect 
to  ].  The  projection  of  the  evolute  is  the  envelope  of  these  straight 
lines.     Hence  we  obtain 

(for  the  projection  of  the  evolute  from  V  on  the  plane  of  j  has  no 
inflexions).     Therefore 

and  we  see,  as  before,  that  the  number  of  osculating  circles*  of  the  given 
curve  which  have  four-point  contact  is  (Si— 3m+n).  Two  reciprocal 
curves  have  the  same  evolute  with  respect  to  j. 

14.  In  the  same  way  that  we  deduce  properties  of  spherical  curves 
from  those  of  plane  curves  either  by  stereographic  projection  or  by  pro- 
jection from  any  point  on  to  the  polar  plane  of  the  point,  so  we  may 
deduce  properties  of  plane  curves  from  those  of  spherical  curves.  We 
may  add  to  the  examples  given  in  the  previous  paper : — 

The  number  of  conies  through  two  fixed  points  having  double  contact 
with  a  fixed  conic  j  and  touching  a  plane  curve  whose  Pliicker's  numbers 
are  n,  m,  5,  ir,  r,  i  is  2  (w+ti)  ;  the  number  of  conies  through  one  fixed 
point  having  double  contact  with  j  and  osculating  the  curve  is 

(6/1+20  =  (6m+2ic); 

and  the  number  of  conies  having  double  contact  with  j  and  four-point 
contact  with  the  curve  is 

3(2/1— m+i)  =  3(2m— n4-/c).+ 

These  theorems  are  proved  by  projecting  j  into  a  circle,  passing  a  sphere 
through  the  circle,  and  then  projecting  on  to  the  sphere  from  the  pole  of 
the  plane  of  the  circle. 

16.  As  before  pointed  out  (fcc.  dL,  §§  36,  37),  to  many  of  the  theorems 
proved  for  the  sphere  correspond  theorems  for  a  conieoid.  The  definitions 
of  "  focus,"  "  satellite,"  &c.,  still  hold  good,  though,  if  the  conieoid  has 

*  II  of  these  circles  touch  the  curve  at  ita  intersections  withy. 

t  If  the  fixed  conic  is  a  pair  of  points,  the  number  of  conies  is  («/i  -i-  2n) ,  (3n  + 1),  (6m — 4n  +  3ir) 
respectively;  if  the  fixed  conic  is  a  pair  of  straight  lines,  the  number  of  conies  is  4(m  + n), 
(dn-f  2i),  (6n— 4m-f  3i)  respectively. 
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real  generators,  we  can  no  longer  draw  conclusions  as  to  how  many  foci 
or  satellites  are  real.  Every  real  algebraic  spherical  curve  (which  is 
projected  stereographically  into  a  real  algebraic  plane  curve)  is  necessarily 
of  even  degree,  but  this  is  not  true  of  a  real  algebraic  curve  on  a  conicoid 
with  real  generators.  As  examples  of  properties  of  curves  of  a  conicoid 
we  may  take : — 

The  intersection  of  the  osculating  planes  of  a  conicoidal  8-io  at 
P  and  Q  meets  the  conicoid  at  ^.  If  the  plane  APQ  meets  the 
curve  again  at  i2,  the  osculating  plane  at  B  also  passes  through  A. 

One  of  the  four  nodes  of  a  conicoidal  6-ic  is  the  4-ple  satellite  of  a 
focus ;  if  the  osculating  planes  at  four  points  of  the  curve  pass  through 
that  node,  the  four  points  are  coplanar. 

In  conclusion  I  have  to  express  my  thanks  to  Prof.  E.  B.  Elliott  and 
a  referee  of  this  paper  for  their  kind  help. 
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SOME  ,  EXTENSIONS     TO     MULTIPLE     SERIES     OF     ABEL'S 
THEOREM  ON   THE   CONTINUITY  OP   POWER   SERIES 

By  T.  J.  I'A.  Bromwich  and  G.  H.  Hardy.* 

[Received  March  23rd,  1904.] 
1. 

.  The  object  of  this  paper  is  to  investigate  certain  extensions  to  multiple 
and  repeated  series  of  the  following  well-known  theorem  due  to  Abel : — 
If  the  series  ^ 

(1)  ao+^i+^2+--- 
is  convergent,  the  series 

(2)  aQ+aiX+a2X^+,., 

is  absolutely  convergent  for  all  values  of  x  whose  modulus  is  less  than 
uftity,  and  if  f{x)  denotes  the  function  represented  by  the  series  (2),  the 
limit  of  fix)  when  2;  approaches  1  along  the  straight  line  (0,  1)  is  equal 
to  -the  sum  of  the  series  (l).f 

* 

Notation  and  Terminology. 

It  will  be  found  essential  in  dealing  with  these  questions  to  lay  down 
as  definite  and  concise  a  notation  and  as  unambiguous  a  terminology  as 
is  possible,  since  those  usually  employed  are  in  some  ways  misleading. 

Suppose  that 

ii=0     »2=0  i„=0 

then  we  denote  by 

2  a 

(1,  S, ...,  P)  (P+l,  .  .,  q) ...  (r+l,  ...,  n) 

*  Mr.  Hardy  communicated  his  share  of  the  paper  on  February  11th,  1904,  and  discovered 
Bhqr^y  afterwards  that  Prof.  Bromwich  had  at  an  earlier  date  arriyed  independently  at  the 
results  of  {{ 1-5.  }  6  and  §{  12-17  are  due  more  particularly  to  Mr.  Hardy,  and  {{  7-11  to  Prof. 
Bromwich.  Some  of  the  earlier  results  (those  relating  to  double  series  summed  by  rows  or 
oolmnns)  were  also  obtained  by  Mr.  A.  Brown,  to  whom  the  subject  had  been  suggested  by 
"Ptci.  Bromwich  for  a  dissertation.  As  regards  the  latter  part  of  the  paper,  each  of  the 
anthers  had  arriyed  by  conjecture  at  the  other's  results,  but  had  not  worked  out  formal  proofs 
at  ihe  time  when  it  was  decided  to  unite  them  in  one  paper. 

t  The  theorem  is  still  true  if  x  approaches  1  by  any  path  (in  the  complex -plane)  which  does 
not  touch  the  circle  of  convergence  ;  but  it  is  not  with  extensions  of  this  kind  that  we  shall  be 
oonoemed  now. 
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the  result  (if  it  be  determinate)  of  making  the  suffixes  m^,  m^,  . . . » ^^  toi^d 
to  infinity  in  groups,  the  group  mr+i,  ...,  ^^  being  made  first  to  tend 
simultaneously  to  infinity,  and  so  on,  the  groups  corresponding  to  the 
brackets  written  under  the  sign  of  summation.  Thus,  to  take  the  simplest 
case — ^that  of  two  integral  parameters  i^,  i^ — ^the  expressions 

(1, 2)      a)(«)      (2)0) 
denote  respectively  the  double  series 

in  Pringsheim*s  sense,  and  the  two  repeated  series  in  which  the  sum  is 
effected  with  respect  to  one  parameter  first.  A  similar  notation  will  be 
used  for  limits.     Thus, 

S  a  =  lim  ^,         Z  a  =  lim  s. 

(1.2)  (1.2)  (1)(2)  (l)(i) 

Where  there  is  more  than  one  bracket  the  operation  of  proceeding  to 
the  limit  which  corresponds  to  the  bracket  on  the  right  is  always  to  be 
performed  first.  The  same  notation  applies  to  limits  of  functions  of 
continuous  variables.  Thus,  if  /(a^i,  x^  is  a  function  of  Xi  and  a^g,  both 
of  these  being  positive  and  less  than  1,  lim  /  means  lim  (lim  f)  and  lim  / 

(1)(2)  »i=l     «t=l  (1,2) 

means  the  double  limit     lim     /. 

«i=i.«t=i 

It  is  always  to  be  understood  that  the  limits  of  summation,  unless  the 
contrary  is  expressly  stated,  are  zero  and  infinity,  and  the  limiting  value 
of  every  variable,  which  we  shall  always  assume  to  be  real  and  positive,* 
unless  the  contrary  is  expressly  stated,  is  1,  and  the  term  ''  double  limit  '* 
will  be  used  always  as  indicating  that  two  variables  (integral  or  continuous) 
are  made  to  tend  simultaneou^sly  to  their  limiting  values.  When  there  are 
several  distinct  passages  to  the  limit  the  result  is  a  repeated  limit ;  thus, 

lim 

(1,  2)  (8,  4) 

would  denote  a  repeated  limit — in  this  case  the  double  limit  of  a  double 
limit. 

The  expression  Sa 

(1) 

denotes  the  result  of  summing  with  respect  to  ii  only,  and  so  on.     Also, 


*  There  is,  of  conned  no  such  limitatioii  on  the  value  of  a. 
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if'i  depends  on  ij,  ...,  in, 

•  A  6  =  6£,+i,  ,-j,    ,  i„— i<„  i„ ....  /,.» 

A  6=    A  6  =  AA6 

(1»  2)  (2, 1)  (2)  (1) 

=  K  +  h  <t+l,  <3,  ...  <»""^*i,  <t+l.  <s,    .  ,  <«~^<i  +  l.  is,  is,  ...,  in'^K,  i»,  ij,     .,  *n» 

and  so  on. 

Finally,  all  this  notation  may  be  generalised  to  denote,  not  limits,  but 
maadmum  and  minimum  limits  ;^  thus, 

"  •       •  •       •  ■        * 

denotes  the  maximum  limit  for  ij  =  oo  of  the  minimum  limit  of  Si^,  i,  for 
ia  =  GO ,  and  2^ 

(1,  2) 

denotes  the  maximum  limit  of  s<i,  i,  when  ii  and  ig  tend  together  to  infinity. 
And,  again,  exactly  the  same  applies  to  such  expressions  as 

Um/. 

(1)(2) 

2.  Statement  of  the  Analogue  of  AheVs  Tlieorem  for  the  General  Series. 

If  the  simple  series  Xac  is  convergent,  there  is  certainly  a  constant  C, 
such  that  I  ^ 

for  all  values  of  i.  We  express  this  by  saying  that  such  a  convergent 
series  necessarily  satisfies  the  condition  offinitude.  The  same  is  not  true 
for  multiple  series.     This  being  so,  we  cannot  affirm  that,  if,  e.g., 

2      a 

(1,  2.  ....  n) 

is  convergent,  then  2      ax\^  ^2  -"  ^n 

(1,2,  ...,n) 

converges  for  values  of  a^j,  x^,  ...,  ar^  less  than  1,  and  it  is  easy  to  see  by 
examples  that  this  is  not  necessarily  the  case.f 

It  is  therefore  essential  to  subject  our  series  to  some  condition  beyond 
that  of  mere  convergence.  We  shall  assume  that  it  does  satisfy  the 
"  condition  of  finitude,"  that  is  to  say^  that 


(8)  \s 


>jni,  Ilia,  ...,«i„ 


*  Sometimes  called  **  upper  and  lower  limits  of  indetermination.*' 
t  For  instance,  compare  {  3,  end. 

M    2 
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for  all  values  of  ??h>  ^»  •••»  ^»-     Doubtless  this  condition  is  unnecessarily 
narrow,  but  it  is  simple  and  fulfils  all  requirements. 

The  analogue  of  Abel's  theorem  is  then  as  follows  : — If  the  condition 
of  finitiide  is  satisfied^  and 

(4)  2  a 

(1,2.  -iPXP+I.    .,9). .■(<'+1.  •  .«) 

is  convergent,  then 

(5)  2aa:*i'«^...«J 


N 

n 


is  absolutely  convergent  for  all  values  of  x^,  ...,  Xn  whose  moduli  are  less 
than  1,  and  iffix^,  ...,Xn)  is  the  function  represented  by  this  series^  then 

(6)  lim  / 

(1. 2, ...,  pHp+1,  ....  q) ...  (r+l, ....  n) 

is  determinate  and  equal  to  the  sum  of  the  series  (4). 

We  shall  prove  this  theorem  first  for  double  series  and  give  some 

illustrations  in  which  the  series  Za  has  different  sums  when  summed  in 

different   ways,  so  that  /  has  different  limits  when  we  proceed  to  the 

limit  in  different  ways.*     We  shall  then  consider  some  further  extensions 

of  a  different    kind   connected  with    double  series.      Finally,    we  shall 

establish  the  general  theorem  by  induction.     In  dealing  with  double  series 

we  shall  use  t,  j,  x,  y  for  i^,  i^,  x^,  x^  in  order  to  avoid  suffixes,  and  we 

shall  write    S  ,    S  ,    Z,  lim,  lim ,  lim  for  2  ,  ...  . 
(i)(/)    o;«)    (i.j)  («)(y)    (y)(»)     (x.y)        (i)(2) 


8.  Double  Series. 
Since  Oi.^  =  A  «i-u-i 

and  I  V  n  I  <  C, 

it  follows  that 


(7)  I  a,.j  I  <  4C, 

and  hence  that  Zoijo^V 

is  absolutely  convergent.     Let  f{x,  y)  denote  its  sum.     Then 

(8)  /(x,  y)  =  ^8ij{l-x)a-y)x'yi, 


*  This  course  seems  beet  because  this  simple  case  afiPoids  the  clearest  illustration  of  the  ideas 
on  which  our  extensions  of  Abel's  theorem  are  based,  and  its,  treatment  does  not  involve  the 
algebraical  difficulties  which  occur  in  proving  the  more  general  theorems. 


1904.]      Abel's  thborbm  on  thb  continuity  of  power  series. 


165 


as  is  at  onee  evident  if  we  compare  the  coefficients  and  use  condition 

Now  to  say  that  S  a  is  convergent  is  the  same  as  to  say  that  there  is 

a  qouitity  s  such  that,  however  small  be  cr,  we  can  determine  M  and  N 
80  that  I  -     — •  I  -^  ^ 

if  only  m^M  and  n'^  N.    It  is  evident,  moreover,  that  |  5  |  ^  C 
Now,  since 

2(l-a:)(l-i/)a:V  =  l, 
it  follows  that      /(«,  y) — s  =  S  (5i,  j — «)  (1  —  x)  (1 — y)  a? V 


and  !/(«,  y)-s  I  < 


But 


2     2 
2     2 

i«0    j=o 


+ 


2     2 

i=0    j=.N 


+ 


N-l 


2     2 


+ 


00  X 

2     2 


2CMN{l-x)(l-'y\ 


since  x  <  1,  y  <  1,  and  |  Sij—s  |  <  2C ;  also 


M-l      00 

2     2 

i»0   J^N 


j=0 


2     2 


2CN(l-y), 


and 


Thus 


ao  oo 

2     2 


X  X 


(T  2    2  xV(l-a:)(l-y)<(r. 


|/(«,  »)-«  I  <  2Cilf2^(l-a:)(l-y)+2CAf(l-x)  +  2Ci^(l-y)+<r. 

But  when  a-  has  been  fixed  M  and  N  are  fixed,  and  we  can  determine  S,  e, 
80  that 


I /(a?,  y)—s\  <2(r, 
if  1— a;  <  S,  1— y  <  e.     Therefore 

lim  f=s. 

(*,!r)  •' 


*  The  transf onnation 

ao-l-«iifc'-fa,cS  =  ...  —  (1— *)(fo  +  «,x  +  *,j:'+...) 

was  giveo  by  Diriohlet  and  med  as  the  basis  of  a  proof  of  AbeFs  theorem  identical  in  principle 
with  the  proof  stated  here  of  the  corresponding  theorem  for  doable  series,  though  (at  any  rate  in 
the  form  in  which  he  presents  it)  less  simple  than  AbePs  original  proof.  See  Abel,  (Eutretf 
Vol.  u,  p.  223  ;  Diriohlet,  Wrrke,  Vol.  ii.,  p.  306 ;  Pringsheim,  Miinc/i,  Ber.,  1897,  p.  344. 
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We  may  remark  in  passing  that  a  similar  proof  applies  to.  the  general 
case  when  it  is  the  convergence  of  the  multiple  series 

S      a 

(1,2.  ...n) 

which  is  given.      The  real  difficulties  begin  when  repeated  limits   are 
introduced. 

We  may  further  remark  that  the  necessity  of  some .  such  limitation  as 
is  implied  by  the  condition  of  finitude  becomes  apparent  when  we  consider 
that,  for  example,  the  double  series  defined  by  the  scheme 

62,  —62*      0,        0, 


&«» 


-6a,      0,        0, 


is  convergent  and  has  the  sum  0  whatever  be  the  quantities  a,  6 ;  even  if 
ay  —  hy=^v\,  in  which  case  ^aijx^y^  is  not  convergent  for  any  values 
of  X  and  y  except  x  =  0,  y  =  0  and  x  =  1,  y  =  1,  If  a,,  =  6^  =  2", 
the  series  is  convergent  and  equal  to  (1— y)/(l  — 2aj)+(l— a?)/(l— 2y)  if 
X  and  y  are  both  <  i,  but  divergent  if  i  <  a;  <  1  or  i  <.y  <  1. 


4.  Repeated  {Two-fold)  Series. 

Now  let  us  suppose  that  Sa  is  convergent!  when  summed  by  colunms, 
thus  implying  the  convergence  of  every  column,  and  that 

2    a  =  5. 

(00) 

• 

The  series  is  of  course  absolutely  convergent  as  before,  in  virtue  of  the 
condition  of  finitude.  To  illustrate  the  necessity  of  some  such  con- 
dition in  this  case  we  might  suppose  Oij  given  by  the  scheme 

1,  2,  4,  8,  .. 
-J,  -1,  -2,  -4,  .. 
— ?»  — if  — 1>  — 2,  .. 

1      1      JL     1 

F»  ?»  2»  •■',•• 


Then    Z   a  =  0,  but  the  power  series  does  not  converge  for  any  value  of 

(00) 

y  if  i  <  a:  <  1. 
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Let 


then,  since 


0) 


u; 


n 


and 
(9) 


(i) 


I  6i  I  <  2C 


2M* 

(0 


2C, 


is  absolutely  convergent.     Similarly, 

2  dij  X* 

(0 

is  absolutely  convergent.     Further  we  can  prove  that 


(10) 


2  Oijx' 

0)(i) 


is  convergent,  and  its  sum  equal  to  that  of  (9)."^ 
For,  if  we  introduce  the  abbreviation 

J 
bij  =  2  aij  =  Asi-ijy 

/=0  (i) 

then  the  series  (10)  is  equal  to  the  limit 


ji^CIo*'.^^')' 


provided  that  this  limit  exists. 

Now,  by  the  condition  of  linitude, 

(<) 

80  that  I  6i,  j— 6i  I  <  4(7,  for  all  values  of  i,  j. 
Hence,  for  all  values  of  j, 


00 


2  ibi^j-bdx' 


00 


4C  2  a?*  =  4Ca?^/(l-«). 


Let  M  be  chosen  so  as  to  make  4Cx^l{l—x)  less  than  an  assigned 
positive  number  a- ;  M  being  now  fixed,  N  can  be  chosen  so  as  to  give 

\bij-bi\<<T{l^X) 


*  This  is  a  kind  of  oonyerse  of  Weientrass's  theorem  conoeming  series  of  power  series. 
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for  every  value  olj^N  and  for  t  =  0, 1,  2,  ...,  Jlf  — 1,  since 


lim  6i,j  ^  6i. 


Then 

and  hence 
Thus* 


y  (bij-bdx' 


i=0 


ir-1 

<r{l—x)   S    «*<(r, 


i=0 


90 


^^^(bu-b^x* 


M-l 

2 


+ 


00 


2 


2<r,    if  j^N. 


(•> 


30  X 

lim  2  biiX^  =  2  bix*; 

i=9>   i=0       '"^  i=0 


that  is  to  say,  the  series  (10)  converges  and  has  the  satn^  sum  as  (9). 


5. 


Hence    lim  f{x,  y)  =  lim  2  y*  S  aij  x^  =  lim  2  2  Oi  <  a;* 
(*)(»)  (*)(y)  0)      (i)  (»)   0)  (i) 


(by  Abel's  theorem) 

=  lim  2  «*  2  Oi  4     (by  §  4)  . » 

(0       0) 

=  2  a^  j     (by  Abel's  theorem). 

(00) 

.•  •.   -  * . . 
An  exactly  similar  proof  applies  to  the  case  in  which  the,  convergence 

of  2  a  is  given.     Hence,  if  the  condition  of  finiiude  is  satisfted^  and  any 

0)(i) 

one  of  the  three  series  2  a,    2  a,    2  a    is  convergent^  the  corresponding 

ii.J)        (00)       0)(0 

one  of  the  three  limits  lim  /,    lim  /,    lim  /   is  determinate  and,  equalix) 

(',y)         (»)(y)         (y)(«) 

the  sum  of  the  series.  - 

By  similar  methods  we  can  easily  establish  corresponding  theorems, 

in  case  the  series    2  ai.j^    2  Oi^j,    2  ai^j  do  hot  converge,  but  oscillate. 

(0(j)        (i)(0         i^^  S) 


*  An  altematiye  proof  of  this  equation  can  be  found  by  writing  each  side  as  a  repeated  limit, 

in  the  form  /    i  \  i     *  \ 

lim  (    2   bn,j3^  I ,        lim  I     2   *«,  >«"• ) . 

0)(j)  \m-0  /  (iX))   ^  m-0  / 

The  equality  can  be  then  obtained  by  using  conditions  given  by  Bromwich  iJ*roc,  London^  Math. 
JSoc,  Ser.  2,  Vol.  1,  1903,  p.  184).  ' 
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Thus  we  find 

y)<Q  ^>^  (i)(y>  Ci)(j) 

l*ii)  feiD  CTv)  (^ 

These  results  may  be  summed  up  in  the  statement  that  the  mdximum  and 
minimum  limits  of  /(x,  y),  when  x,  y  approach  unity  in  any  one  of  the 
three  standard  ways,  are  included  between  the  maximum  and  minimum 
limits  ofZaijf  when  i,j  approach  infinity  in  the  same  way  as  x,y  approach 
unity. 

6. 

Before  proceeding  to  the  general  case  we  shall  illustrate  this  result 
by  some  examples : — 

(i.)  Suppose  <Kj  =  '^j  ^''t{~,^^'        (t,  j  >0) 

and  c^j  =  -  2-i  (j  >  0),  oj. o  =  2"*  (»  >  0),   ao.o  =  0.     Then,  if  ;  >  0, 

i=o '**••'  ^         ;!    1     (i-D!  0-1)!'         i! 

=  -2-^+2-.'-Hl-i)-^-'-2-M(l-i)-^-l}  =  0; 

but  ioto  =  2  2-*  =  1. 

0  I 

Hence  2  a  =  1 

and,  as  aj^i  zrz—a^j^ 

2  a  =  -l. 

(00) 

^t  follows  by  a  well  known  theorem  of  Pringsheim*s  that  the  double  series 

2  a  is  not  convergent.     Hence  we  infer  (assuming  for  a  moment  that  the 
a.  J) 

condition  of  finitude  is  satisfied)  that 

lim  /  =  —  1,         lim  /  =  1, 

and  therefore  (by  the  same  theorem)   lim/  is  not  determinate.      It  is 

(«,ir) 

interesting  to  note  that  in  such  a  case  as  this  we  can  make  this  last 
negative  inference.  In  the  case  of  Abel's  theorem  no  negative  inference 
is  possible. 
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To  verify  that,  as  a  matter  of  fact,  the  condition  of  finitude  is  satisfied, 
we  have  only  to  observe  that,  if  m  =  n, 

Vn  =  0, 


while,  if  m>n,       5.  ,^  =  2    2  flkj  =     S     S  (ii,j* 
In  this  last  expression  every  term  is  positive,  and 

00  n 

but,  since  «». »  =  0, 

00  n  OB       n 

Thus  we  may  take   (7=1. 

It  is  easy  to  verify  our  conclusions,  for 

y„    ^i.j  —     x—y     _  (l—y)—{X~x) 
2^.i^^-2=^-(l-J)+(l-x)' 


(ii.)  Suppose  that 


lim/  =  — 1,        lim/=l. 
(«)(y)  (y)(x) 


in  ; =  cu'^atX'\-(UQi?+ .,,      (0  <  -c  <  1), 


sm 

and  consider  the  double  series  defined  by  the  scheme 

a^+a^i      Oi— Oo,      Oj,      a,,  . 

Oa,  —  Oa,     0,        0,       . 


Obi 


—Ob,     0,        0, 


•  •  •       •  •  • 


Then,  if  m  >  2,  n  >  2,  5^, »  =  0  ;   so  that 

2  Oi,^  =  0. 

But  neither  repeated  series  is  convergent,  since  ao+ai+a«+...   is  not 
convergent.*     In  this  case 

f{x,  y)  =  (l—x)  sin:; — 7.  +(1—^)  sin 


1-y 


l-x' 


so  that 

while  neither  repeated  limit  exists. 


lim/=  0 

(x,») 


*  For.  if  it  were,  sin would  by  Abel's  theorem  baye  a  limit  for  «  »  I,  wbioh  is  not 

1— « 

the  case. 
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It  is  true  that  we  have  not  in  this  case  verified  the  condition  of 
finitude,  and  it  is  difficult  to  see  exactly  how  this  can  be  done,  as  a^  is 
a  complicated  function  of  v.     But  it  is  only  necessary  to  observe  that 

to  remove  this  objection  we  may  replace    sin    ^      by  any  function  of  x 
which  satisfies  the  following  conditions  : — 

(i.)  /(«)  =  ao+ai«+...         (0<a?<l); 

(ii.)  |ao+%+...+av|  <  C; 

(iii.)  f{x)  oscillates  between  finite  limits  of  indetermination  for  x  ^  1. 
Such  functions  certainly  exist.* 

7.  Statement  of  the  Theorems  of  Frobenius  and  Holder. 

Abel's  theorem  gives  no  information  as  to  the  behaviour  near  a;  =  1 
of  the  function  f{x),  in  case  the  series  (1)  is  not  convergent ;  but  if  the 
series  oscillates  it  is  quite  possible  that  the  limit 

lim/(a:) 

may  be  finite  and  determinate,  in  spite  of  the  divergence  of  the  series.! 
Frobenius  I  was  the  first  to  obtain  a  result  giving  information  about  this 

case  ;  his  theorem  may  be  stated  as  follows : — 

ft 

Let  8n=  ^  CLj'f 

in  case  Sn  approaches  no  definite  limit  as  n  increases  to  infinity,  it  may 

*  One  inay,  in  fact,  be  constructed  as  foUows.    Divide  (0,  1)  into  the  intervals 

>.-(i-p  J-jJr.)   («  - 0, 1, 2. ...). 

Let  0*  be  an  assigned  smaU  positive  quantity.    Choose  Uy  so  that  throughout ««, 

|(l«2a;)-(-l)|  <tr. 
Now  choose  p^  so  that  throughout  in, 

«''*(l  +  « +  «»  +  ...)  <  0-, 

M]  so  that  throughout  f„,  |  1  — 2«  +  2a?''*— ( +  1)  |  <  o", 

jjj  so  that  throughout  in,  x'^(l  +z  +  3fl-¥  ...)  <  a-, 

and  so  on.    Then  it  is  easy  to  see  that,  if 

f{x)  -  l-2a:''»  +  2af''--2af''-  +  ...     {p^  -  1), 

f(x)  differs  from  —  1  by  less  than  So-  in  !»,,  •„,,  i^^, ...,  and  from  + 1  by  less  than  So-  in  •«.»  i'\>  M*  •••  • 
rnie  numbers  pi,  Pi,  pg,  ..<r increase  with  very  g^reat  rapidity. 

t  For  example,  let  f{x)  -  1/(1  + a:)  -  1— a: +  «;'—«•+ ... ;   then  Um  f{x)  is  equal  to  J,  al- 

though  1  —  l  +  l  —  l  +  l  —  l-1-...is  oscillatory.    But  it  has  been  proved  that  if  lim  ««  »  Qo  t  then 
Vtukfix)  —  00. 

0-1 

I  OrelWt  Joufyialy  Bd.  lxxzix.,  1880,  p.  262. 
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happen  that  the  aHthmetic  mean 

Sn^  =  — TT  («o+«i+«a+...+«n) 
approaches  a  limit  I ;  then  the  limit 

exists  and  is  equal  to  L 

It  may  be  noticed  incidentally  that,  if  sj  does  approach  a  definite  limit 
I,  then  the  arithmetic  mean  s^^^  will  approach  the  same  limit.  For  an 
integer  n  can  be  chosen  so  that 

\sj—l\  <cr, 

if  j^n;  n  being  fixed,  choose  N  so  that 

I  «o+«i+«a+--+«n-i— w^  I  <N(r. 
Then 


^      1 


i+1 


l(Na)+{j-n+l)a'']<2<r, 


.a)  _ 


if  y  >  n  and  N ;  that  is,  lim  5j '  =  /. 

A  similar  method  can  be  used  to  prove  that  if  Sn  tends  to  infinity  with 
n,  then  the  same  is  true  of  ^y. 

The  theorem  of  Probenius  was  extended  further  by  Holder,*  so  as  to 
cover  cases  in  which  the  first  arithmetic  mean  has  no  definite  limit. 

Holder  writes 


(11)  ^»  -n+ 


The  extended  theorem  is  then 

lim  sf  <  nmfix)  <  lim/(a?)  <  lim  s^^ 

(n)  (E)  ^  <^> 

provided  that  |  5^^^  |  <  C  for  all  values  of  n. 


*  Math,  AmuUMf  Bd.  zx.,  1882,  p.  536. 
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8.  Extension  of  Frobenvus's  Theorem  to  Double  Series. 
Let  us  write 

2  m  1  in,  n 

ij^o  ^         (m+i){n+l)ij=o 

so  that  sj^^  is  an  arithmetic  mean  amongst  the  sums  Smn-     Then  the 
theorem  is : — 

//  lixn  «<::. = I. 

(m,«) 

then  also  lim  f{x,  y)  =  I, 

provided  that 

(18)  I  «£),  I  <  C 

for  all  values  of  m,  n  {the  present  form  of  the  condition  of  finitud^). 
In  virtue  of  equations  (12),  we  have 

Hence,  using  (18),  we  deduce 

(14)    \8ij\<Cl(i+l){j+l)+i(j+^)+(i+^)J+v]<^C{i+l){j+l) 

and 

(16)  |aij|<16C(i+l)C7'+l). 

It  follows  at  once,  from  (18),  (14),  and  (15),  that  the  three  series 

^{i+l){j+l)8^^]x'yK     -Lsi^ix'yK     ^^x'y^ 

are  all  absolutely  convergent,  since  their  terms  are  less  numerically  than 
the  corresponding  terms  in  the  series  for 

l6C{l-xr\l-yr\ 

Further  we  find  by  direct  multiplication  that 

(l-a:)(l-2^)2(i+l)(;  +  l)4>V^'  =  S^uaj^^'. 
Thus,  using  (8),  it  is  clear  that 

(16)  f(x,  y)  =  {l'-xf{l-yf'L{i+l)(j+l)s^^x'yK 

But,  since  the  arithmetic  means  have  the  limiting  value  I,  an  integer  N 
can  be  found  such  that 

(17)  I  «{;]-/ l<(r,  for  iJ^N, 

however  small  the  positive  number  cr  may  be ;  further,  from  (18),  it  follows 
'*^**  1  / 1  <  C,        \sf-l\<  2C,  for  aU  values  of  i,  j. 
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Thus,  Bince  (1  -a;)'(l -j/)" 2(i-|- 1)  (j+ 1)  x*y^  =  1, 

it  follows,  from  (16),  that 

/(x,  y)-l  =  {l-x)\l-yfi:{i+l)(j+l)(st]-i)x'yi 

[N-l        N-1    00  N-l    00  «      n 

2+2    2  +  2    2  +  2      . 

But,  from  (17),  it  is  evident  that 


also 


2 

iJ=N 
N-l 

2 


00 


y-1 

00 

2 

2 

i=0 

j-ir 

y-i 

00 

2 

2 

J^o 

i=N 

a-  2    (i+l)0'+l)a;V<<r(l-x)-»(l-y)-»; 

2(7*2'  (t+l)0'+l)  =  2C[,^N(N+1)J. 

2C  2  (i+1)  2  0'+l)»^  <  N{N+l)C{l-y)-\ 


2^-1 


QO 


c:2C  2  O'+l)  2  (t+l)a;*<2V(i\r+l)C(l-xrl 

Combining  these  four  inequalities,  we  obtain 

(18)    \f{x,y)^l\ 

<<r+N{N+l)Cl{l-x)^+a-y?+iN{N+l)(l-xm''yn 

Now  choose  S  so  that 

N(N+l)CS'[2+iN{N+l)S']  <  (T, 
which  is  possible,  since  N  is  now  fixed.*     Then  plainly 

N{N+l)C[{l-xf+{l^y)^+iN{N+l){l-xf{l-y)'^  <  cr, 
if  1— a:  <  ^,  1— y  <  ^  ;  and  so  (18)  leads  to  the  result 

\f(x,y)-l\<2(r, 
if  1—x  <  S,  1—y  <  S  ;  that  is, 


(19) 


lim/(a:,  y)  =  Z, 


which  is  the  analogue  of  Frobenius's  theorem. 

It  is  easy  to  prove,  by  a  similar  method,  that,  in  case  sfj  does  not 
approach  a  definite  limit,  but  oscillates  between  a  maximum  limit  and  a 
minimum  limit,  then 


.(1) 


.(1) 


lim  si)  <  lim/(ar,  y)  <  lim/(aj,  y)  <  lim  s\/j. 

Before  considering  the  case  of  repeated  limits  of  the  double  series,  we 
shall  give  an  example  of  the  result  contained  in  equation  (19). 

♦  One  way  of  doing  it  is  to  take  for  8  the  smaller  of  the  two  yalues  [<r/4A'(3'+ 1)  C]*» 
[<r/JP(ir+  l)^C'f;  the  smaller  will  usually  be  the  Hrst. 
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9.  Lord  Kelvin's  Series. 

In  Lord  Kelvin's  discussion  of  the  electrical  force  between  two  equal 
conducting  spheres  in  contact,*  he  employs  the  double  series  given  by 

Oi.^  =  {-l)'^HJl(i+jf    a  J  =  1,  2,  8,  ...), 
the  scheme  for  which  is 


1,1      _2J.       ,8.1  4.1 


I    1.1  z.i         J    o.i        ^.1  1 


_1.2  ,2.2  _8.2  ,4.2  _ 

15"'  "^15"'  IT"*  "^"F' 

,1.8  _2.8  ,8.8  _4.8  , 

1.4  ,2.4  _3.4  ,  4J  _ 


He  shows  that!        2  Oi j  =   2  a<j  =  JOog  2— J)  =  Z, 

(00)  (j)(i) 

say,  the  method  employed  being,  essentially,  the  same  as  that  used  below. 
Before  proceeding  to  the  general  discussion,  we  shall  evaluate  f(x,  x) ; 
now  here  |  ^  |  <  i»  so  that  the  series  for  /(x,  y)  is  absolutely  con- 
vergent.    Thus,  we  may  write 

oo  /n—\  \ 

fix,  x)=  2  a:*  I  2ai,»-i). 

n=2        M=l  / 

But  "S  Oi.  „-,  =  (-  ir  s'i  {n-i)ln'  =  (-  !)•  J (n-  1/n), 

and  thus 

f(x,  x)  =  J  2  (n-l/n)  (-x)"  =  J  2  (n-l/nX-a;)" 

11=32  n=l 

=  iPog(H-x)-a;/(l+x)]. 
From  this  equation  it  is  plain  that 

lim/(x,x)  =  iOog2-i)  =  Z, 

*  PAi/.  Jir<^.,  April  and  Augrast,  1853  ;  £eprint  of  EUetrictd  Fapen,  No.  yi.,  Art.  140. 

t  It  ig  of  some  interest  to  obeerve  that  it  is  the  repeated  summation  which  gives  the  oonect 
ezpreenon  for  the  force  between  the  tpheres.  Bat  this  is  btot  the  force  between  the  two  sets  of  imagea  ; 
in  fact,  the  latter  force  can  only  be  reg^arded  as  lim  #^,  where  i,  j  approach  infinity  in  such  a  way 
that  ilj  tends  to  the  limit  unity  ;  but,  as  will  be  seen  below,  lim  #(/  is  then  not  determinate. 
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a  result  which  has  sometimes  been  used  to  evaluate  the  sum  of  Kelvin's 
series.* 

Next,  to  find  the  general  value  of  /(a;,  y)^  we  write 

but 

It  will  be  observed  that  this  expression  is  identically  zero  for  w  =  1,  and  so 
the  summation  may  be  extended  to  include  n  =  1;  then  we  have 

(x-yff{x,  y)=l  {^i)-l^l(n+l){x-y){x^+y-)-r2{x''^'-y''^')'] 

n=l  n 


00 


.-1 1 


=  2  {-ir-'^[{x+yHx--y^)''7i(x-y){x-+y^)'\. 


00 


If  we  introduce  the  function  </>{x)  =  2  (— l)""^a:*/n^  it  is  clear  that 


n=l 

1 


0'  (a:)  =  2  (- 1)*-^  x--'ln  =  ^  log  (1+x); 

n  =  l  X 

and  then 

{x-yffix,  y)  =  {x+y) ltf>(x)-ff>{y)']-(x-y) lx</>'(x)+y</>[(y)]. 

If  we  write,  for  the  moment, 

^  =  i  {x+y)y         i;  =  i  {x—y), 

it  will  be  found  (after  some  reductions  which  are  tedious,  but  not  difficult) 

*^**  f{x,y)  =  -W'^i)-W^i)+^i^ 

where  |  B  |  <  (f  ^  |  +  2  | .,  |)X  <  fX, 

X  being  the  greatest  value  of  |  ^'^(^)|  when  ^  takes  all  values  from  xio  y, 
inclusive. 

Thus  lim/(a;,  y)  =     lim   [-*^^"'(^)-J^"(^)+2«s.jB] 

(«,  y)  f =1,  ij=0 

=  -ilim[f"(^)+30"(^)]  .  '_  , 

= -i[(21og2~f)  +  3(i~log2)]  =  J(log2-J)  = /; 
and  it  is  clear  that  I  is  also  the  value  of  the  two  repeated  limits 

\imf{x,y)         and         Mm  f{x,y). 

{'Hv)  (y)(«) 


♦  Forexample,  by  Prof.  Tarleton,  in  his  book  on  Attraetionv  (Ex.  9,  p.  279),  where  the  result 
is  obtained  by  processes  which  can  hardly  be  justified. 
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Next  we  consider  the  value  of  Si^, « ;   and,  to  find  this,  use  the  theorem 

Jo 

so  that  a^j  =  (-1)*+-^  T  ije-^^^^Hdt. 

Hence 


^m,  n 


where  ^(w,  0  =  !+(— l)*"*  Um+l)c-"*+m«-<»+»>*}. 

Now 

Jo     (1+c  0  Jo     (1+c  T         Jo  »» 

and  accordingly 

Similarly  l|un  J^         ^(i+,->)i = «' 

and  so  on ;   and  hence 

f*   e'^tdt 


the  value  of  the  integral  being  obtained  by  direct  integration.*     In  the 
same  way, 

(m)  (n) 


lim  5^,  n  =  I 


We  have  thus  obtained  an  illustration  of  part  of  the  theorem  given  in 
§  5  ;  for  we  have  proved  directly  that 

2  a<  j  =  lim  /,         1.04^=-  lim  /. 
(i)0)     '         (»)(y)  0)(i)    '        (y)(«) 

However,  the  double  series  Z  a  is  not  convergent,  in  spite  of  the  fact 


*  The  indefinite  integral  is 

Thia  is  the  method  employed  by  E^elvin,  loe.  eit. 

2.    YOi^  2.    NO.  862.  N 
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that  lim  /  is  perfectly  determinate.     For 
(*.y) 

from  which  it  easily  follows  that 

lim  SM,m+i  =  l—^,         lim  ««.«  =  ^+A' 

It  is  not  difficult  to  prove  that  these  are  the  general  values  of 

^lims«,n         and         lim  s^n. 

If  m,  n  tend  to  infinity  in  such  a  way  that  lim(m/n)  =1,  s«,n  oscillates 
between  these  values;  if  in  such  a  way  that  lim (m/n)  =  0  or  oo,  s^^n 
tends  to  the  determinate  limit  l. 

It  will  be  seen  that,  in  agreement  with  §  5, 

2  Oij  <  lim/<  2  Oij, 
(y)  (».y)  (o 

Next,  if  we  form  the  arithmetic  mean  of  «».  n,  it  will  be  found  that 

where  V^(m,  0=1+  -^ j-z h  —rr  —         '    _< . 

m+1  m+1  1+e  ' 

This  gives  at  once 

^^  «m  «  =  I    TT-, — Ki  =  i  ==  lim/(a:,  y) ; 

and, to  verify  the  condition  of  finitude,  we  observe  that,  since  |^(m,  ty\  <  4, 

I  «m,n  I  <  16 1    e"**^d^  for  all  values  of  m,  n, 

Jo 

or  l<M<4. 

Thus  the  equation  lim  5^^^  =  lim/(a;,  y) 

(». »)       '  (X,  y) 

is  in  complete  agreement  with  the  theorem  proved  in  §  8. 

From  the  preceding  work  it  is  clear  that  there  is  no  justification  for 
assurmng  the  equation 

2  a<j  =   2  Oij  =  lim /(a?,  a?), 

(00)  0)(i)  ^=1 


*  It  is  easy  to  see  that  the  oonditioiis  g^yen  by  Bromwioh  (/.«.,  p.  201)  for  this  inyersion  of 
Ui^ite  are  satisfied. 
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until  we  have  proved  (i.)  that  the  repeated  sums   ^aij,   2  tz«;/ aire  cpii'- 

(i)0)    '    a)(0 

vergent;  and  (ii.)  that  the  doubtelimit  \ini8m]n  is  determinate,  in  addition 

(m,  n) 

to  verifying  the  condition  of  finitude. 

It  follows  that  this  method  of  evaluating  the  repeated  sums  is  really 
far  more  complicated  than  Kelvin's  direct  method  of  summation ;  although, 
superficially,  the  former  method  appears  to  be  the  easier. 


10.  Extension  to  Bepeated  (Two-fold)  Series  of  the  Theorems  of  Frobenius 

and  Holder, 

Returning  to  the  notation  of  §  4,  suppose  that  the  limit 

J-ao 

does  not  exist ;   it  may  then  happen  that  the  arithmetic  means  of  hij\ 
namely,  O)  _     1      ^ 

approach  a  limit  6f  ^ ;  so  that 

lim  bt\  =  b''\ 

I 

Suppose  further  that  the  condition  of  finitude  is  satisfied  in  the  form 

I  bfj  I  <  C,    for  all  values  of  i,  j ; 
it  follows  that  the  two  series 

(i)  (0 

are  absolutely  convergent.     The  same  is  true  of  the  series 

I.aijx\ 
since  hj  =  A  (j  iJ'j.J  ,       aij  =  ^  Ikj-i]  ; 

so  that  I  bij  I  <  2C{j+l\         K^  I  <  4C(;  +  1). 

Now  write 

Xj  =  2  Soi  la;*  =  ^b^jX* 

^  2^0  (i)'  (0      ' 


;+i 


N  i 
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Then  plainly 

(20)  2^^  =  2  h^\x^. 

But,  by  the  prooess  adopted  in  proving  the  last  equation  of  §  4,  it  follows 

and  so,  from  (20),  we  find 

(21)  lim  Xf ^  =  2  bfxK 

Now  it  has  been  proved  that 

K.il<4CC/+l), 

and  consequently  ^ai^jX^y^  is  absolutely  convergent,  its  terms  being  less 
numerically  than  those  in  the  expansion  of  4(7(1— a;)~Ml— !/)"*•     Thus 

/{x,y)  =  2j^2ai,jaj*. 

0)        (i) 

Frobenius's   theorem  can  be  applied  to  this   series:    and,  in  virtue  of 
equation  (21),  it  follows  that 

lim/(a;, »)  =  Um  Xf  ^  =  2  fcf  ^o?*. 

(y)  j*«     ^         (i) 

If  now  either  the  series  2  b\    converges  to  a  sum  I,  or  if  th^  arithmetic 
mean  process  applied  to  b^   gives  a  definite  limit  Z,  then 

lim  fix,  y)  =  lim  2  bf^x^  =  Z, 

(«)Cir)  (X)   (0 

a  result  which  follows  at  once  from  Abel's  (or  Frobenius's)  theorem. 
Obviously  a  similar  method  can  be  used  to  find  the  limit 

lim  fix,  y\ 
(y)(«) 

the  necessary  modifications  being  made  in  the  hypotheses. 
As  an  illustration,  take  the  series  given  by 

Oij  =  (-1)*+^, 


*  In  f  4,  tlie  oolidition  of  finitade  was  stated  in  a  slightly  different  fonn ;  but  a  glance  at 
the  proof  will  show  that  \h^j\  <  (7 is  sofBoient  for  the  tnit|i  of  tl^e  oqnolusion. 
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which  has  the  scheme 

+1,  -1,  +1.  -1, 

-1,  +1,  -1,  +1, 

+1,  -1,  +1,  -1, 


•  ••I 


•  •  •  •  •  • 


In  this  case  bi^j  =  0,   itj  is  odd  ;  and  bij  =  (—1)*,  if  j  is  even. 

Hence  bf^  =  Urn  bf]  =  i(- 1)*,  and  |  6J']  |  <  1  f or  all  values  of  ij.    Thus 


lim/(aj,y)  =  2J(-l)V. 
(y)  (i) 

The  series  2)^(— 1)^  does  not  converge,  but  the  arithmetic  mean  process 

(0 

leads  to  the  limit  \ ;  so  that 

lim/(a:,  y)  =  J, 
(x)(y) 

which  may  be  immediately  verified,  since  f{x,  y)  =  {l+x)~^  (l+y)"^  In 
this  case,  as  a  matter  of  fact,  the  theorem  of  §  8  can  be  applied  ;  for  5<j  =  1, 
if  both  i  and  j  are  even,  while  Sij  =  0  in  every  other  case.     Thus 

lim  4']  =  J, 
and  so  lim  f{x,  y)  =  l. 

(X.  y) 

It  is  clear  that  the  method  used  in  this  paragraph  is  capable  of 
immediate  extension  to  any  case  in  which  a  finite  number*  of  arithmetic 
means  must  be  taken  in  order  to  obtain  a  limit  from  each  column  of  the 
scheme.  A  corresponding  change  must  be  made  in  the  condition  of 
finitude.  Then,  if  the  limits  so  found  from  the  columns  either  form  a 
convergent  series  with  the  sum  Z,  or  lead  to  a  limit  I  after  a  finite 
number  of  arithmetic  means,  the  equation 

lim  fix,  y)  ^  I 

Oc)(f) 

is  true. 

A  simple  example  which  we  do  not  pause  to  work  out  in  detail  is  given 


*  This  number  may  vary  with  i,  so  long  as  it  has  a  finite  maximum.  This  is  dear,  in  oon- 
sequenoe  of  a  theorem  proyed  in  {  7,  according  to  which,  if  a  limit  is  obtained  from  an  arithmetic 
mean  of  any  order,  the  aame  limit  will  belong  to  all  the  subseqaent  arithmetic  means. 
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or,  more  generally, 

Oij  =  (i+l)P(7+l)»exp  [(»0+i0)  V(-l)}. 

11.  Extension  of  Holder's  Theorems  to  Double  Series  :  Double  Limit. 
Continuing  the  notation  of  equation  (12),  let  us  write 

•-•-(m+l)(n+l)uto^^' 
V»~(m+l)(n+l)uto  '•■" 

«<*>  =        1        V  .<*-« 

-•»       (m+l)(n+l)^j-o   '•^    ■ 
Suppose  that  the  condition  of  finitade 

\st]\<C 

is  verified  for  all  valaes  of  i,  j ;   then,  by  a  process  analogous  to  that 
used  in  (14)  and  (15),  we  deduce 

K.il<4»+»(t+l)'=(;-|-l)*C. 
(28)  |»*.j|<4*(t+l)*(;+l)*C, 

I  Jtj'^  I  <  4'-  (i+ 1)'  (j+iy  C    (r  =  0, 1,  2 *- 1). 

From  (28)  it  is  clear  that  each  of  the  series 

I 

Soijajy,      25i.jajV»      ^^tWv^    (r  =  1,  2,  ...,  k) 

is  absolutely  convergent ;  since  their  terms  are  numerically  less  than  the 
corresponding  terms  in  4*+^(*!)*C(l-a?)-<*+^>(l-y)-<*+i>, 
We  prove  next  the  following  preliminary  lemma : — 

Assuming  the  truth  of  the  equation 

(24)  lim  d-xY^'  {l-yY^^  2   ^(i,  j) s^)x'yi  =  h 

where  i/>is  a  polynomial  of  the  form 

0  (i>  i)  =  -7     .  +  terms  of  lower  degree, 
^  pi  qi  ^ 
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then  also 


.(^-i)^i-j  — 


(25)  lim  (l-a.)i>+i(l-y)«+i  2  ^(i,  j)  s'lJ^'x'yi  =  /. 

promded  that  (24)  is  valid  for  all  integers  p^  q. 
To  prove  the  lemma,  we  use  the  identity 

it,  J) 

which  gives 

(26)  2  il>{i.j)8lj'^x'yi  =  (l-a;)(l-y)  2  (*+ 1) 0 +1)^ (»,>)<]« V 

-x{l-y)  2  (i+l)0+l)[A^(»,;)]sl>V 
(*.J)  (<) 

-yO.-x)  2  (t+l)(;+l)tA^(».»]OV 
.     .  (*./)  (J) 

+a;y  2  (i+DO+l)  [  A  ^(»,i)]OV' 
But  the  polynomials  appearing  in  these  series  are  of  the  forms 

(*+l)(;+l)^(».i)  =  (P+lXj+l)  (^^j  (^^  +  lower  terms, 
«+l)0+l)[A^(i.;)]  =1)(?+1)^  (-^^ +.... 
(i+l)0-l-l)[A^(i.;)]  =  (P+l)?(^?jy,  ^+..-. 

Thus,  in  virtue  of  (24),  we  find 

lim(l-xr*(l-y)'**  2  (t+l)0-|-l)^(»,  j)«l>V  =  (l)+l)(?+l)i. 

Kma;(l-it)P+Ml-#^*  2  (*+l)0-l-l)[A^(t.»]«i>V  =  i)(g+l)i 

lim(l-xy+*»(l-2^)'+»  2  (i+l)0-l-l)[A^(i.i)]OV  =  (p+D?/, 

(»ilf)  (*.A  0) 

lim  »(l-a!)'+^y(l -»)«+>  2  (i+l)0-|-l)[A  ^(t,j)]OV  =  i>?«- 

(«,y)  (<fj)  (<.i) 

Combining  the  last  four  equations  with  equation  (26),  we  see  that 
]xni{X-xY^\l-yy^'  2  4>(i>j)sl;'^x'y^ 

=  l(p+l){q+l)-piq+l)-(p+l)q+pq]l  =  i. 
and  this  is  equation  (25) .     Thus  the  lemma  is  proved. 
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It  is  now  clear  that,  if  the  equation 


(27) 


.(*)«i.j  — 


is  true  for  all  integers  p,  q  and  for  any  particular  integer  k^  then  aiso  the 
equation 

(28)  lim(l-«)P+^(l-y)«+^  2  4>  d.  j)  Si^x' y^  =  I 

is  true. 

We  shall  now  establish  the  truth  of  (27),  on  the  hypothesis  that 

lim«f]  =  I. 

Let  OS  write  for  brevity 

irihj)  =  [(i+l)(i+2)...(i+jp)(;+l)0+2)...0+g)]/jp!  ?!, 
so  that  lim  (0/V^)  =  1. 

An  integer  N  can  now  be  found,  corresponding  to  any  assigned  positive 
number  <r,  such  that 

\(i>lyk)st]-i\<<r.    if    iJ>N. 

Further,  a  number  g  can  be  found  such  that 

I  ^/y/t  I  <  g,    for  all  values  of  i.j; 
and  so,  using  the  condition  of  finitude, 

i>s^]\  <  gC^,    for  all  values  of  t,  j, 

1\<C; 

I^«u-"¥l<(?+l)C^- 


and 
so  that 


Now 


and 


N-l         N-l     flo  N-l      flo  a» 

2  (0«*  -lyp)x^y^  =2+2     2+2     2+2 


y-1 

2 


,.+.)a,'i><^+»o'^+i';::ar'. 


2*^-1      00 

2     2 

i=0   j«y 


ij»0 
N-l      ee 


(p+1)!  (g+1)! 

+1 


(y + 1) C  f   I  ^*  <{g+i)C  S^ <i -^')~<'^'^ 


00      N-l 

2    2 

i=N  j=0 

<{g- 

00 

2 

<=0  i«N 

N-l     oo 


<  (J^+Dcls'  i:    yjrx'  <  {g-{-\)C  ^^^±^(l-a;)-<i'*« 


j=0   i=N 


(?+l)! 
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Hence  we  deduce 

"rvc/-r;^L    (p+l)\  {q+l)\      ^      ^     ^      ^^ 

^    (p+l)l  ^        ^.    ^    (g+1)!  ^      ^'     J' 

and  we  can  choose  S  so  that  the  right-hand  side  of  this  inequality  is  less 
than  2cr,  provided  that  l^x,  1—^  are  each  less  than  S.    Hence 

lim  (l-aj)^+^(l-j/)«+^  2  Wi*l-V^O»V  =  0. 
But  (i-.a:)P+i(i_y)g+i  2  ^^V  =  Z, 

and  equations  (27),  (28)  follow  at  once. 

If  we  now  take  in  (28)  the  special  values'^ 

0(»,i)  =  l,        1^  =  0,        g  =  0, 
it  will  be  seen  that 

lim(l-a:)(l-j/)  2  s^^V  =  ^. 

or,  using  equation  (8),  lim  f{x^  y)  =  1* 

(*,y) 

Thus  the  following  theorem  has  been  established : — 
If,  for  all  values  of  i,  j,  |  ^ j  I  <  C,  and  if 

lim  8?]  =  Z, 

<A«n  also  lim  /(a:,  y)  =  L 

<«,y) 

This  is  the  general  extension  of  Holder's  theorem  to  double  series ;  the 

method  can  be  easily  modified  so  as  to  include  the  possibility  that  sij  may 

oscillate ;  the  result  is  then 

lim  «!,*]  <  Urn  fix,  y)  <  lim /(a:,  y)  <  lim  sj*]. 

12.  The  General  Theorem. 

We  proceed  now  to  the  proof  of  the  general  theorem  stated  in  §  2.     It 
has  been  already  pointed  out  that  the  argument  of  §  8  applies  to  the 


*  This  appears  to  be  the  only  case  of  praotioal  importance,  but  the  introdaction  of  this 
speoialisation  earlier  does  not  materially  simjdify  the  work. 
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general  case  when  it  is  the  convergenee  of  the  multiple  series  proper 

!    .     2     a 

Of «, ....  •) 

which  is  given.  To  prove  the  theorem  in  its  most  general  form  it  is  con- 
venient to  proceed  by  induction.  We  shall  adopt  the  following  contracted 
notation.  We  denote  the  groups  ot  suffixes  (ii,  is,  ...»  i^f  {ip+u  ...tiq),  ..., 
{ir+u  ...,  ^  by  (a),  (d),  ...» (/u) ;  so  that  the  series  summed  in  the  manner 
explained  at  the  top  of  p.  162  will  be  written  as 

(29)  2     a. 

(«)CA...(^)  , 

Further,  by  2  a,  we  denote  the  sum  in  which  ii  ranges  from  0  to  Ji,  is 

•         •  • 

from  0  to  Js,  ...,  ip  from  0  to  Jp,  and  by  x^*^  we  denote  x^x^  ...  xj^. 

Let  us  then  assume  (i.)  that  the  condition  of  finitude  is  satisfied,  (ii.)  that 
the  series  (29)  is  convergent,  and  (iii.)  that  the  theorem  holds  in  its  most 
general  form  for  any  number  of  indices  less  than  n.     Let 

(80)  «.  =     2     a. 

O)   .(m) 

Then,  since  2      a  =  A«<,.i,...,i    i, «,..., «^, 

it  follows,  from  the  condition  of  finitude,  that 

(81)  |5.|<2^C 

and  that 

(82)  2s.aJ^*> 

is  absolutely  convergent.    And,  since 


I  Oil.  i, i  J  =  I      ^       Si,  _i i^-i  I  <  2^*0, 

0.2.  ...,n) 


the  series 


(38)  2  air<*> 

(«) 

is  also  absolutely  convergent.    We  shall  prove  further  that 
(84)  2      2  aa^^^ 

0)...(m)  («) 

is  convergent  and  equal  to  (82). 
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18. 

Our  first  step  ^1  be  to  prove  that 


(86) 

t 

is  convergent  and  equal  to 
(86) 


2  2  eMJ<*> 

0*)(«) 


2  a:<*>  2  a, 


wbibh  is  convergent  for  the  same  reasons  as  (82)  and  (88). 
Let 


and 


2   a  =^  ba,m 


2  a  =  lim  6^^  =  6^  * 

ft=0  (m) 


(m  of  course  being  a  group  of  suffixes).    We  have  to  prove  that 


lim2(6-«-6JaJ^*>  =  0. 


(»)  («) 


Now 


(i;  -V)(6..«-6Jaf 
\*-o      •«o/ 


2,^,^l-(l-a:(0(l-a:J')..,(l-a?^ 


(l-«i)(l-a:^...(l-ajp) 


iLf  <  2'^+i  C 


^1    I   »«»  r«Pp 


smce 


6..,»-6.|<2''+^a 


We  can  choose  I  so  that  this  is  <  <r.  Then,  I  being  fixed,  we  can  choose 
M  so  that  I  K,m—ba  |  <  (yjlxl^ ...  Jp  for  all  values  of  (m)  >  ilf,  and  all 
values  of  (c)  ^I\  thus 


2'(6a.m-"6Jaj<*> 


and 


2(6..«-6Ja^*> 


2(r. 


Hence  (86)  is  convergent  and  equal  to  (86). 


14. 

This  argument  can  now  be  repeated.     Suppose  that  (X)  is  the  group 
of  suffixes  immediately  preceding  (/u).    We  have  to  show  that 

(87)  2    2(w:<*> 

(A)0*)  <«) 


The  existence  of  this  limit  is,  of  course,  implied  in  our  data. 
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is  convergent  and  equal  to 

(88)  2  a:<*>  2   a, 

which  is  convergent  for  the  same  reasons  as  the  series  (80),  (88),  and  (86). 
To  prove  this  we  have  only  to  observe  that  (87)  may  (after  §  18)  be 
written  in  the  form  x*  ^  _/.\  ^ 

(A)   («)  {/>) 

and  that  a  repetition  of  the  preceding  argument  with  2  a  in  place  of  a 

0*) 

proves  that  this  is  convergent  and  equal  to  (88). 

By  repeating  this  line  of  argument  as  often  as  may  be  necessary  we 
conclude  finally  that  (84)  is  convergent  and  equal  to  (82). 

16. 

We  are  now  in  a  position  to  prove  the  theorem.    For 

lim  /  =    2     2  aa^»> 

(since  the  theorem  holds  for  any  number  of  indices  less  than  n)  and 
therefore  is  equal   to  2  o:^*^     2     a  (by  §§  18,  14).      Hence,  by  a  further 

application  of  the  theorem  for  p  indices, 

lim     /=lim2a:<»>      2    a=       2     a. 

(«)0S)...Oi)  (a)   («)  00 ...Ot)  («)O)...0i) 

The  theorem  is  therefore  true  for  n  indices  if  it  is  true  for  any  number 
less  than  n ;  and  therefore  it  is  true  generally. 


16.  Multiplication  of  Series. 

It  is  well  known  that  from  Abel's  theorem  we  can  at  once  deduce 

that,  if  the  three  series 

2  Oi,      2  ii,      2  Ci , 

where  Ci  =     2    ajcb^ 

are  convergent,  the  third  series  is  the  product  of  the  other  two.  We  have 
in  fact  only  to  make  the  first  two  series  absolutely  convergent  by  intro- 
ducing a  factor  x^  in  each  term,  to  multiply  the  resulting  power  series, 
and  to  proceed  to  the  limit. 

By  an  exactly  similar  process  we  deduce  from  the  theorem  proved  in 
§  15  that,  if  the  three  series 

2 Oil, «,. ... i^f      2 6fj, {,, .... i .      and      2 ct,, i^ .... i. 
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wh^e  ci„  i,.  ..,  <^  =  2  afci. ....  k^  hi, ,^ , 

satisfy  the  condition  of  finitude  and  a/re  convergent  when  summed  in  the 
same  way  {e.g,,  in  the  way  specified  by  Z  )i  then  the 

third  series  is  the  product  of  the  first  two. 

Of  course  similar  theorems  can  be  proved  for  the  product  of  any 
number  of  series. 

17.  Mean  Value  Theorems  for  the  General  Series. 

It  is  easy  to  prove  by  the  method  of  §  11  that,  if  s\^'  ^^^  is  the  A;-th 
arithmetic  mean  of  ^i^,  ...i^i  and  \sP'^\<  C  for  all  suffixes,  and 

lim    a^^  =  «, 
(1,  %  ... ») 

then  lim      f  =  s. 

(1.  2,  ....  «) 

The  form  of  the  arithmetic  mean  theorem  corresponding  to  the  general 
theorem  of  §§  11-15  is  as  follows : — 

Let  2'  denote  that  a  series  is  ''  summed  "  by  taking  any  finite  number 
of  arithmetic  means.     Suppose  that 

2'  2'  ...  2' a 

is  determinate  and  equal  to  s^  and  that  a  numher  C  can  be  assigned  such 

that  the  various  qua/ntities  which  we  pass  through  before  we  arrive  at  s 

a/re  all  less  tha/n  C ;  then         |.         ^ 

lim     /  =^  s. 


1«0  Mr.  G.  H.  Hardy  [April  14, 


NOTE    IN    ADDITION    TO  A  FORMER   PAPER  ON   CONDITION- 
ALLY CONVERGENT   MULTIPLE    SERIES 

By  G.  H.  Hardt. 

[BeoeiTed  March  23rd,  1904.— Read  April  Utfa,  1904.] 

In  a  paper  which  appeared  recently  in  these  Proceedings*  I  proved 
the  convergence  of  a  general  class  of  ?t-ple  series^  of  which 

!?n(^l^l+^^«+-+^-^n) 

v«  Dill 

is  typical.  Here  a^,  a^,  .,,^  a^^  p  are  all  real  and  positive,  And  no  one 
of  dx,  ...,  Qn  is  a  multiple  of  2^.  In  that  paper  I  was  concerned  entirely 
with  proper  multiple  series ;  series  of  the  type  which,  according  to  the 
notation  developed  by  Prof.  Bromwich  and  myself  in  the  preceding  paper, 

would  be  denoted  by  (i^2,^..,nr 

I  wish  in  this  note  to  point  out  that  all  these  series  are  convergent 
also  when  summed  according  to  the  type  a.,,  ...p)(p+i.2.,)..(.+i....,n)  o^ 
(a)(/8?  0*)*  ^^^^  follows  at  once  from  the  following  lemma,  which  is  an 
obvious  extension  of  a  lemma  proved  by  Pringsheim  for  double  series. 

Lemma. — The  quanti,ty         lim     Si^.  (,, ...,  i^ 
is  not  increased,  and  the  quantity 

is  not  decreased,  by  replacing  the  single  bracket  (1,  2,  ...,  n)  hy  any 
system  of  brackets  (a)  (/8) . . .  Ou). 

To  prove  this  it  is  evidently  enough  to  prove  that 

lim     s  ^     lim        lim     5        or         ^  lim  lim «, 

Of  «t  ...I »)  (178,  ...,p)Cp+i,    fW)  («)     0^ 

say.  Denote  the  quantity  on  the  left  by  L  ;  then,  however  small  be  er, 
we  can  determine  I  so  that  if  i  >  I  then  s  <  L+er. 

toQn  thoGoiiTer^Qiioe  of  Oertain  Multiple  Series,"  Proe,J^ndmMtUh.Soe,f  Ser.  2,  Vol.  I,  p.  124, 
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Making  (fi)  tend  to  infinity,  we  deduce    Urns  ^L+<r   for   (a)  > /, 
and  so   lim  8  ^L. 

The  lemma  is  therefore  proved. 

Now  let  a,  u*  be  two  systems  of  quantities  satisfying  the  conditions 
of  §  4  of  my  former  paper.     I  proved  there  that      2    au  is  convergent, 

and  the  same  argument  shows  that  l^au  is  convergent.     Now 

2 aw  =      2     (^  =  fif, 

say.     Hence,  by  the  lemma,     Z  au  ^  S   and  also     2  au'^  S.     That 

is  to  say,     2   au  is  convergent  and   =  S.     Similarly,  we  can  show  (by 

repeating  this  argument  a  finite  number  of  times)  that,  if  we  divide  the 
indices  into  any  number  of  groups  (a)  (/S) . . .  Ou) ,  the  resulting  series  is 
convergent.  The  most  interesting  special  case  of  this  theorem  is  that 
the  series  qqq 

00  00  00    air\  V*l  ^11    '  •  •    I    ^»  ^w) 
^  ^             ^   Dill 

1  1   '    '  1       (il(h  +  '''+inanY 

is  convergent  when  the  summations  are  carried  out  saceesHvely. 

*  I  write  a  for  what  was  a  in  the  former  paper. 


192  Rbv.  F.  H.  Jackson  [June  2, 


THE  APPLICATION  OP  BASIC  NUMBERS  TO  BESSEL'S  AND 

LEGENDRE'S  FUNCTIONS 

By  Rev.  F.  H.  Jackson. 

[Beoeiyed  in  revisad  fonn*  June  2nd,  1904.] 
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Part  I. 
1. 
Let  [n]  denote  ^ — - ;  then,  since  [1]  =  1, 

[2]  =  1+p,        [8]  =  l+p+p\ 
and  [— 1]  =  — 1?"S        [— 2]  =  — 1?"^— 2>-*, 

The  number  [n]  is  analogous  to  the  natural  number  n.  Various  functions 
analogous  to  the  functions  a;^  exp(a:),  T(x),  J«(x),  Pnix)  may  be  formed, 
in  which  these  numbers  [1] ,  [2] ,  ...  occupy  the  place  taken  by  the  natural 
numbers  in  the  ordinary  functions  of  analysis.  Such  generalized  functions 
may  be  obtained  as  solutions  of  differential  equations  analogous  to  the 
equations  satisfied  by  the  simpler  functions.  In  any  number  [n]  a  base  p 
is  implied,  and,  if  the  base  |)  =  1,  the  number  reduces,  in  the  limit,  to 
the  natural  number  n.     It  may  be  convenient  to  call  [n]  the  basic  num- 

*  Four  papers,  two  communicated  in  March  and  two  in  April,  have  been  condensed  into  a 
single  paper. 
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ber  n,  and  the  functions  formed  in  this  manner  basic  functions.  In  this 
paper  the  application  of  the  numbers  will  be  directed  towards  obtaining 
the  following  extension  of  Neumann's  addition  theorem  for  the  function  Jq. 

Jo(6«^.C6'>)  =  J[o](6)»co]  (y)-2pcosa  Jci](6)3ci]  (|-^ 

+21?* cos  2a c7c2](6)»C2](—) -...  +  (?-!)  ^(6ci8y) 

(^— y  =  a). 

This  is  only  one  of  an  infinite  number  of  independent  addition  theorems, 
all  of  which  reduce,  when  j>  =  1 ,  to  Neumann's  addition  theorem  for 
Jq{B).  The  form  of  the  general  series  which  contains  the  above  and  a 
similar  series  symmetrical  in  b  and  c  as  particular  cases  will  be  indicated. 
The  second  part  of  the  paper  treats  of  the  series  corresponding  to  the 
various  transformations  of  Legendre's  functions,  especially  the  expansions 
of  Pn  (cos  d).     Incidentally  it  is  shown  that 

(y-x)-'  =  2[2n+l]Pc»3(a:)(9M(y), 
and  the  summation  of  a  case  of  P([a]|j8][y][^][e])  is  eflfected. 


2. 

The  results  numbered  (l)-(7)  in  this  article  are  such  as  will  be  required 
in  subsequent  work.  The  theorems  corresponding  to  the  binomial  and 
exponential  theorems  are  well  known  in  other  forms,  but  it  seems  con- 
venient to  collect  them  together  and  express  them  in  the  form  most  useful 
for  reference.     If  n  be  a  positive  integer,  we  take 

In  general      (l-a:)«  =   U  \\    ^_,.,,7     ip  >  1).  (a) 

r=0  ('■      P  X) 

If,  however,  ^  <  1,  the  proper  infinite  product  expression  for  (1— x)«  is 

(1-x)    =  L         (l-x)(l-pa;)...(l-p'a;)  .^ 

U     X),  _  u^  ^j  _^._^j  ^j  -p-^^x) ...  (1  -p**'  X)  •  ^^ 

The  expansion  of  these  products  in  infinite  series  has  been  considered  bj 
many  writers,  and  we  may  express  the  analogue  of  the  binomial  theorem  as 


(l-x),=  l- 


>]      I     [n][n-l]   a 
11*+^       [21!      *      ••• 


+(-l)rptr(r-.)  [n]  [n-l^.^.^[n-r+l]  ^,_^_      ^     ^^^ 


[r]! 
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The  series  is  convergent  il  p>l  and  x  <p^  if  p  <\  and  x <i)~*,  if 
/)  =  1  and  x<l. 

From  (a)  and  08)  we  obtain  without  difficulty 


(1-a:)-, 


=  (l-a;).».,,  (2) 


which  will  be  reqmred  in  subsequent  work. 

,     The  Function  Ep : — If  in  series  (1)  we  replace  x  by  \(l^p)Jp*t  and 
make  n  infinite,  we  obtain 


,L('+^).='+rai +#!+•••• 


(y) 


The  series  is  absolutely  convergent  if  ;>  >  1,  and  is  convergent  for  all 
other  values  of  p,  subject  to  obvious  limitations  of  X.  The  infinite  pro- 
duct is  convergent  in  form  (a)  when  p  >  1,  and  in  form  03)  when  p  <.l. 
We  therefore  write  the  function  (y)  as  EpQs),  the  analogue  of  the  ex- 
ponential function. 

If  we  invert  the  base  p,  the  number  [1]  is  unchanged,  but  the  basic 
number  [r]  is  transformed  into ^^"''[r],  and  the  function  Ep(x)  becomes 

The  following  properties  may  be  obtained  without  difficulty : — 

'  (S) 


Ep{a)  Ep-i-a)  =  1  =  Ep{-a)  E^.x(,a), 
which  is  the  analogue  of  exp  (— a)  =  l/exp(a), 


(4) 


^''([^)=^+-^  + 


[2]  '  [2]  [4] 


^         +...+  7^.+.. 


|2rlJ 


(5) 


The  use  of  the  symbol  { 2r  | !  to  denote  [2]  [4]  . . .  [2r]  will  be  convenient 
in  lengthy  expressions. 

It  is  well  known  that 


F  ( W  D8]  [y]i>*— -^  =  1+  feJf^ 


[1] 


LyJ 


?*—"+... 


»=o  [y— a— )8+nJ[y+n] 


(6) 


1904.]  Basic  numbbrs  applied  to  Bessbl's  and  Legbndre's  functions.  195 

If  we  invert  the  hsksep,  the  series  becomes  -P'CMCSlCylp),  while  the 
form  of  the  infinite  product  remains  unchanged.  Both  series  are»  how- 
ever, required  to  fully  represent  the  infinite  product,  because,  while  the 
product  is  absolutely  convergent  for  all  values  of  the  base|7,  the  series 
-^(WIJ8][y]l>^"*'"^  is  absolutely  convergent  it  p>l  and  the  series 
■^(  W[jS][y]i^)  is  absolutely  convergent  it  p  <,1.  Both  series  are,  how- 
ever, convergent  for  all  other  values  of  p  including  unity,  subject  to  the 
condition  y— a— )8  >  1. 

The  infinite  product,  when  expressed  in  terms  of  the  generalized 
gamma  function,  takes  the  form 


JL  r^ry-a-^])rp([y])^ 


and  this  is  equal  to  i^([a]|j8][y]i?)  or  2^([a]|j8][y]i)^—"^,  subject  to  the 
conditions  stated  above.  The  function  Tp  is  defined,  p.  861,  Ser.  2,  Vol.  1. 
Some  detailed  properties  of  this  function  and  its  derivatives  will  be  found 
in  a  paper  in  Proc.  B.S.  London,  Vol.  lxxiv.  (1904). 


3.  The  Functions  /[n]  and  3[ny 


We  define    Jin^{\x)    as     2  (-ir, 


r-o  [n+r]![r]!(2)n(2)n+r' 

in  which  [n+r]!  =  rp([n+r+l])  and  (2)„  satisfies  the  relation 

(2)nrp([n+l])  =  [2]'*rp.([n+l]). 

The  function  (2)»  reduces  to  2*  if  the  base  |)  =  1.  It  will  be  convenient 
to  denote  (2)Hrp([n+l])  by  {2w}!,  a  function  which  has  the  following 
difference  equation  : — 

|2n}!  =  [2n]|2n-2}!. 

The  complete  solution  of  the  differential  equation  satisfied  by  /[»]  is  given 
m  Proc.  B.S.  Edin.,  Session  1903-1904.  If  we  invert  the  base;?  in  the 
function  Nn+ar 

jc,j(x)  =  2(-ir.^^_p_-^j , 


we  obtain  the  series 

\n+2r 

j2r(»+r) 


and  denote  this  by  i>"'9cn]  (X)- 


0  2 
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It  has  been  shown  in  result  (5)  that 


^''<^>  =  ^T^' 


therefore  e,(^  =  1+^  +  ^+... 


Taking  the  product  of    these,   we   obtain,    on   arranging    according  to 
powers  of  t, 

-rVci](\)+rVc,](X)-..., 

which,  since*  /[»]  =  (— l)*e7'[-»], 

may  be  written      E^  (^)  £^  (-  ^)  =  Jf  ^  ^V^n] (X). 

Similarly  we  can  obtain 

^'■■(m)^'-(-ra)=.l''''"*-'(7)- 

Both  of  these  are  analogous  to 


«^p|tO-t)}  =  -V"«^-<^>- 


Writing  at  length 


E^  (^)  E^  (-  ^^  =  Jto](X)+<.^[i](X)+...+f.^wW+... 


-  j«^[i](X)+  -^  Jm(X)-...,     (8) 


^''■'  (-  [¥])  ^p-'  (cip)  =  ^ra  (j)  -pt3m  ( j) +.-. 


(9) 


we  see  that  the  product  of  the  left-hand  sides  of  (8)  and  (9)  is  unity,  since 
Ep{a)Ej,-}{—a)  =  1,  as  was  shown  in  result  (14).  This  gives  rise  to 
various  interesting  results,  bj  equating  to  zero  the  coefficients  of  various 

*  Trant.  S.S.  £diH.,  Vol.  xu.,  Port  1,  19M,  pp.  112,  113, 
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powers  of  ^  in  the  product  of  the  series  on  the  right-hand  sides  of  the 
above  expressions.     By  considering  the  terms  independent  of  t  we  obtain 

1  =.^[«](X)3[o]  {j)+^JmW3m  (j)+...+2p-JH(X)3cr]  (j)+-  • 

In  a  paper  (Trans.  B.8.  Edin.,  Vol.  xlc)  a  result 

[£1 


1  =  J^o]  (X)  3[o]  (X)  +  gJ  J[i]  (X)  3[,]  (X) + . . .  +p'(-i)gn  j^^3  (X)  3^,3  (X)    (9a) 

is  obtained,  and  subsequently  the  general  form  including  an  infinite 
number  of  theorems  similar  to  the  above  is  given.  This  is  of  interest  as 
showing  that  an  infinite  number  of  forms  of  the  general  addition  theorem 
exist. 

4. 

By  (8),  we  have 

therefore 

=  -Ep-2  (foTj)  {«'^[o]+^[i]  +  --- T^m"^'"]'  (10) 

* 

Expanding  the  exponential  basic  functions,  and  equating  coefficients 
of  the  various  powers  of  ^  from  the  terms  independent  of  t^  we  get 

This  theorem  is  a  particular  case  of  a  more  general  theorem  for  /[^j  (X,  x). 
{Trcms,  B.S.  Edin,,  Vol.  xu.,  Part  1,  Art.  8,  p.  25.)  By  equating  the 
coefficients  of  t^  in  (10),  we  obtain 

Equate  the  coefficients  of  t"^ ;  then  we  obtain 


196  Bev.  F.  H.  Jaokson  [June  2, 

Putting  n  in  Buooession  as  1,  2,  8,  ...,  we  obtain  from  the  latter  formula 

X  X'  X* 

X  X*  X' 

and  ^  .^ra-^M  =  i>'  ^2][i]  •^ra+^  [2]  [4^6]  *^P:i+ ' •  •  ' 

and  80  on.    From  the  two  expressions  just  given,  we  find 
and,  finally, 


6. 
In  this  article  it  wUl  be  shown  that 


+'^""[2T[i]  ("-  t)  ^-  ^)  «^f»-3(X)-... .    (14) 

the  coefficient  of  Jin+r](^)  being 

When  i?  =  1  this  theorem  reduces  to 

Jn(K\)  =  icV,(X)-X/c»+^  (•!-)  J,+,(X)+X*  i^'  (|.)V,+,(X)-.... 

in  which  n  =  /c— «"' :   see  Todhunter,  Functions  of  Laplace,  Lami,  and 
Bessel,  p.  826.     A  theorem  which  may  be  derived  from  the  above  is 

i»-Vw(2)"X)  =  J[.3(X)-x(^(i)-l)/[,+„ 


m 


(X) 


+^''  ^^^^^^^  (y-l)VV[,.,](X)-... .      (16) 
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As  before,  we  have  : 


=  Jt:o](KX)+</[i](*X)+.-+<'«^w(KX)+...-r'Jp](icX)+rVm((tX)-... 


=  .^[o](X)+ic</[i](X)+...+«'rJM(X)+... 

-/c-»r'jp](X)+...+(-iric-'rVM(X)-.... 

Now,  by  means  of  results  (8)  and  (4),  we  can  show  that 

^-- (jliV^ (- ri[7)  ^  ^'-(-it-J  ^  ^ /-_^)^  /  X ) 


^^  (^^  ^^  ("  [Ip)      ^'^  ("Eap) 


_,     x('^-t)  .  X' ('^~  t)  ('- ^) 
~       <     [2]     """T        [2j[i]  •••• 

(16) 
BO  that 

/[o](KX)+<<7'[i](«fX)  +  ...  ad  inf.— <"Vp](kX)+<~*J"[2](kX)— ...ad  inf. 

x{J[o](X)+/c</[,](X)+...-K-'r>/[,](X)+ic-»rVp](X)-...}. 

Equating  the  coefficients  of  ^  in  these  products,  we  obtain 
Jm(-cX)  =  /cVw (X)-<c-+>  ^  (-C-  ^)  /[,+,] (X) 

In  a  similar  manner  we  can  obtain 


2oa  •  •    Rbx.  P-H.  Jaoksom  [June  2, 

Interesting  particular  eases  of  these  are  (k  =  V^) 

/m(V2X)  =  2*»  jJw(X)-  ^  J[.+i](X)+  ^2^  (2-i)^  J[,^.,](X)-...  } 

(18) 
and(ic=j>") 

^w(i>*X)  =?- j«^L»]W-^  '^  (i)-l)/c,+i](\)+... 
i)-Jw(X)  =  JwW+^^(J'-l)J'~"«^f+ii(l'"^) 

+x«!2??^Ll^jiil(p-i)V*"/i»«,(i)"X)-....  (20) 

The  equations  (8)  and  (9)  of  Art.  8  easily  lead  to  various  theorems 
respecting  the  functions  J[n]  and  Sin]  when  n  is  a  positive.,  integer.  The 
theorems  obtained  as  above  in  this  way  are,  however,  valid  when  n  is  not 
restricted  to  positive  integral  values  ;  this  is  evident  at  once  if  we  compare 
the  eoefficienta  of  the  powers  of  X  in  the  series  on  the  right  side  of  (14) 
with  the  coefficients  of  like  powers  of  X  in  J[h](icX).  We  have  from  the 
right  side  the  following  terms  involving  X*"*^**" : — 


|2n+2r}!{2r}!'^  {2}!  |2n+2r}!  |2r-2}! 


{2»+2r}!|2r[!'*' 


"^   |4}!{2n+2r}!{2r-4}!  '^''S 


which  may  be  expressed  as 
(-1) 

»+2r\n+Jr 


W^B^  {^+i'«'-«+'^tOT^<'*-«<^-.'.+-} 


~  {2»+2r|T{2rf!' 
This  holds  for  all  values  of  n,  subject  to  the  interpretation  of  {2n+2r[!  as 
{2n+2r}!  =  {2UrTp(ln+r+r])  =  [2]»+'F^([n+r+l]). 

6. 

We  have  so  far  introduced  two  generalized  forms  of  Bessel's  function. 
The  function  Ep  gives  us  also  a  third  form,  which  we  denote  3[n],  as 
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c&tingaished  from  Jm]  and  S[»].    J(»]  is  perhaps  worth  noticing  on  acoonnt 
of  its  connexion  with  an  expression  analogous  to  cos  {x  cos  ^). 

forming  the  product  of  these,  we  obtain,  by  (8), 

-'(i)«-(-[^,)-+^('-4)+[|g('-|)('-D 

+rarara('-T)('-^)('-^)+-  «" 

If,  however,  the  product  be  formed  in  a  series  of  ascending  and  descending 
powers  of  i,  the  expression  for  the  product  is 

J[o](X)+<J[i](X)+<»Jm(X)+...-i)r>3p]  (A)4.p4r»3p](A)_...,  (22) 

in  which  Jc.3(X)  =  S(-l)y<->|an+rM2rh- 

U  p  =  1  and  <  =  e**,  the  series  (21)  becomes  c*^'*°*. 

Since  the  expansion  in  ascending  and  descending  powers  of  Ms  a 
Laurent  series,  we  have 

Taking  C  to  be  a  circle  of  unit  radius,  so  that  t  =  e^, 

+  ^^(e^-«-*)(e^-l»V'*)+. ..)«-"*•(»,    (28) 
subject  to  the  uniform  convergence  of  the  series.    Also 

7.  Addition  Theorems. 

Many  of  the  expressions  used  in  the  following  analysis  are  rather 
complicated :  it  will  be  useful,  therefore,  to  compare  the  expressions  with 
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those  which  oorreepond  to  them  in  the  case  of  the  ordinary  Bessel  function ; 
the  work  will,  therefore,  be  on  the  same  lines  as  the  analysis  on  pp.  25, 26, 
27  of  Gray  and  Mathews'  Treatise  on  Bessel  Fimctums^  and  an  analogous 
notation  will  be  used.  References  will  be  made  in  the  form  [6.Af .,  p.  25,  (62)]. 
We  know  that 

From  this  we  deduce  that 


=  l+(l^+i^±3/l^mi+...  =  eix,y,t) 


(25) 


and 

=  C  {-X,  -y,  t).  (26) 

Forming  the  prodaet  of  these,  we  have 

(27) 

By  means  of  results  (8)  and  (9)  the  left  side  of  expression  (27)  may 
be  written  in  the  form 


+  00  +Q0 


(28) 


2  r /[«](«)  X   2  trf^M  (^)  =  « (X.  y,  0  « (-*,  -y.  0- 

Equating  the  coefficients  of  ^  on  both  sides  of  this,  we  obtain 

f,     (a!+y)(x+itf>*')  ,  (x+y)(x+p*y)(x+yp'')(x+yp'^*^  .      ) 
r        [2n-|-2i[2]     "^  [2n-|-2l[2n+4][2][4]  "*"•") 

=  3»{x,  y).  (29) 

The  series  on  the  right  side  of  the  above  redaoes  to  J»(.x+y),  in  case  p  =  l. 
A  particular  case  of  this  theorem  is 

Jm<^)3m{f)  -2p^[i](a:)3[i](f-) +-.+(-1)"2p-'Jw(x)3m(|-)  +... 

^      {2\\{2\r         {4}!  {4}!  ••••     ^^"' 
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8. 
Neumann  has  shown  that 

Jo(V6"+26ccosa+a  =  c7o(6)c7oW+22(-l)V.(6)  J.(c)  cosM. 

We  proceed  to  obtain  the  analogous  theorem  for  the  function  J[ny 

We  have         E^  (g)  E^  (- ^^)  =  2\w„(x). 

Now 

^'' (§])  ^'^  (~  [^)  = -^'' (f^)  ^'^  ("  [^)  ^'"  ([f<)  ^'^  (-[^) ' 

because  the  product  of  the  two  middle  E  functions  in  the  expression  on 
the  right  side  of  the  equation  is  unity,  by  theorem  (4).  The  product  of 
the  four  E  functions  may  also  be  written 


+  00 


w<-)^-'([f^)^''(-[^J' 


80  that    ^^^/cW[.] (x)  =  ^p-.  (pg^)  E^{- ^^)  J^_f^l*-^ (**)• 

[Cf.  G.M.,  p.  25,  (62).] 

Transforming  the  E  functions  in  this  equation  by  means  of  (4),  we  have 

JfJ,.,i^)  =  E^  (-^^)  E,.r  (--_)  Jf  ^,w,.3(,).         (81) 
The  product  of  the  E  functions  in  this  equation  is  the  series 

^- ('^~7)[f[7+('^-7)G-'?)[2M?--' 

the  analogue  of  exp  1^  U )  r ; 

therefore     2*  ^Vcn](/cx)  =  (l~(^-7)[^  +  -}^  2*  ^V'J^^-^ix). 


Put  x=^  r^  K^e**,  and  let 

then 

^T    /  -iiv«       fi     irsind  ,  ^ffsinjd      tVsin,9  ,      )  *v   «»  t    /\*» 

(82) 
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Equating  coefficients  of  T,  we  have 


,(88) 


Equating  coefficients  of  T,  we  have 

analogous  to  G.M.,  p.  26,  (64),  ed.  1896. 

If,  in  this  equation,  we  put  e^  =  t,  then  we  obtain 

Jt,3(ir)  =  £•  jjcn](r)+|^/cn+i](r)+^^^J[n+,](r)+...}.      (84) 

9. 

In  this  article  we  shall  obtain  briefly  the  theorems  for  the  function 
3[n]  corresponding  to  those  obtained  in  the  last  article  for  /[«]• 
We  have  shown  in  result  (9)  that 


E,-.  (^  E...  (-  f^)  =  J.i.'^w(f )  «"• 


Now 

^'■'  (i)  ^'-  (-  m> 

=  £,..  (g)  E,-.  (- jgj)  £^  (|gj)  B,-.  (- j^^ , 
and  from  this  we  deduce,  as  in  the  last  article,  that 

The  product  of  the  two  E  functions  is,  by  theorem  (8),  after  some  obvious 
reductions. 

This  is  analogous  to  exp  \§i\k )  [, 

but  differs  from  the  corresponding  series  obtained  previously  in  connection 
with  J[«],    We  have  now 


+ 


t 
2 


hi) (^'-^-t) m^--Yfr^'Mfi-  ^''^ 
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Put  2;  =  r,  /c  =  e^,  and  let  i^8in«(— d)  denote/ aa  before, 

then 

.»*"(f)'' 

Equating  coefficients  of  t^,  we  obtain 

■  3t.,rf)  =  ."9«(^)+f^!^^^-'V'»->9c.«=(f).  (87) 

analogous  to  result  (88)  Of  the  preceding  article,  and  corresponding  to 
G.Af.,  p.  26,  (64),  ed.  1895. 

If  in  (87)  we  put  e^  =  i,  we  obtain 

10. 

In  result  (82)  put  r  =  b,  d  =  )8,  and  in  (86)  put  r  =  c,  6  =  y;    then 
multiply  the  results  together :   we  obtain 

=  [l-if'{b,  e,  /3,  y)  g  +.V"(6.  c,  )8.  y)  jCj  -...| 
X  2  e-^  Jw  (6)  f  2  e«'*l)"'3M  ("f )  ^'  (89) 

—  OD  ''  —00  ""      \p    / 

in  which 

f'Hb,  c,  )8.  y)  =  6*sin,,)8-.[n]6*-^csinH-ii8sin(-y) 

+  t^^5fe=^  (40) 

This  expression  (40)  reduces,  when  jp  =  1,  to  (&sin)8+csiny)\  If 
j8  =  y  =  0,  then  /^*H6,  c,  )8,  y)  =  0.  Equation  (89)  is  analogous  to 
G.M.,  p.  26,  (66). 

11. 

Consider  now  the  expression  on  the  left  side  of  (89),  which  we  wil 
write  for  convenience 

2J(n)(6ic)f*  2;>'^3w  (^)  f     (/c  =  e^,  /C|  =  «•>) 
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Expressed  in  terms  of  the  E  functions,  this  is 

Taking  now  the  product  of  the  first  and  third  E  functions,  sAso  the  pro- 
duct of  the  second  and  fourth,  we  have  by  (8),  after  some  obvious 
reductions, 

V+-^^+ C2][4]         "^^+-1 

analogous  to  exp  j  k:^  (^"  j)  }  • 

The  product  (41)  gives  us  a  Laurent  series,  in  which  the  coefficients  of 
the  powers  of  t  are  functions  analogous  to  Jn(&ic+c^i)»  which  we  will 
denote  by  the  symbol  Jh(&ic,  ck^.    We  see  that 

1  (h.   /.^  \  —  1       Jbic+CKi)^   ,    (6/C+C/Ci)^  jbK+p^CKi)^  ..^. 

Jo(o/c,  CKi)  —  1 j^gja*    i t2V[4r   — *"' 

and  in  general 

^^^^'^  '"^ [2M..:[2n]    "^ 

V    f  1         {bK+CKi){bK+p^*CKi)     ,  [  . . «. 

^l^ [2][2n+2]         +-r     ^^^^ 

When  n  is  not  integral  the  finite  product  in  (48)  must  be  replaced  by  a 
suitable  infinite  product,  as 

{2n}\  if 0   (ft/c+iJ^'+^-c/ci)  ^^  ^  ^'' 

We  have  now 

n=0  n=l 

1  -»/'  (6.  c,  fi,  y)  ^  +*y''(6,  c,  /3.  y)  g^  - . . .  } 


X      2     e***^ 

n=  — X 


J(»)(6)^  2  p-c-'^Sw  (— )  <"•  (44) 


Eqaatdog  the  coefficients  of  the  various  powers  of  t,  we  obtain 

3n(be^,  ce**)  =  C^-C^if'{h,  c,  fi,  y)+C,ty"(b,  c,  p,y)-...,       (45) 

I 

which  is  the  taalogue  of  G.  M.,  p.  26,  (67). 
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12. 

In  this  article  we  shall  write  down  the  expressions  for  Cq,  Ci,  ...  . 
Since  {Trafis.  R.S.  Edin.,  Vol.  xli.,  Part  1,  pp-  110-118) 

/i.,(a)^  (-l)Vi-n,(a)         and         3i.^  [^)  =  (-D*  *-n)  (j),.  .   : 
we  can  write  by  means  of  these  equations 

Co=    e"^/,„(6)3m(j)+<*(-"''^**M«-ii(6)3m(^)+.... 

+«->p-/to](6)3w(-^) 

-e<"-^')*»-V"*"''^[i]3[«+i]+«<""'*>'*-'V"**'Jra3[.v»]--  ad  inf., 

(46) 
and  in  general 

-«<"^'^"''-W[,+.+i] 3[i] +«<*^'^*>'^-*V«^[«+.+2] 3[2]  - . . .  ad  inf. 

4.j)<»+'+«)V+'+«>'>-^J-p]3[,+,+'-'-...adinf.  (47) 

This  formula  is   very  complicated,  but  simplifies  in  two  cases,  viz.,  if 
)8  =  y  =  0 ;  then  /"^(/8,  y,  6,  c)  =  0.    We  have  in  this  case 

(i.) 

J, (6,  e)  =  Jw  (6)  3[o]  (j)  +M»-i]  (6)  3[i]  {j)+-  +P'^Jm  (W  3w  (^) 

+  (-l)'0<«+"'JM3[,+r]+i>''.^[,+r]3w]+...(48) 

A  more  general  form  of  this  result  will  be  found  in  Trtms.  B.S.  Edin., 
Vol.  ru.,  Part  1,  1904,  p.  117. 

(ii.)  If  p  =  1  and  be'^+ce**  be  a  real  quantity,  then 

/<-)(6,  c,  )8,  y)  =  (b  sin  fi+c  sin  y)»  =  0, 

Fatting  )8— y  =  a,  we  have  the  addition  theorem  for  Bessel  functions. 
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(iii.)  If  we  put  be^+ce^^  =  a  (a  real  quantity), 

a*  =  6*+c»+26c  cos  (/S-y) ; 
also  isin^S+csiny  =  0; 

therefore  if  (6,  c,  ^8,  y)  =  -^  (e*^-e-*^  -  -Jj  («-*>-e*n  =  0 
and 

*r(6.  c.  ^.  y) = .-  { 6'  (i^;;^^p,) — hox^p)  ^.^^^^^^^^ 

This  expression  reduces,  since  fte**— 6c~'^+c«*^— cc"*^  =  0,  to 

2t^(l-j)')6cBin(/8-y)  ..-. 

(l+l))(l+i>'0         *  ^**^' 

The  expressions  /^^\  /^^\  ...  are  capable  of  similar  reductions,  but  I  defer 
this,  merely  remarking  that  the  problem  of  reduction  is  to  find  the 
simplest  form  of  expressions  homogeneous  in  x  and  y  derived  from  the 
product  of  the  two  series 

{^-M<(*-t)+[2M^('^-t)(*-'^)--1 

subject  to  the  condition 

,(,_±)+,(.._±)=o. 

18. 

Referring  to  the  expressions  given  in  Art.  12  for  Co,  C^,  Cj we  see 

hat,  if  n  =  0  and  h&^-{-c&''  be  a  real  quantity,  then,  since  /'  (6,  c,  j8,  y)  =  0, 

Jo(6«^,c«'>)  =  Co-CJ"{b,  c,  /8,  y)  +  ...,  (50) 

nd  in  this  expression 

Co  =  J[o](6)3[o]  (— )  -2p  cos(/3-y)J„  {b)3m  (;^)  +••• 


+(- ir  2p"*  cos  n08-y)  Jr,^  (6)  3[,j  (-)  +  •••' 
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C  f  =  —  2i  (1  —p*)  be  sin  08— y) 

x|[«*'VM3[o]+c'«+^V[i]3[i]+c*VJco]3m 

+»y<7(r)+...,  (51) 

which  is  the  extension  of  Neomann's  addition  theorem,  we  may  write 
the  theorem 

Jo(6e^,  ce'>)  =  J[o]  (h)  3[o]  (— )  -2p  cos  a  J^  (6)3p]  (-^) 

+  2/ cos  2a/p](6)3p]  (-1)  -...+(p-l)^(6,C,i8,  y) 

((8-y  =  a).     (52) 

Finally  we  may  remark  that  the  addition  theorem  investigated  above 
is  one  of  an  infinite  number  of  such  addition  theorems.  The  terms  in  the 
general  theorem  being  of  the  form 


^  cosnOS-y)  Jw(6)3w  (^),  (52a) 

V  being  an  arbitrary  integer,  if  v  =  0,  we  have  the  set  of  theorems  which 
we  have  been  discussing. 

Part  II. 
14.  Transformations  of  the  Function  P[n]. 
It  is  well  known  that    - 

F(a,  13,  y,  X)  =  (l-ar)>— ^F(y-a,  y-)8.  y,  x) 

=  (l_a:)-F(a,y-)8,y,^J 

=  (1  -2:)-^  F  ()8,  y-a,  y,  ^) .  (58) 

These  expressions  are  a  set  of  four  equal  particular  integrals    of   the 
differential  equation  of  the  hypergeometric  series  denoted* 

yi  =  y%  =  Vii  =  ViB- 

•  Forajth,  Treatise  on  Differential  Squaticm,  2iid  ed.,  pp.  192,  194. 
*  8BB.  2.    VOL.  %.    SO.  864.  F 
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Let  -F([a][j8][y]x)  denote  the  series 


1+14^ 


r^i     raira+iiri8iri8+iv  I    . 


then  we  shall  show  that 


1+ 


ii''"-"+^fSffl!liT^ '■""■""'•+ 


(1— a!)^_._p  -1+ 


f.  I  ry-qlFy-^l 


[1] 


[y] 


I  ry-«iry-q+l][y 
^  [2]![y]h 


>--/31[y-/3+l];e'+...:-   (54) 


] 


.y+1] 


=  (l-a:)..ll-^Irf,:J^ 


[l][y]      (i,«+i-a;) 


[«iia+i: 

^  [2 


ry-;8iry-^+l] 

![y][y+l]  (i)«+'-a;)(j)'+^-x) 


j)V 


(55) 


=  (l-x)_^ 


1     D3]ry-«] 2£ 


[l][y]     (i>^^^-x) 


^  [2]! 


£ 


V 


!y— «][y— «+l] 

:y][y-f-l]  (p^+»-x)(p'+«-a;) 


-...    ,(56) 


If  p  =  1,  these  series  reduce  to  the  series  in  expression  (58) 
Consider  series  (55) :  we  may  write  this  series 


(i-a-)_.[i+L:^ 


hzzB 


X 


[y]      1  -P 


-a-1 


X 


1^  *  *  •   I    ' 


and  again,  by  means  of  result  (2),  we  are  able  to  write  this  in  the  form 


(i-x)-,+r-f'iry-^ix(i-x)„_, 


[1] 


[y] 


^^=-"^^Ti]l2]K^fi-^--^^^<-^>--+-"- ^^^^ 


Replacing  (1— x)»a-r  by  expansions  in  convergent  series  (1),  we  obtaiq 
the  double  seri^? 
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l-i^^'+,,,+i-iYpMr-^^i^i:zi'=ll:^A:^^=r±^x^+... 


) 


+ 


[-<[y7^3.li-C-«-^]x+... 


[1]  M    "  1 '      [1] 


+ 


[- 


+  (- ly-' pi(r-Wr-V [-a-l3[-a-2j  ...  [-«-r+l]  ^.r-i ^      | 

[2]!i:yJ[y+lJ  ^     t'        [1] 

I   /       ty-8-Hr-2Wr-8)[  — q  — 2][  — g  — 81  ■■■  [  — a  — r+l]     ,-2   ■  [ 


xH"... 


•  •  •  •  • 


•  •  • 


(58) 


Collect  the  terms  according  to  powers  of  x.    We  obtain  the  series 


1+p- 


-.-/»[« 


[1 


&ix+..., 


LyJ 


because  the  coefficient  of  x',  after  some  obvious  reduction,  may  be  written 

„-r.H[a+l]-[g+r-l] 
P  [r]! 


x{i+.t^^ 


[y-^]  |-»[-r][-r-H][Y-^][v-/3+l1  I 

ifyi    ^^         riTr2iTvTr;+iT         ^-r 


trpiMTH^ 


(59) 


and   the    series   within   the   large  brackets  is,  for  all  values  of    r,   by 
theorem  (7),  r,([y])r,(L8+r1)  . 


!> 


rp( 


[y+r])r,(C8])' 


so  that  when  r  is  a  positive  integer  the  expression  (59),  which  is  the 
coefficient  of  x^,  becomes 

,(,_._»  [a][a+l]...[«+r-l]  [;9]  ...  [/3+r-l] 

^  W![y][y+l]...[y+r-l]  ' 

This  establishes  the  theorem 
i^([«][/8][y]l>^— ''^)  =  (l-x)-.  {n-t2^^^  _^+...|,  (60) 

which    is  the  analogue  of   yi  =  y^j,    among  the   twenty-four  particular 
integrals  of  the  hypergeometric  differential  equation. 

P  8 
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Since  the  series  F  is  symmetrical  in  a  and  )3,  we  have,  by  an  inter- 
change of  a  and  )3, 

which  corresponds  to  yi  =  yig. 
The  transformation  analogous  to 

F(a.  )8,  y,  X)  =  (l-ajr--^F(y-a,  y-j8,  y,  «) 

is  due  to  Heine,  being  easily  deduced  from  his  theorem, 


n=Qo 


\         c       /   ^r c       c  abxl 


^[a,  6,  c,  J,  «]=  n 

»i=o       U — 3  ) 

^  denoting  Heine's  series 

if  we  put     a^p"^,     b=^pP,     c  =  p^^     ?  =  i^>     ^  =  p"^"*"^x. 
The  result  is 

i^([«]|J8][y]l>""-^^)  =  a-a:),-.-^F([')^a][y-)8][y]a^).        (61) 

We  now  proceed  to  apply  these  and  other  special  transformations  to  the 
functions  Pin]  and  (?[»]. 

16.  The  Function  Pin]- 
If  in  theorem  (60)  of  the  last  article  we  make 

a  =  — in,        )8=J(n+l),        y  =  i, 

and  change  p  into  p^,  also  making  a;  into  a^lp,  we  have,  after  some  obvious 
reductions, 

L2J !  I.4J ! 


rio  (l-j)"+*-'a:»)  1  ^^^      [2]!  (i)-»a;''-l) 


a;* 


^P  [4]!         (p«-»x«_i)(p»-6a;»_i)     - 


^  .  (62) 


We  compare  the  series  on  the  left  side  of  the  above  expression  with  the 

«®"®^  1  _  ^("+1)  J»M  (n-2)n(n+l)(n+8)    ,  _ 

1  2!         "•  4!  '"' 
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which  is  a  particular  solution  of  Legendre's  differential  equation  ;  I  have 
discussed  this  series  in  the  more  general  form  in  connection  with  the 
differential  equation  in  {Tratis.  B.8.  Edin.,  "  Generalized  Functions  of 
Legendre  and  Bessel/'  Vol.  xli.,  Art.  5,  p.  20).  In  the  case  when  n  is 
an  even  positive  integer  it  is  easily  shown  that  the  series  on  the  left 
side  of  (62)  is  C.Pr„j(a;), 

^^^^^'^^      [n]![n]!(2)n  t''      ^  [2][2n-lT      ^'"r 

If  in  result  (60)  we  put  a  =  —^riy  13  =  —  J(n— 1),  y  =  J— n,  and 
change  p  into  jp^,  also  x  into  p^la^,  we  obtain 

1_^8  MJn-l]       2.8  M[n~l][n-2irn-8l      ,_ 
^    ^   [n][2n-lV    ^^     [2][4][2n-l][2n-8]  ^        '" 

rio  (a:^-^2r.n+8)    (^      [2][2n-l]  ip^^'-a^ 


.  [n][n-2? £!lll___ 

[2][4]L2n-l][2n-8]  (p'^+^-x^^j'^-^-a:^ 


(68) 


r,([2n+l]) 


[n+l])(2)n' 


we 


Multiplying  both  sides  of  this  equation  by   t=--= —    p\^ 

ip(L^+iJ)ip( 

obtain  an  interesting  transformation  of  Pin](x).  For  the  differential 
equation  of  the  functions  P[n]9  Q[n]>  and  its  properties,  I  refer  to  Trans.  B.S. 
Edin.f  Vol.  xli.  Two  other  similar  theorems  may  be  obtained  in  the 
same  way,  if  we  substitute  the  particular  values  of  a,  ^,  y,  given  above, 
in  equation  (56).  Theorem  (61)  reduces  to  an  identity  if  we  substitute 
special  values,  so  as  to  obtain  P[»j(a;),  both  sides  of  the  equation  becom- 
"^g  CP[»](a;). 

16. 

In  this  article  the  transformations  corresponding  to 
PnCcosfl) 


=  cos*d 


i^  t^e+  Mn-lHn-Jlin-S,  (^.g.     |    ^^^^ 


^yt^jp«|^^+_^^„_,„ 


+i./(;^-!)("L-«)°°""-'"^+-i  w 


will  be  considered. 
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Take  a  series 


of  which  the  general  term  is 


^,  rnir«-l1[n-2l  ...  Fn-ar+n  /  ,_  ^N  /  ,_  ^\ 
i[2][4][6]...  [2r];«  V^       I?)  Y       1?)  • 


y-'-^\ 


If  now  we  expand  *  the  products  which  involve  x  in  each  term,  we  obtain 
that  the  coefficient  of  x^  in  (66)  is 

l+„»  Mr«-1]    .  p8  M[n-l1[n-2]rn-8]    . 
^^P      [2J  [2]     +^  [2]  [4]  [2]  ft  +••• 

,    «  M  •••  [n-2r+ll    , 
^^         f  [2]  :..  [2r]  }«     ^•••' 

and  generally  that  the  coefficient  of  x'~^''  is 

^       ^^  {[2][4J...[2r]}i 

^  ll  I  „.<r..^  [»-2r][n-2r-l]  [2r+2]  j 

^  I ^^  [2r+2][2r+2]  [2]      ^•"l'      ^"'^ 

The  general  term  of  the  series  within  the  large  brackets  in  (67)  is 

..  [2r+28l 


„Mr^„  [n-2r]...[»-2r-2<+l]  [2r+2- 
P  j[2r+2]...  [2^+28]}"  [2; 


;2«] 


When  /( is  positive  and  integral  these  series  are  finite,  but  for  all  values 
of  n  they  are  particular  cases  of  series  F  ( [a]  [j3]  [y]  x).  The  application 
of 

0   [y— a— )8+nJ[y+« 

in  the  case  a  =  r— i«,  )8  =  «— J(n— 1),  y  =  r+l,  the  base  j)  being 
changed  into  p',  gives  us 

,.,(,+,)  r«-2r]rn-2r-l]   . 
^^P  [2][2r+2]       ^^ 

r2ir4i...r2ri         mrsi.  [2n-ii 

[2n-l][2n-8] ...  [2n-2r+l]  [n]!  ^°^' 

or  an  equivalent  expression  in  infinite  products,  when  n  is  not  integral. 


'*  SerieM  oonneoted  witb  the  Enomenition  of  Partitioiu,"  p.  09,  (ll)i  (12). 
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The  series  (67),  which  is  the  coefiBcient  of    a;'*"^^    is  then,  by  (68) 
and  (67), 

^  {[2][4]  ...  [2r]}^  [2n-l]  ...  [2n-2r+l]  [n]! 

which  is 

(-.l)r^r(r+2)  ^     [2^] ^ M [n- 1]  . ..  [n-2r+l]  (69) 

^     ^^  ^  [n] !  [n] !  (2),  [2]  ...  [2r][2n-l]  ...  [2n-2r+l]'     ^^^^ 

namely,  the  coefficient  of  x"^"^^  in  the  standard  form  of  P[n](ic).  When 
n  is  not  positive  and  integral  we  must  replace  [2?z] !  and  (2),t  by  infinite 
products  defined  in  Art.  8.     We  have  finally 

t 

Pr  n(x)  =  'S   X-  M[n-l][»-2]...[n-2r+l] 

The  extension  of  (64)  is  thus  determined  ;  for,  putting  x  =  cos  d,  p  =  1, 
the  theorem  reduces  to 

p^(cose)  =  cos'^e  |i-^(^^-^l)  tan^  6+...] . 


17. 
Consider  the  series 


[n]!  [n]!  (2).  L(2)„  i""^  x  )  ,      (2),_,  [»]  [2n-l]  1*^  x  j  „-2  ^-J'    ^' ^' 

which,  ii  p  =  1,  reduces  term  by  term  to   P«  |i(*H )  f  • 

The  general  term  of  the  series  within  the  brackets  is 

.(_1)rj,r(»r+i)_l M[n-l]...[n-2r+l]  {x+EII 

^     ^'  ^  (2),_2r  [2]  [4]  . . .  [2r]  [2n- 1]  . . .  [2»- 2r  + 1]  \  ^  x  l-jr* 

If  n  be  a  positive  integer, 


•^+t1  „=  (^+D  (•'+t)  (-+D  -  *<^ » *-*«-• 
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In  case  n  be  not  a  positive  integer, 

•«+-     =a\ ^x"     (p>l)     or      n^^^ ^a5»     (j)<l). 


■  K^^  '■"('+^*) 


For  all  values  of  n  we  have  shown*  that 
x+l} 

X  t  n 

^^n  I  [2n]       ,  ■     o[2n][2n--2]       ,  .     «[2nl[2n---2ir2n-4]       ,  , 
""'^^[2]'^      +^        [alW  +i^  [2]t4][6]         ^         ^•*" 

If,  now,  we  expand  ia;+  — [  ,  &c.,  in  expression  (71),  and  collect  the 

terms  according  to  powers  of  x^  we  find  that  a:"  arises  only  from  the  first 
term  of  (71),  and  the  term  which  involves  it  is  x'^l{2)n,  and  in  general  the 
terms  involving  a;*"^'"  form  the  series 

^wr-n[2n]      [2n--2r+2]  Ji     J^nziM^d 
^  i:2]...[2r].(2).      i'    ^  [2][2n-.l] 

■    4[2n-2r][2n-2r-2][2r][2r-2]         )       ^r       ,70^ 
^^  [2][4][2n-l][2n-8]  -)''       *      ^^^^ 

The  series  within  the  large  brackets  is  a  particular  case  of  the  general 
hypergeometric  series  (7). 

When  n  is  positive  and  integral  the  sum  of  (72)  is 

„r(r-i)  {[2n],..[2n-2r+2]H[l][8]...[2r+l]}x--^- 
|[2][4]...[2r]}  {[2n-l]...[2n-2r+l]}  (2).  ' 

If  n  be  not  a  positive  integer,  the  finite  products  in  this  expression  will  be 
replaced  by  appropriate  expressions  in  terms  of  F^  functions,  which,  for  n 
integral  and  positive,  will  reduce  to  the  expression  given  above.  We  have 
then  transformed  (71)  into 

r2ni!     f        r2ni       ,.  o  riir3ir2nir2n-2i  I 

[n]![n]!(2L(2)»l     ^[2][2»-l]''      ^^  [2]rt[2»-l][2n-8]''      +-|' 

(78) 


•  Supra,  Sot.  2,  Vol.  I,  p.  C9,  (U). 
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which  is  the  extension  of 


[n]!  =  Tp{[n+ 1]). — If  we  make  p  =  l  and  x-\-x~^  =  2  cos  d,  we  obtain 


P,(OO8  0)  = 


2n! 


n!n!2»» 


COS  n$+  2(2n— 1)  ***^  (»— 2) 6+ . . . 


18. 


It  is  easily  established  that 


+y[an-7]^^yJ>-^1pc,-.j(X)+... }  ,     (74) 


for,  replacing  the  functions  P  by  their  series  expansions,  we  find  that  the 
terms  involving  X"*"**"  give  the  series 


»r(r+2) 


|2n 


X^_[MJ_  r2n-11...[2n-25+8l         r^       ^.    -,1 

^{2r-2s]\  {2s}\  [2n-2r-l]...[2n-2r-2«+l]'-'*^    «-tiJJ- 

This  series  reduces  identically  to  zero,  as  may  be  seen  if  we  sum  the 
series  term  by  term  ;  for  we  find  that  the  sum  of  r  terms  is  for  all  values 
of  r  a  factor  of  the  (r+l)-th  term,  and  the  expression  for  the  sum  will 
vanish  by  reason  of  the  presence  of  a  zero  factor :  the  above  reasoning 
establishes  a  more  general  theorem  (cf.  Trans.  B.S.  Edin.,  he.  cit.). 


+i>»[2n-8]t?2+l]pj,_,,(X,;r)  +  ...  I  . 


(75) 


We  compare  this  with  the  theorem  in  Art.  86,  p.  20,  Todhunter,  Func- 
tionn  of  Laplace,  Lame,  and  Bestel,  and  proceed  to  show  that 


— ^  =  2  (2n+l)(3,(y)P,(a;) 

y — X      0 
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may  be  extended  in  the  form 


-^  =  T  [2n+l]gw  WPwW. 


(76) 


It  iuL>\,  then  we  have 


JUL  —  X 


M  M  M 


Now  express  each  power  of  X  in  a  series  of  P[n-]  functions  by  means  of  the 

theorem  (75),  and  then  collect  all  the  terms   which  involve   the  same 

X*      X*"*"* 
coefficient.     Thus  P[n](X)  will  arise   from  -;r+i»  "J+l^  •••»   ^^^»  ^^^  '^® 

multiplier  of  it, 


M 


#  ^^'^  .1     [n] !  [n]  t  (2)^  pn    .  n 

from  ^  we  get  ^  ■■  f^^l'j/  [2n+l], 

from  ^  we  get  ^  rn+2l!  rn+2l!  (2),.,.         i-|p»r2»+6l 
"o°»  ^«+8  '^e  ge»  ^-+8  [2n-|-5]!  L^+AJi*      [2]      ' 

from  ^  we  get  ^  [^+4]!  rn+4l!  (2),,..-^    ■  ^-.  6r2»+9ir 
irom  ^«+5  'weget  ^^^^  [2n-|-9]!  L^^+^JP  [2][ 


2n-|-7] 
[4] 


From  this  we  see  that  the  multiplier  of  P[»]  (X)  is 

rn„  .  tiW!  W!(2),  f    -.-i_|_„«[n-|-l][n+2]       ,_,  ,       ) 
L^^+^-l       M!         "('*        +^     [2][2n+8]    '^        +•••  ) 

=  [2n+l]QMl>]. 

The  series  Q[r]  reduces  term  by  term  to  Legendre's  series  Qn  U  we  make 
the  base  p  unity.     The  series 


Q[«]  (m.  x) 


=  biV-ln 


!^  (,-...-"+,.  tg;fc^,-.-M-.-.=+-} 


2w+ 


will  be  found  discussed  as  a  solution  along  with  P[n]  (X,  x)  of  a  certain 
differential  equation  analogous  to  Legendre's  in  Trans.  B.S.  Edin., 
Vol.  xLi.,  1904.     We  write  now 


n=w 


—4-=    2    [2n+l]P[„](\)<^w(M)     (m>X,  M>1).       (77) 
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Subject  to  convergence  of  the  series,  we  may  also  write  down  a  more 
general  theorem,  viz., 


;|  [2»+l]P„(A.a:)(?M0x.y)  =-Jp3  +  ^,+...  . 


(78) 


19.  A  Case  of  Summation  of  F  ( [a]  {fif]  [y]  [5]  [e]  x). 

In  Art.  14  we  have  shown  that 

F([a-]{fi-]{y-]py—l'x)  =  (l-a;),_,_^F([y-a][y-/8][y]x).        (79) 

Now    (1  -x)y.^.f  =  1-  t^y~°~^Jj+. . . 

■|-(_l)r^,tr(r-l)[y-a-^]-[y-«-^-r+l]a.r_,,^  , 
[Tj  I 

Replacing  the  functions  in  (79)  by  their  expansions  in  series  of  powers 
of  X,  and  equating  the  coefficients  of  equal  powers  of  x,  we  obtain  from  the 
terms  involving  «» 

[Y-a]»[Y-/3],  I  [Y-a]«-i[Y-^]»-i  [a+^-y]  -»-.-^  .         .  [a+^-yl 

[4![y].    ^     [«-i]![y]»-i  [1]      ^       ^'"^      W 


W![y]»^ 


in  which  [y]»  =  [y]  [y+ 1]  [y +2]  . . .  [y+n- 1] . 

Change  y— a  to  a;,  y— )8  to  y,  y  to  « ;  then 


Divide  throughout  by    Mn[y]»i/H»,  and  put 

x  =  a— 5+1,       y  =  a— e+1,       -8f  =  a— )8+l,       n=— a; 

the  series  (80)  now  becomes 
^  ,  Aa\[m+e-a-fi-l-] 

^+P  [T]MW 

^^  '      [2]ra[5+l]HCe+l]  ^+- 

-  „a/»      ll,([a-^])n,(|^-^])np([a-e])np([^-e]) 

-^    n, ([a+/8-,J])  Hp  ([a+/8-e]) np([-<J])rip([-e]) "   ^^'' 
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In  this  equation  a  is  a  negative  integer  owing  to  the  manner  in  which  we 
obtained  the  identity    (80),   but    both    the   product  and  the  series  are 
symmetrical  in  a  and  /8,  and  /8  is  not  restricted  to  integral  values  ;  hence 
we  can  write  (81)  as  valid  in  general,  subject  to  convergence  conditions. 
The  following  are  two  examples  of  summation  : — 


P 


-«» 


r«l 


=  1+2  !,'<'-*•> \  rnirn-l1.^.[n-r+l] |«  [2»+nr2n+2l...r2n+H 

(82) 


+?'<'-*> K^  ^[r-l](0)3[r+l](a)+....    (88) 
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PERPETUANT  SYZYGIE8 
By  A.  Young  and  P.  W,  Wood. 

[Reoeiyed  and  Bead  May  12th«  1904.] 

The  methods  used  in  the  following  discussion  are  entirely  based  on 
the  symbolical  notation,  perpetuants  linear  in  the  coefficients  of  each  quantic 
concerned  being  alone  considered  (perpetuant  types).  The  symbolical 
forms  of  perpetuant  types  (which  had  previously  all  been  identified  by 
other  methods)  were  calculated  by  Grace.*  His  result — "  Any  perpetuant 
linear  in  the  coefficients  of  each  of  S  quantics,  denoted  by  the  letters 
cLii  a^i  ...,  as,  can  be  expressed  linearly  in  terms  of  products  and  of  per- 
petuants (ai aa)^»  (a^ a^^^ . . .  (% a«)^'- ',  where  Xj  >  2*~^  X^  >  2*"^  . . ., 
\«-.i  ^  1,  the  order  of  the  letters  being  fixed  beforehand " — is  funda- 
mental to  our  present  purpose  and  will  for  convenience  be  quoted  as 
'*  The  Perpetuant  Type  Theorem." 

The  difficulty  of  dealing  with  the  actual  syzygies  is  avoided  as  follows : 
all  possible  products  of  irreducible  forms,  for  a  given  degree  and  weight, 
are  arranged  in  a  predetermined  sequence,  so  that  each  individual  pro- 
duct has  a  definite  place  in  that  sequence.  Any  syzygy  may  then  be 
regarded  as  expressing  that  one  of  its  products,  which  comes  first  in  the 
predetermined  sequence,  in  terms  of  products  which  come  after  it.  The 
first  product  will  be  called  reducible,  by  virtue  of  its  being  linearly  ex* 
pressible  in  terms  of  later  products. 

Thus,  instead  of  actually  finding  syzygies,  we  seek  to  discover  what  pro- 
ducts are  reducible  and  what  products  are  irreducible.  Now  all  products 
of  perpetuant  types  of  degree  S  can  be  expressed  in  terms  of  the  forms 

(OjOa)^!  (OiOg)^* ...  (Oiaa)^'-*!  ...  ; 

where  the  indices  X  are  only  restricted  to  be  positive  integers  or  zeros,  the 
order  of  the  letters  being  fixed ;  such  forms  are  all  linearly  independent, 
for,  if  there  is  a  relation  between  them,  there  must  be  a  purely  algebraic 
relation    between    the    symbolical   products   written  down,  and   this  is 


^  froe.  London  ifaih,  Soe,,  Vol.  xzxxv, 
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easily*  shown  to  be  impossible.     The  generating  function  for  all  linearly 
independent  perpetuant  types  and  products  of  perpetuant  types  of  degree  S 

is  therefore  773— vTTi  5  i*  is  known  t  that  the  generating  function  for  actually 

irreducible  forms  of  degree  8  is  3,^ .     So    the  generating  function 

for  irreducible  products  must  be 


a-xY'' ' 


It  is  our  object  to  identify  these  irreducible  products  :  when  this  has 
been  done  for  any  degree,  all  the  independent  syzygies  of  this  degree  will 
have  been  identified,  there  being  one  such  syzygy  for  each  reducible  pro- 
duct of  irreducible  forms.  Now  there  cannot  be  fewer  irreducible  forms 
(types)  and  products  of  degree  S  than  the  number  enumerated  by  the 

generating  function      ^    3_^ ;  hence,  when  we    have  reduced  all  forms 

except  this  number,  we  shall  have  a  proof  of  the  irreducibility  of  the 
remaining  products,  as  well  as  a  new  proof  of  the  irreducibility  of  the  forms 
already  classified  as  perpetuant  types. 

Our  results  are  only  complete  as  far  as  degree  8 :  a  large  class  of 
products  has  been  discussed  in  general,  and,  though  it  cannot  be  asserted 
that  the  generating  functions  obtedned  for  these  products  are  exact,  yet 
the  fact  that  the  particular  cases  of  them  are  exact  as  far  as  degree  8 
establishes  a  strong  presumption  that  such  is  always  the  case. 

The  syzygies  are  all  derived  from  those  of  degree  4  due  to  Stroh,! 
and  the  Jacobian  identity 

{bc)+{ca)+{ab)  =  0. 

The  syzygies  of  degree  4  have  been  completely  discussed  already§  by  a 
different  method,  but  we  have  discussed  them  here  fully  in  illustration 
of  the  general  methods  employed  in  the  present  paper. 


*  For,  if  there  is  a  reUtioQ,  let  («,«^^*  2.V(«i«,)^> ...  (•i««)^'-*  be  tboee  terms  for  which  the 
index  of  («|«|)  is  lowest ;  then  we  may  divide  out  by  («i*s)^  <^>^  P^^  «i  *  *:  '^'^^  diTiiion  ;  we 

get  XAT (tfifl^^ ...  {m^m^y*^^  -  0.    Prooeedingin  this  wmy,  we  nltimately  aee  that  every  ooefBcifint 
Xia  MTO. 

t  Hie  inedudbilitj  of  these  forms  has  been   finaUy  demonstrated  by  Wood,    '*0n  the 
Inedudbility  of  Perpeloant  Types,**  Proe,  Lmdm  Mmtk,  .W.,  Vol.  1,  Ser.  i. 

X  Mmtk.  Anm.,  Bd.  xzxm.,  S.  61-107,  §  18. 

\  Wood,  iVw.  Lmim  MHk.  St>c,,  VoL  2,  Ser.  % 
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The  above  methods  are  apparently  insufficient  to  obtain  all  the 
syzygies  for  the  reduction  of  products  of  three  forms  each  of  degree  8, 
and  here  arises  the  difficulty  in  the  treatment  of  products  of  degree  9. 

It  seems  probable  that  the  generating  function  for  all  irreducible  pro- 
ducts and  types  of  degree  S,  where  the  products  have  no  factor  of  degree 
less  than  (n+ 1),  is 

and  this  result    has  been    proved    true    for    the    cases   ic  =  1,  %   and 
k'^  ••^.     The  question  will  be  discussed  at  the  end  of  Section  VI. 

The  paper  has  been  divided  into  sections  as  follows : — 

CONTENTS. 

Introduction. 
I.  Extension  of  the  Perpetuant  Type  Theorem. 
II.  Syzygies  of  Degrees  3  and  4. 
III.  Definition  of  Reduoibility.     Greneral  Methods  of  Reduction  by  Differential  Operators. 
rV.  Syzygies  of  Degree  5. 

y.  (i.)  Products  having  no  Factor  of  Degree  less  than  2.     (ii.)  Products  having  no  Factor 
of  Degree  less  than  3. 

VI.  Syzygies  for  the  Reduction  of  the  Product  Forms: — (i.)  Cj.     (ii.)  C, (7„  {k  <  m  <  2k). 

(in.)  C^Ct.. 
VII.  Syzygies  of  Degrees  6,  7,  and  8.    Note  on  Syzygies  of  Degree  9. 


Previous  Literature  on  Perpettuint  Syzygies. 

Previously  published  papers,  of  which  none  date  since  1887,  differ 
fundamentally  from  the  present  in  three  respects :  (1)  by  the  use  of  the 
literal  notation  and  the  theory  of  partitions  ;  (2)  by  making  the  discovery 
of  the  syzygies  a  basis  for  the  enumeration  of  the  irreducible  perpetuants ; 
(8)  by  actual  expression,  apart  from  mere  enumeration,  of  the  syzygies. 

The  present  paper  starts  from  a  knowledge  of  the  symbolical  form  of 
the  perpetuants  and  deduces  a  means  of  enumerating  the  syzygies ;  their 
actual  expressions  can  be  obtained  from  Section  III.  All  the  papers 
quoted  are  to  be  found  in  the  American  Journal  of  Mathematics, 

Sykeiter,  Vol.  v.,  "On  Subinvariants.'* 

This  paper  was  the  starting  point  of  all  investigations  on  perpetuants  and  treated  of 
certain  syzygies  of  degrees  5,  6,  and  7  :  an  error  in  deg^ree  7  was  subsequently  corrected  by 
Hammond. 

Oayleyy  Vol.  vn.,  "  A  Memoir  on  Seminvariants." 

This  deals  with  a  method  of  suitably  expressing  certain  syzygies  of  degrees  5  and  6. 
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Hammond,  Vol.  v.,  '*  On  the  Solation  of  the  Differential  Equation  of  Sonroee.*' 

This  paper  obtains  the  resoltB  of  Sylyeeter  afresh,  and  corrects  the  error  in  the  treat- 
ment of  degree  7. 

Vol.  vm.,  '*  On  Perpetoants,  with  Applications  to  the  Theory  of  finite  Qnantios.*' 

This  paper  sketches  a  general  method  of  classifying  and  expressing  certain  syiyg^es,  hat 
gives  no  definite  result  for  any  deg^ree  greater  than  8. 

MaeMahon,  Vol.  x.,  "  Expression  of  Syzygies  among  Perpetoants  by  means  of  Partitions." 

The  paper  contains,  inter  alia,  the  actoal  expression  of  a  number  of  sextic  syzygries 
enumerated  by  the  generating  function 

Seyeral  sextic  syzygies,  however,  remain  unexpressed. 


I.  Extension  of  the  Pbrpetuant  Type  Theorem. 
1.  Consider  any  perpetuant 

We  assume  throughout  that  the  letters  are  taken  in  a  definite  order  fixed 
beforehand.  If  C«  appears  as  a  factor  of  a  product  P,  we  shall  find  certain 
conditions,  ultimately  afifecting  the  indices  X,  for  the  "  irreducibility  "  of 
P;  here  we  use  the  word  "  irreducibility  "  in  a  perfectly  general  sense,  as 
implying  that  P  cannot  be  expressed  in  terms  of  other  forms  obeying 
certain  definite  laws  (v.  Note,  p.  225). 

Notation. — The  symbol  [anOr, ...  ^rj  denotes  any  covariant,  reducible 
or  otherwise,  involving  the  symbolical  letters  a^,  ar^,  . . .,  ^r, ;  and  the  symbol 
[ar^ar^ ...  ar,J  denotes  any  covariant,  reducible  or  otherwise,  involving  all 
the  symbolical  letters  aj,  Og, ...,  a«  concerned  except  Orn  ^r,,  ...i  ar,. 

If  the  transvectant  ( [o^  . . .  aj,  [a^  . . .  a**,]'  )^  replace  C«  in  P,  we  may 
assume  from  our  previous  knowledge  that,  unless  X  ^  Mrir,...r;>  P  is,  accord- 
ing to  some  definition,  reducible;  here  Mrir,..rf  is  a  quantity  supposed 
known  from  other  investigations  :  its  value  will  depend  on  our  definition  of 
"  reducibility." 

We  shall  obtain  all  such  transvectants  of  covariants  involving  some  of 
the  letters  of  C^  with  covariants  involving  the  remaining  letters,  if  we 
suppose  that  a^,  Or,, . . .,  Or,  are  some  or  all  of  o^,  Og, . . .,  a^,  so  that  a^  appears 

always  in  [ar,ar, ...  fl^rj'. 

To  every  choice  of  the  letters  ar^f  a,^,  . . . ,  Or,  corresponds  a  quantity 
Mrif^.r,,  so  that  the  number  of  such  quantities  /Mrir,..r;  is  2*~^  — 1 ;   for 
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there  are  (^  ^    )  quantics  iuirirt...ri  with  I  suflfixes,  and  I  may  have  any 

value  from  1  to  k—I, 

The  order  of  the  suffixes  may  be  conveniently  fixed  by  the  rule 

We  shall  use  a-r  to  denote  the  sum  of  all  the  /i's  whose  first  suffix  is  r, 
o-r,  9  to  denote  the  sum  of  all  the  jul's  whose  first  two  suffixes  are  r,  8,  and 
80  on. 

Thus  (T.  =  /i«>  o-«-i  =  M«-l+M«-l, «, 

and  so  on.     We  shall  establish  the  following 

Thborbm.  —  The  conditions  of  irreducibility  *  of  the  product 
P  are,  as  far  as  the  factor  CK  =  {aia^^^(aia^^* .,.  {dia^t"^  is  con- 
cemed,  \       -^         \       -^  \   -^ 

We  have 

a=([aj',  [aJ)'-»+2,/([aJ,  [««])'-»""', 

and  therefore  by  hypothesis  C«  is  reducible  unless  X«-.i  >  Mic* 

Put  (Oi ag)^' (oi Og)^"  ...  (aia,c«2)^'^  =  a  =  [a««iaj'. 

Then  C«  dififers  from  (aa^-O^'-CaaJ^*-'  by  terms  which  we  have  just 
defined  as  reducible. 

If  X»_2+X,t-i  is  less  than  either  of  /iit-i  or  m«-i.ic>  then  obviously  C^ 
is  reducible:  if  X«_2+X«.i  is  greater  than  each  of  /i«_i  and  m«-i, «»  then^ 
by  Stroh's  series,  the  covariant 

is  linearly  expressible  in  terms  of 

Now  by  hypothesis  each  form  in  the  first  two  rows  is  reducible,  and  there- 
fore (aa«-i)^*-'(aaj^*"'  is  reducible  unless  X^-j  ^ /i«-i+/i«-i.  «• 


*  We  always  oonBider  (a\a^)^^  (^^^*  ••.  {*i**m)^*  i  redndble  if  we  can  express  it  in  terms  of 
fomiM  (aiajj'^i  (aiOj)'^*  ...  (aiaj'^«-i  such  that  the  first  of  the  quantities  mi^^i*  Ms— ^  .••> 
fi^.i—K.i  which  is  not  zero  is  positive. 

SXB.  2.    TQL.  2.    NO.  895,  <t 
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Hence  a  necessary  condition  for  irreducibility  is 

Assume  the  theorem  true  for  the  indices  Xr-i  where  r  >  s;  then, 
as  before,  if  we  put  a  =  [oiOg  ...  a,-i],  we  have  to  consider  the  form 

By  Stroh's  series  this  can  be  expressed  in  terms  of 

2.  (aa.^1^^'-'...,   ([aj,  [a.]),    ...,  ([aj,   [aj^'-''-^-^ 

8.  (aa/'^^'-«...,  (aa/'^^->"'(aa.+i)...,  ...,(aa/'(aa.+i)^'-'^-'"''(aa.+2)^'*' .... 
We  proceed  to  show  that  each  form  in  the  first  two  rows  is  reducible. 

(1)  Any  member  of  the  first  row  is 

([a,a,+i],  [a,a,+i]'r, 

where  [flr.a,+i]  =  (a^a^+i)^-*""^'""  =  /3,   say, 

and  [a«a.+i]'  =  (aa,+2)^'*^  ...  (aaj''"\ 

so  that  we  need  only  consider  the  form 

In  addition  to  the  actual  reductions  implied  by  hypothesis,  we  must 
also  consider  those  reductions  which  consist  in  increasing  the  earlier  indices 
at  the  expense  of  the  later  ones.  (This  is  a  common  feature  of  all 
inductive  proofs,  since  these  reduced  indices  may  be  raised  to  their  proper 
limits  by  virtue  of  the  inductive  proof ;  v.  Note,  p.  225.) 

So,  since  we  have  assumed  the  theorem  true  for  the  index  X«  (of  a 
factor  followed  by  not  more  than  (/c— s— 1)  other  factors),  we  must  have 
v'^o'a.t+i,  if  the  form  last  written  down  is  irreducible.  Hence  every 
form  in  the  first  row  is  reducible. 

(2)  If  we  put  /3  =  (aa.+i)^'"^^-^"", 

and  we  have  to  consider  forms 

The  condition  for  the  irreducibility  of  this  form  is  by  hypothesis 

1/  ^  sum  of  m's  whose  first  suffix  is  5,  and  which  do  not  contain 
a  suffix  s+1, 

i.e.,  V  ^  <r,— (T,,  9+1. 


\-i. 
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Hence  every  form  in  the  second  row  is  reducible :  and,  since  the  index  of 
{aa^  in  the  last  row  is  in  every  term  ^  o-«,  we  have  as  the  condition, 
afifecting  X,«i,  of  irreducibility, 

X.-1  ^  (Tf 

We  have  demonstrated  the  truth  of  the  conditions  for  the  indices  X^-i 
and  X«.2>  and  therefore,  by  induction,  the  theorem  is  universally  true. 

2.  CoR.  1. — The  perpetuant  type  theorem  is  immediately  deducible 
from  the  preceding  result :  for,  if  C«  is  the  only  factor  of  the  product  P, 
every  quantity  /i  is  unity,  since  in  this  case  the  transvectants  are 
reducible  only  if  they  are  of  zero  order. 

Hence 

o-«  =  number  of  ways  of  choosing  all,  none,  or  any  of  the  suffixes 

and  therefore  the  conditions  for  the  irreducibility  of  C^  are 

X«-]  ^  2*    ,         s  ^  2,  ...,  IT. 

CoR.  2. — An  especially  important  case  arises  when  the  product  P  is 
(for  any  reason)  reducible  if  C«  is  a  Jacobian :  in  this  case  every  quantity 
IX  is  2,  and 

and  therefore  X,_i  ^  2*"'+^         s  =  2,  ...,  /c. 

In  this  case  the  minimum  weight  of  C,  for  irreducibility  is  2* -2. 

(Reference  may  be  made  to  a  paper  by  Grace,  "Extension  of  Two 
Theorems  on  Covariants"  :   Proc.  London  Math,  Soc,  Ser.  2,  Vol.  1.) 

II.  Stztoies  of  Degrees  8  and  4  RESPEcxrvELT. 

8.  The  syzygies  of  degrees  8  and  4  offer  no  difficulties,  and  may  be 
actually  written  down  apart  from  the  consideration  of  their  reducing 
special  forms  :  those  of  degree  4  have  been  fully  discussed  already.*  A 
discussion  for  degree  4  is  here  given  from  a  different  point  of  view  in 
order  to  exhibit  in  a  simple  case  the  methods  by  which  syzygies  of  higher 
degree  are  treated. 

Degree  8. — There  are  no  syzygies  except  for  weight  unity,  for  which 
there  is  a  single  syzygy  : — 

(6c)+(ca)+(a6)  =  0. 

•  Wood,  "  On  Perpetuant  Syzygies  of  Degree  4,"  Proe.  London  Math,  Soe.,  Ser.  2,  Vol.  2. 

Q   2 
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The  generating  function  for  irreducible  forms  is  rr ^ ;  and,  since  there 

are  three  linearly  independent  product  forms  {be)*",  (cay,  (ah)^  for  all 
values  of  c0,  except  c0  =  1,  0,  for  which  there  are  only  two  and  one  respect- 
ively, the  generating  function  for  irreducible  product  forms  is 

8aj»/(l-a:)  +  2a:+l. 

Hence  the  generating  function  for  all  forms  is 

sfi  is?  1 

(\—xy      1— a;  (1— a?) 

4.  Degree  4. — There  are  five  different  kinds  of  type  forms  and  pro- 
ducts of  forms  of  degree  4 :  they  may  be  conveniently  written 

C^4,  C^i  Ci  Cg,  Ci  Cj,  C{ ; 

where  Cr  denotes  any  perpetuant  of  degree  r,  C^  denotes  the  product  of 
two  perpetuants  of  degree  r,  and  so  on.  This  notation  will  be  preserved 
throughout. 

A  product  is  in  the  first  place  considered  reducible  if  it  is  expressible 
in  terms  of  products  of  other  kinds  which  follow  it  in  the  above  sequence. 
For  weight  co  the  syzygies  are  nine  in  number  and  consist  of — 

(1)  The  three  syzygies,  due  to  Stroh,  of  the  form 

{aia2(i^a^}^=  {{aiO^+ia^a^)}'''-  \{aia^+(a^a^}*'  =  0. 

(2)  The  six  syzygies,  arising  from  the  Jacobian  identity,  of  the  form 

(aia^*'~^(a^a^)  =  (aia^^'^{a^a^—{aia^*'''^{a2a^. 

These  last  syzygies  reduce  all  products  C,,  when  one  of  the  factors  C^  is  a 
Jacobian,  by  expressing  each  such  product  in  terms  of  products  Ci  Cg. 

In  order  to  fix  what  products  are  reduced  by  Stroh's  syzygies,  we 
arrange  the  products  Cj  in  the  following  order  : — 

(Oi  ^4)  ^  («s  (^^y     (»!  Oa)  ^  (02  ^i)***     (<h  «a)^  (^  ^4)^* 
and  define — 

(i.)  {Oia^^ia^d^  as  reducible  if  it  is  expressible  in  terms  of  products 
(Oj Og)^ (Oa a4V,  {aiO^^ia^a^  and  products  CiCg,  &c. 

(ii.)  (OiO^^  (a^a^  as  reducible  if  it  is  expressible  in  terms  of  products 
((iia^^{a^ctf^  and  produpts  CiC^  &c. 
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Finally,  we  shall  arrange  the  products  {aid^^iatatf-  in  ascending  values 
of  X,  and  define  any  such  form  as  reducible  if  it  is  expressible  in  terms  of 
similar  forms  with  greater  values  of  X. 

The  Byzygy  {(iia^a^a^]^  =  0  will  reduce  the  form  {aia^^ifl^a^T"^^ 
since  {dia^ia^a^**"^  ^-^CiC^,   by    the    Jacobian  identity;     the  syzygy 

\(ii^<^i<h\ ^  =  ^  reduces  in  the  same  way  the  form  (ala8)*(a2^4)**"^  ^^^ 
the  syzygy  [aiO^a^a^] „  =.  0  reduces 

Moreover,  from  laiOaOgaif^  =  0,  we  have  reduced 

(2)  (aia4)'Ka2)-'+  (g)  («ia/(%aa)--', 
i.e.,  ^2  j  (Oi  a/  (oa  03)— *  —  {^  (a^  a^^{a^  Os)-"'. 

Hence  both  (dia^^ {a^a^*''^  and  (aia4)"(a2a8)'*"^  ^r©*  ^^  accordance  with  our 
definition,  reducible  products. 

Hence  the  irreducible  products  C^  are 

(a^a^^(a^a;r^        ^  >  2,    m>2; 

(aiO'^^i(h<^f         X  >  4,    M  >  2 ; 
and  so  the  generating  function  for  all  products  C^  is 

rr^  r>^  /r®  /!•*  — 'T^ 


Finally,  when  the  weight  is  unity  we  have  only  forms  dlC^;  by 
the  Jacobian  transformation,  we  can  compel  any  one  definite  letter  to 
appear  in  the  factor  C^ ;  so  for  weight  unity  there  are  only  three  such  forms, 
while  for  all  other  weights  there  are  six :   the  generating  function  for  the 

products  CjCa  is  therefore 

6a^l{l-x)+8x. 
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The  results  for  degree  4  may  be  summarized  thus : — 

Forms.  Oenerating  Functions. 


rf 


'*—^i 


CiCf 


die,  ,— +8x 


1-x 


0[ 


Heuce  the  generating  function  for  the  total  number  of  forms  of  degree  4  is 


III.  Definition  of  Rbducibility. — General  Methods  of  Reduction  by 

Differential  Opebators. 

5.  The  product  forms  will  be  arranged  in  a  definite  sequence  to  be 
particularized  immediately,  and  a  product  will  be  defined  as  reducible  if  it 
is  linearly  expressible  in  terms  of  product  forms  which  follow  it  in  this 
definite  sequence.  The  sequence  of  the  letters  involved  in  a  symbolical 
expression  will  be  that  defined  by  their  suffixes,  viz.,  a^,  03,  ...,  a^. 

The  criteria  for  determining  the  relative  positions  of  any  two  products 
A  and  B  in  the  sequence  will  be  made  to  depend  successively  on : — 

(i.)  The  partial  degrees  of  the  factors  of  each  product. 

(ii.)  The  arrangement  of  the  letters  among  the  factors  of  each  product. 

(iii.)  The  weights  of  the  factors  of  each  product.  ^ 

(iv.)  The  indices  of  the  symbolical  determinants  of  the  factors  of  each 
product. 

(i.)  If  A  =  Cn^C^   "  C,^^f         mi<?»a<?W8...  <m«; 

B  =  Cf^Cy^  ...  Cnn  %  <  ^*s  <  Wb  ...  <  ni  ; 
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then  A  precedes  B,  if  the  first  of  the  quantities 

which  is  not  zero,  is  positive. 

(U.)    If  A  =  Cmi  Cfnt  . .  •  Cm^ 

80  that  the  factors  of  A  and  B  are  of  the  same  partial  degrees,  then  the 
arrangement  of  the  letters  is  taken  into  consideration. 

Case  I. — Ml  <  TWj. 

Suppose  Gw^i  contains  the  letters  Or^yar^,  ...,  Or^, 

and  Cl,  contains  the  letters  a,,,a,2,  ...,  a»^  ; 

where  ri,rj, ...,  r,Hi,  or  Si,S2>  •••»5mi  are  any  nti  of  the  suflSxes  1,  2,  3,  ...,  S, 
such  that 

and  5|  ^^  $2  ^^  9g  •  •  •  ^^  ^mi  • 

Then  A  precedes  £,  if  the  first  of  the  quantities 

which  is  not  zero  is  negative. 

This  assumes  that  Cv^  and  Cm^  do  not  contain  the  same  set  of  nvi  letters. 

CoLse  II. — tn  =  Ifll  ^^  ^  =  . . .  ^  ifi0  <  ^+1  ^  ^+a . . .  ^  w*. 

In  the  first  place  the  sequence  is  to  be  determined  as  in  Case  I.  by  all 
the  letters  occurring  in  the  factors  C^ijCmj ...  Cm,- 

When  the  letters  in  C«n  Cm, ...  Cm,  are  the  same  as  those  in  CmiC'm^ . . .  Cm,, 
it  is  necessary  to  distinguish  between  the  factors  CmnCm^, ...,  Cm,y  in  order 
to  determine  whether  A  precedes  B  or  not.  Let  a^  be  the  first  of  the  set 
of  letters  which  occurs  in  Cm^Cm^  •••  Cm,\  then  we  define  Cm^  to  be  that 
factor  which  contains  a^\  similarly  Cm^  is  that  factor  of  the  product 
Cm,  C'm-i ...  Cm,  which  contains  a^.  Let  the  letters  of  Cmv  Cmj  be  respect- 
ively a^f  ar^f  ttr,,  ...,  ar^  and  a^,  a,,,  ag^,  ...,  a,^,  where 
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Then  A  precedes  B  if  the  first  of  the  differences 

which  is  not  zero  is  positive. 

(As  an  example,  see  the  arrangement  of  the  sequence  of  products  Cl  at 
the  foot  of  p.  228.) 

If  the  letters  of  (7^1  and  C^i  are  the  same,  we  apply  the  same  test  to 
the  products  C«,C«, ...  d^,  C'^^C'^ ...  Ci,,.  These  two  products  now  con- 
tain the  same  set  of  letters ;  we  choose  Cf^,  C'n,  to  be  the  two  factors  which 
contain  the  first  letter  of  this  set.  Then,  unless  the  letters  of  Cn^t  Cn^  are 
all  the  same,  the  sequence  is  determined  by  these  letters,  in  the  same  way 
as  before.     Otherwise  we  must  apply   the  same   test  to   the  products 

Finally,  when  the  letters  of  the  various  corresponding  factors  of 
CmiCMi  "'Cm,  and  Cl^Cm^..,  Cm,  are  in  every  case  the  same,  the   tests 

which  have  just  been  laid  down  must  be  applied  to  the  products  0^,^^ . . .  Cm., 

C^^j ...  Cm^  in  order  to  determine  whether  A  precedes  B  or  not. 

(iii.)  If  A  and  B  each  have  their  factors  of  the  same  partial  degrees  in 
the  same  sets  of  letters,  let 

A  =  Cfni  Cm^  . . .  Cm^9  B  =  Cmi  Gm^  . . .  Cm^f  Wj  ^  ?n^  . . .  ^  W^, 

where,  if  certain   of  the  m's  are   equal,  the  sequence  of  the    factors 
Cmh Cm,,  ...,  Cm,  is  determined  as  in  (ii.),  and  further  let 

CmifCmt, ...»  Cm,  bo  of  total  woights  (0|,  o)^,  ...,  o>«  respectively, 

and     CmifCmtf  ...i  C^.  be  of  total  weights  on,  o^f  ...»  a>«  respectively. 

Then  A  precedes  B  if  the  first  of  the  quantities 

0>1  — ft)l,    iO^  —  W2>     .."I    tt>«  —  tt>(e 

which  is  not  zero  is  negative. 

(iv.)  Finally,  we  have  to  consider  the  case  of  products  whose  factors 
are  of  the  same  weights  in  the  same  sets  of  letters.     Suppose 

Cm,  =  (Oir,  l)a<r,  2)i^^''  '^  {OiT,  1)  Oir,  S))^^*^'  '    •  •  •  («(r.  1)  ^(r.  m,)}^''  -r" ») 

Cm,  =  iflix,  l)a(r,  a))^!-^'  '^  iflix^  1)  «(r,  8))V''>    •  •  •   («(r.  1)  a(r.  m./f*"' »"-  -  D  j 

/*  =    1,   2,    ...,   K 
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where  (r,  1)<  (r,  2)  ...  <  (r,  mr— 1)  <  (r,  m^. 

Then  A  precedes  By  if  the  first  of  the  quantities 

(1)  \l.l)— ^,l)>      \l.2)— \'l.2),      ...,      \l,iiii)— Wmi), 

(2)  X(2,l) — \2,l)»        \2,2)  — \2,2)»        ..•»      \2,M,) — \2,M,)> 

.*•  •••  *.•  •••  *••  ••.  ••. 

•  •.  •••  ...  ..•  •••  ...  ••• 

W       \ic,l)— ^(«,1)>      \«.2)— v.  2)>      ...»      \ie.m,)— \ic,m.) 

which  is  not  zero  is  negative. 

A  reference  to  the  reductions  in  the  case  of  degree  5  (in  the  succeeding 
section)  should  go  some  way  towards  making  the  above  definition  of 
redacibility  quite  clear. 


General  Methods  of  Reduction  by  the  use  of  Differential  Operators. 

6.  All    the   reductions  made    use  of  depend  ultimately    on  Stroh's 
syzygies  of  degree  4 :  consider  the  syzygy 

{{ab)+{cd)}^-{{ad)  +  {cb)}^  =  0, 

or  's  (^)(a6r(cd)^-^--'2   (^)(ad)^cbr-'  =  0. 

Here  the  letters  a,  6,  c,  d  denote  any  of  the  letters  Oi,  a^,  ...,  a«  used 
elsewhere  in  the  present  paper.     This  syzygy  may  be  written 

where  £  =  a:,g|-^,|. ,       D=x,^^x,^; 


and  therefore  JB.6!*  =  0,    D(cd)  =  c 


Xf 


Let  r^  be  any  covariant  containing  the  letters  a,  6,  but  not  the  letters 
c,  d,  and  let  F^  be  any  covariant  containing  the  letters  c,  d,  but  none  of 
the  letters  of  F^.     Then  we  may  write 

Fi  =  2Pi(a6rs         Fa  =  IP^icdT^ 

where  Pi  does  not  contain  the  letter  6  in  any  determinantal  factor,  and  Pg 
does  not  contain  the  letter  d  in  any  determinantal  factor. 
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Then  we  have  a  syzygy 

Pi.e<»^>^  {P^(cd)^}  =  Pi.tf^""  \PM)^\ ;  a.) 

and  this  syzygy  is  a  relation  between  products  of  covariants  of  the  form 
FiFs  and  the  same  products  having  the  letters  b  and  d  interchanged. 

Now  we  have  arranged  our  products  in  a  fixed  sequence,  we  shall 
suppose  that  the  products  on  the  right-hand  side  of  the  relation  (I.)  come 
after  those  on  the  left  in  this  fixed  sequence.  The  syzygy  may  then  be 
conveniently  written         p^^^)D  ^p^^^^.^  ^  ^^ 

where  22  denotes  any  products  which  come  in  the  fixed  sequence  after 
the  products  on  the  left-hand  side :  the  sum  of  the  products  on  the  left- 
hand  side  is,  in  fact,  according  to  our  definition,  reducible. 

7.  In  the  first  place  we  shall  consider  the  reduction  of  products  C^C^  : 

let  C2CK  =  (abY(dgd^^^{dgd^^  ...  (d^dg-i)^"^  :  the  sequence  of  such 
products  is  primarily  determined  by  the  letters  contained  in  the  factor 
Cg :  we  suppose  that  the  product  in  which  the  letters  are  ah  precedes  any 
of  the  products  in  which  the  letters  of  Cg  are 

adi,  ad^i  . . . ,  adr    respectively. 

This  is  in  accordance  with  our  defined  sequence  of  products  when  all 
the  letters  di,  d^^  ...^  dr  come  after  the  letter  6.  In  this  case  we  have 
a  series  of  relations  of  the  form 

^oh)DyQ^  =  B,     e^«^)^«a  =  i2,     ... ,     (f^^^C,  =  B, 

where  Dr  =  Xi  ^3 ^a  53 — • 

dOr,  2         dOr,  1 

We  proceed  to  show  that  these  r  relations  are  all  linearly  independent : 
this  result  is  of  fundamental  importance. 

The  operators  Dj,  Dj,  . . . ,  Dr  are  obviously  all  commutative.  The 
first  relation  may  be  written 

a+(a6).Aa+^D?a+...  =  B, 

or,  since  the  first  two  terms  are  obviously  reducible,  the  second  by  the 
Jacobian  identity,  it  may  be  written 

^-^  Df  C.+  ^"  Df  C.+ . . .  =  B,  (II.) 

and  this  relation  is  true,  whatever  covariant  C«  may  be  involving  the 
letters  cZ^,  d^,  . . . ,  d^. 
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8.  Consider  the  equation     DiC^  =  (Xc 

s 

as  an  equation  to  determine  C«. 

then  one  solution  is  obviously 

C«  =  j;;^{d,d^r^Hd.d^^  ...  (d.d.-,r'-'. 
Let  C^^^  be  any  other  solution  ;  then  we  can  always  write 

and  hence 

^N,fi^i(d,d^T-''\d,d^''-^  ...  W.4-1)'*--'  =  {d,d,r  ...  id^d^-iT'-'. 

The  covariants  in  this  identity  are  all  independent :   it  follows,  there- 
fore, that  C,  can  differ  from  — r—  {d^d^Y'-^^(d^d^^  ...  {d^d^^iT"^  only  by 

covariants  which  are  products  of  the  quantic  di  with  covariants  of  degree 
K—l.  And  so,  neglecting  reducible  terms,  jDf^C«  has  a  unique  meaning  : 
in  the  same  way  Di'^C^,  A~^^«»  •••  ^^^ve  each  a  unique  meaning.  So 
in  (II.)  we  may  replace  C«  by  D^^  C^ :    the  resulting  relation  is 

and,  in  the  same  way,  from  the  relation  (^"^^^^0^  =  ii  we  obtain 

{abf  ^    ,  (abf  ^  ^   ,        _  ^ 
o|    wi — qJ"  x/aO«-t-...  —  XI. 

Therefore,  on  subtraction. 


or 


[^  +  ~fiD,+D^+^^(Dl+D,D,+D^     J  (A-D^)^  =  B, 


Writing  this  x  (A-l'a)  C'«  =  i^, 

and  replacing  C^  by  Df  ^  C,c,  we  have 

In  this  replace  C«  by  D^D^^^C^ :  we  have 
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So,  adding,  we  get  xOi-DlD-'^C^  =  B. 

Proceeding  in  this  way,  we  obtain 

Since  Df  has  no  effect  on  the  index  of  (d^d^  in  the  covariant  C«,  p  may 
be  taken  so  large  that  D^ D'' C,  =  0:   so  the  last  relation  is 

^(^  +  <^^D,+D^+...]C.  =  B. 

9.  Now  let  us  assume  that,  in  general,  we  can  deduce  from  the  a- 
relations     ....  ,  „  „  ,^v  „ 

the  relation : — 

1  (7+1)1 +  (;q::2r!  (A+i>«+...+i)-)+... 

We  shall  show  that,  if  we  take  another  relation  e^'^^^^^^C^  =  22,  then 
the  resulting  relation  will  be  of  the  same  form  as  (III.)  with  o-  changed 

to   (T+l. 

On  our  assumption  we  can  deduce  from  the  o-  relations 
the  relation : — 


•  Cm  —  2?. 


(o-+t)!V+..+w..i+w..i  =  t-i     '  »-i      '+1'' 

Subtracting  this  last  relation  from  (ill.),  we  obtain 

((T  +  t)!   \Wi  +  ...+w,+w,,,  =  T-«       1  <r+l  /  i 

and  by  the  same  argument  as  before  we  can  show  that  (D,-i— Z),+))C. 
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may  be  replaced  by  C«.      Now  we  have  seen  that  (III.)  is  true  when 
or  =  1,  2  :  it  is  therefore  true  for  all  values  of  cr. 
An  immediate  consequence  of  this  is  the 

Theorem. — The  r  relations 
^ah)iH  c^  =  B,        c(«^)^  a  =  B,         ... ,        e^"'^""'  a  =  22 

are  in  general  linearly  independent,  and  together  reduce  the  product 
{abYC^y  when  \<r+l. 

10.  Certain  special  cases  remain  for  consideration. 

(i.)  The  relation  ^^^'^•^C^  =  12  is  true  if  the  product  C^G^,  in  which 
the  letters  of  C^  are  {ah),  precedes  the  product  C^C^y  in  which  the  letters 
of  Ca  are  {ad^.     We  have  previously  written  C^  in  the  form 

but  it  may  be  equally  well  written  in  the  form 

^N{d,d,nd,d^^  ...  {d^d.-iT'-K 

Now  the  result  of  operating  on  each  of  the  terms  of  this  sum  is  B,  and 
therefore  the  result  of  operating  on  the  whole  sum,  or  C«,  is  also  B :  in 
other  words,  our  preceding  results  are  not  affected  by  the  form  of  C«. 

(ii.)  If  the  product  (ab)^  C^  comes  before  the  product  (d<r  b)^  C^y  we  have 
in  the  same  way  another  syzygy 

^ha)D.  C,  =  B 

or  ^'^x-^'^a  =  B; 

all  such  syzygies  are  independent  of  those  already  considered :  we  may, 
in  fact,  write  D«+i  =  —D^,  and  then  the  extension  of  the  result  embodied 
in  (III.)  to  the  case  where  the  operators  are  Di,  D^,  ...,i)„  D^+i  is 
almost  identical  with  the  previous  investigation.  Hence  we  deduce  that, 
if  Vi  letters  of  C7«  come  after  a,  and  r^  letters  of  (7«  come  after  &,  then 

(a6)^a  =  i2,         if   \<ri+ra+l. 

(iii.)  We  may  suppose  that  the  letters  a  and  b  refer  to  covariants  of 
the  original  quantics  and  not  to  the  quantics  themselves,  and  that  one  of 
the  letters — say,  d^ — refers  to  a  covariant  involving  the  letters,  say,  ^i,  eg, 
. . . ,  ei.  Then,  if  the  product  (ab)^  C^  precedes  the  product  (ad)^  Ci^,  we 
have  a  syzygy  ^^^^.(j,  =  E, 
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or,  from  the  identity  (Di+D^+.-.+D^  C^  =  0,  which  is  easily  veriiSed, 

Let  P  be  the  covariant  obtained  from  C«  by  replacing  di  by  the  letters 
^i,  63,  ... ,  6; ;  then 

{D^+D^+.,.+D,+E,+E^+,..+Ei)P  =  0, 

and  hence  the  syzygy  may  be  written 

Now  Gg  may  be  represented  as  a  sum  of  transvectants  of  covariants  of 
a  definite  set  of  r  of  its  letters  with  covariants  of  the  remainder,  and  so  we 
may  also  obtain  syzygies  of  the  form 

where  di,  d^,  .»>,  dr  are  any  of  the  letters  of  C«  (the  existence  of  any  such 
relation  will,  of  course,  depend  on  the  sequence  of  the  products).  We 
have  to  show  that  all  such  syzygies  are  linearly  independent.  We  write 
Dg+i  for  any  such  composite  operator  as  (Z)i+i?a+...+i^r),  and  observe 
that  all  operators,  simple  or  composite,  are  commutative.  The  proof  of 
the  relation  (III.)  then  proceeds  on  the  same  lines  as  before  for  both 
simple  and  composite  operators :  only  one  point  arises  : — Has  the  opera- 

a  perfectly  definite  meaning  ? 

To  prove  that  it  has,  we  write  C^  in  the  form  2  N{a,  j8)^,  where  13  is 
a  covariant  of  the  letters  di,  d^^  ...,  dr,  and  a  is  a  covariant  of  the 
remaining  letters :   then,  in  the  same  way  as  before,  we  see  that 

dififers  from  (\+l)"^(a)8)^'^^  only  by  products  of  covariants  of  dfj,  dg,  ..., 
dr  with  covariants  of  the  remaining  letters,  and  so  the  meaning  is  for  our 
purpose  definite  and  unique. 

IV.  Syzygies  of  Degree  5. 

11.  We  shall  treat  the  syzygies  of  degree  5  at  some  length  in  ex- 
planation of  the  general  principles  set  forth  in  Section  III. 

The  product  forms  to  be  considered  are  of  the  following  classes  : — 

C^G^f  C1C4,  C1C5,  CJCg,  CjCa,  Cj. 

The  generating  functions  for  all  the  irreducible  products,  except  C^  C^  and 
CjCj,  are  known  from  the  results  for  degrees  8  and  4. 
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(i.)  Generating  Function  for  Prod/ucts  C^C^. 

The  Cs  Ca  products  are  to  be  arranged  in  a  sequence  to  be  determined 
thus : 

(a)  by  virtue  of  the  letters  involved  in  the  factor  C^ :  the  following 
is  the  sequence : — 

(i.)  (ii.)  (iu.)  (iv.)  (y.) 

(aja/Ca,    (a^a^'^C^,    {(h<^d^C^^    KagfCa,    {(ha^^'C^, 

(vi.)  (vii.)  (viii.)  (ix.)  (x.) 

(aaa4rCa,     {a^a^^C^,    {asa^YCs,    {(ha^^'C^,    (a^a^^'Cs. 

(b)  If  two  products  C2G^  have  the  same  letters  in  the  C^  factor, 
that  product  whose  C^  factor  is  of  smaller  weight  precedes  the  other. 

Any  CgCa  product  is  then  defined  as  reducible,  if  it  is  expressible 
linearly  in  terms  of  products  of  other  classes  and  of  C^Cq  products  which 
follow  it  in  the  sequence  just  determined. 

First  consider  the  products  iaiai^^^C^  :  using  the  notation  of  the 
preceding  section,  we  have  six  linearly  independent  relations  (§  9) 

where,  for  instance,  in  the  relation  e^"'»"^^^Ca  =  ii,  B  represents  C^C^ 
product  forms  such  as  (Oi  Oa)*"  Cg  together  with  product  forms  Ci  CH,  CJ  Cg, 
and,  in  the  relation  e~^"»"»^^»(7a  =  jB,  B  represents  C^C^  product  forms 
such  as  (a2««)'^C'a  with  product  forms  CiCH,  (TjCg.  So,  for  irreducibility, 
we  must  have  i/  >  6+1,  that  is,  v'^  8. 

Moreover,  Cq  must  not  be  a  Jacobian  of  the  form 

((ara,)\  04  J  J  where  r,  5,  t  are  8,  4,  5  in  any  order ; 

for       (oi  Oa)"  ( (ttr  a,)^,  at )  =  (ar  a J^  ( (%  a^",  «< )  —  a<  ( (%  Oj)" ,  {Ur  a^^  ) 

=  12,     whatever  r  and  s  may  be. 

Hence,  by  the  second  Corollary  of  Section  I.  (§  2),  the  weight  of  Ca  is 
at  least  6,  and  therefore  the  minimum  weight  of  an  irreducible  product 
(OiOa)^  (7a  is  14. 

The  treatment  of  the  products  (a^a^'C^  is  similar:  here  (by  §  9)  there 
are  reductions  corresponding  to  the  interchange  of  a^  with  a^,  a^,  and  the 
interchange  of  a^  with  o^,  a^,  a^.     The  five  linearly  independent  relations 

^®  ^a,a,)D,  Q^  _  22^  g±(aia,)D4  Q  =i  B,  6±^^*^>^*  Ca  =  B. 

Hence  i^  ^  7,  and,  as  before,  Ca  must  not  be  a  Jacobian  of  the  form 
((Or^JN  CLt),   r,  8,  t  being  2,  4^  5  in  any  order:   therefore  the  minimum 


240 


Mk.  a.  Young  and  Mr.  P.  W,  Wood 


[May  12, 


weight  of  Ca  is  6,  and  the  minimum  weight  of  an  irreducible  product 
(Oi^'C'a  is  18. 

Similarly  for  an  irreducible  product  (dia^^'C^,  v^6,  and  the  minimmn 
weight  of  Ca  is  6  ;  while,  for  an  irreducible  product  (Oia^^'C^t  v'^  5^  and 
the  minimum  weight  of  C^  is  6. 

Next  consider  the  products  {a^a^fC^i  here  there  are  reductions 
corresponding  to  the  interchanges  of  a^  with  a^^  a^  and  the  interchanges 
of  Oa  with  a4,  a^.    The  four  linearly  independent  relations  are 

e±(«2«.)D«cfj  =  ij^        c*<«««»>^»C,  =  B;         so  that  i/>6. 

Moreover,  C^  must  not  be  a  Jacobian  of  the  form  {{a^a^^y  o^  j.     Hence,  by 

the  second  Corollary  of  Section  I.  (§  2),  the  weight  of  C^  is  at  least  4  :  there- 
fore the  minimum  weight  of  an  irreducible  product  {a^a^^'C^  is  10.  In  the 
same  way,  for  an  irreducible  product  (03^4)*' Cg,  1^  ^  5,  and  the  weight  of 
^8  ^  ^'  while,  for  an  irreducible  product  (0305)"  (7a,  v  ^  4,  and  the  weight 
of  Ca  >  4. 

Now  consider  the  products  (aaa4)''Ca:  we  have  for  the  reduction  of 
such  forms  two  linearly  independent  relations 

so  that  v"^  4,  while,  by  the  perpetuant  type  theorem,  C^  is  of  weight 
3  at  least.     So,  for  (aQa^^'C^f  v^^,  and  C^  is  of  weight  8  at  least. 

Finally,  for  the  products  {a^a^'^C^,  we  have  j'  >  2,  for,  if  1/  =  1,  there 
is  a  Jacobian  identity  ;  also  the  weight  of  C^  is  8  at  least. 


12.  So  the  irreducible  products  C^C^  may  be  tabulated  thus  :• 

(aiaa)*'(«a«/(^»5)^» 
(cLia^'' (a^a^^  {a^a^ , 

(aia6)''(aa  08)^04  a*)^, 

{(ha^''  (a^a^^  {a^a^^, 

(a^a^''  {OiO^^  ifiLi(^^'"y 
(a^a^''  iaia^^  {a^a^^y 

ia^a^''  {Qia^^  (aiU^Y, 

(a^a^*'  {aiu^^  (Uia^, 

Here  the  minimum  value  of  p  is  determined  by  the  reductions  of 


»'>8, 

X>4, 

M>2; 

«'>7, 

X>4, 

/«>2; 

•'>6, 

X>4, 

M>2; 

»'>5, 

X>4, 

/«>2; 

•'>6, 

X>8, 

/«>l; 

•'>5, 

X>8, 

/«>i; 

•'>4, 

X>8, 

M>1; 

•'>4, 

X>2, 

,  A*>  1; 

»'>8. 

X>2, 

,  A*  >  1; 

»'>2, 

X>2, 

M>  1. 

^^B     Aenow  at  l*ar«i  pniii-J  u.  tl...  r^^t^ui^i  wo  Mrtllkd  10  nMvo,  inu  nJ  mm,  3A  HipMnu*               ^^| 

■  ni«t  goior.    Tlxt-  iM,  lwi»*i*r,  by  wiiri««    ^^^^^M 

^HWce  bi  llw  Pristm.  obUai  w  nunr  mpiN  m  a*;  •>*.  st  Uu  ftaltowia?  nu>i  -                      ^^^^H 

JT^iX  ,  •""•^' 

■-'-|  I 

•■!««•- 1     n»« 

^^V     Uin>  -m«wl  by  lb<  OuQPclJ  (»-ot>.  IJl 

^^B*  whWMd  b<nn  U»  Fii1>n>k*T  a4  U  MV  pa 

8*t>  >t  Inub  priw  "  [.•-'■.  >I  !'■  I'.  <>w  •bat].                           ^H 

^^m       It  WM  rurttiu  or>li.t«d  Uj  tb*  CdiuiuII  { 

Uwthll.  IHWf,  '"nuttkKtbduty  iJiv*  A  ]M  ant.                 ^H 

^Hitn  Mu-ji 

int  U  atcli  tiunbMcr  ol  h  pmflMf  Ml  al  Ammf.Mri  o^  u  f  A*  l«(  *<mpMid  > •Ihw."                        ^H 

^B      Oi.^ 

■till  iu  clulh.  Rvo.  utii  Iw  i>»rch4wrf  liy  Ih.  nalilui  fmm    ^^_^^| 

^^b*  :?mUUm.  lU.  riuo*  Bikhmw,  M>  FmtuIiH«i  iitiML  B.C,  *l  U.H  ftiUowitiK  »t« .-           ^^^^H 

^^r                V<4-           1.  Km.     l-a       ... 

Jul.   IKt  U  K»v.  rsM       -       IU.-                           ^^^^^H 

^H                             ,.     »-i«    ., 

Kn«.  (866                  IbAU       ...        lb.                               ^^^^H 

^H                      m.  „    31-40    ... 
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Section  HE.,  while  the  minimnTn  values  of  the  indices  \,  /a  are  determined 
by  the  theorem  of  Section  I.  (§§  1,  2). 

The  generating   functions  for  the   products  C^C^  are,  therefore,   as 
follows : — 


Produot. 


G.  P. 


I 


a;" 
0=^ 


Product. 


Hence  the  generating  function  for  all  products  C^  C^  is 


(l-a;)»  (!-«)** 


G.  F. 
x^ 


l-x) 

x^ 


s 


l-x) 


I 


X' 


l-x) 
x^ 


I 


\-x) 


B 


«' 


l-x) 


B 


(ii.)  Generating  Function  for  Prod/ucts  (7J  Cj. 

Here  the  only  possible  reductions  arise  from  the  Jacobian  identity, 
when  the  weight  is  unity.  In  this  case  we  can  insist  on  %  appearing 
in  the  symbolical  determinant  factor;  so  that  there  are  only  four 
linearly  independent  products  of  unit  weight,  while  there  are  ten  of  any 
other  weight. 

Hence  the  generating  function  is   10a;V(l""^)+4^- 

The  generating  functions  for  types  and  products  of  degree  5  may  be 
tabulated  thus : — 


Fonns. 


CjC, 


8 


G.  r. 
(l-xf 

SPR.  2.      701,.  2,      NQ.  866. 


c,c. 


CiCl 


Fonns. 
CjCa 


O.  F. 

lOx' 


l-x 


+4a; 


B 
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The  sum  of  all  these  generating  functions  is  .        .4,   which  is  known 

to  be  the  generating  function  for  the  enumeration  of  the  linearly  in- 
dependent covariants  of  degree  5  :  from  this  it  follows  that  the  per- 
petuant  type  of  theorem  is  exact,  and  that  we  have  found  all  the  syzygies 
of  degree  5. 


V.  (i.)  Products  having  no  Factor  op  Dbgrbb  less  than  2.— (ii.)  Products 

HAVING  NO  Factor  of  Dbgrbb  less  than  3. 

1 8.  In  the  present  section  we  shall  show  that — 

(i.)  The    generating    function    for   types  and  irreducible  products  of 
degree  S  having  no  factor  Ci  is 


8-1 


(ii.)  The  generating  function   for    types    and   irreducible  products    of 
degree  S  having  no  factor  Ci  or  C^  is 

(l-x)'-'' 

It  seems  probable  that,  in  general,  the  generating  function  for  types  and 
irreducible  products  of  degree  S  having  no  factor  of  degree  k  or  less  is 

(l-x)'-'      ' 
This  general  result  is  verified  in  Section  YI.  in  the  case  of 

8/c+2>5>2/c. 

(i.)  Products  having  no  Factor  of  Degree  less  than  2. 
14.  Those  products  which  do  contain  a  factor  Ci  are  all  of  the  form 

Ci.P«-r,     r  =  l,2,  ...,5-2,  a. 

Let  Vi  be  the  generating  function  for  all  types  and  products  not  having  a 
factor  Ci ;  then  the  expression 

F,+  (?)  ^a-i+Q  ^«-2+...  +  (3  ^,-.  +  ...+  (^12)  ^«+^o 
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is  clearly  the  generating  function  for  all  types  and  irreducible  products  of 
degree  S,  and  so  we  must  have 

(T^nr  =  ^.+ (1)  F,-i  +  ...  +  (J)  V,-r+...  +  {gi^  V,+  Vo. 

In  the  first  place  Fo=  1 :  consider  (^_o)  ^9»   ^h®  generating  function 

for  the  products  C^"^  (7a ;  if  this  product  is  of  unit  weight,  so  that  Ca  is  a 
Jacobian,  we  can  insist  on  a  definite  letter  being  present  in  the  symbolical 

determinant ;  and  therefore  the  coefficient  of  a;  in  (^_o)  ^a  is  (^""1);  for 

any  other  weight  the  products  CaCj"^  are  irreducible,  and  so 

By  reference  to  our  previous  results,  we  find  that 

Let  us  assume  that 

Vi'  =  r; np-T     for  the  values  8,  4,  5,  ...,  S—1  of  S' ; 

then,  from  the  above  relation,  we  have 

rr^\x  +  {l-x)}'         ((S\        X'-'  . 


+0<tS^+-+<''-»'+'1 


«' 


^ ,  on  expanding  the  first  term. 


Hence  by  induction  the  result  is  true  in  general. 

Therefore : — 

The  generating  functUm for  all  types  and  irreducible  products  of 

x^ 
degree  S  which  contain  no  factor  of  unit  degree  ts  Q_^\g-i  • 


(ii.)  Products  having  no  Factor  of  Degree  less  than  8. 

15.  We  proceed  to   find  the  generating  functions  for  the  following 

products : — 

(1)  Cr,         (2)  C?P^-^,        (8)  CrCs,         (4)  C^C, ; 

R  2 
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where  Pa-SM  is  any  product  of  degree  d— 2m  which  contains  no  factor  of 
degree  <  8  and  is  neither  Cg  nor  C^. 

It  will  be  seen  that  the  peculiarity  in  the  treatment  of  the  products 
C^Cg  and  CiC^  arises  from  the  Jacobian  identity;  it  may  be  easily 
verified  that  this  special  identity  yields  no  exceptional  reductions  of  other 

products  Cf^Prf  even  if  Pr  is  one  of  the  product  (^,  C4,  C^C^,  C^C^, 
C4  C.  (see  §  17,  Note). 

(1)  Generating  Function  for  C^. 

A 

We  know  that  the  generating  function  for  C^  is 

x^-x^  _  a;*(l-a;)(l-a^ 

Consider  first  the  product  C|:  we  have  the  following  products : — 

{aiO^^Cl,     (Oia^^Cl,    {OiO^^^Cl     (aiO^^dl,    (ajO^^f^. 

Now  any  of  these  products  is  reducible  if  it  is  expressible  in  terms  of 
products  following  it:  thus  for  (oia^^Cl  there  is  no  such  reduction,  so 

that  X  ^  2,  and  the  generating  function  for  such  products  is  - — - ,  where 

1 — X 

Fa  is  the  generating  function  of  C^ ;  for  (o^  Og)^  C^  there  is  a  reduction 
corresponding  to  the  interchange  of  a^  and  Og,  so  that  X  >  8,  and  so  on  ; 
finally,  for  {oiO^^C^  there  are  reductions  corresponding  to  the  inter- 
changes of  a^  with  Og,  Og,  a^^  a^  respectively,  and  therefore  X  ^6;  hence 
the  generating  function  for  all  these  products  is 

a?-^x''+x^+x^+x^  TT  _  3^-x^  V  -  x\l-x){l-x^{l-x^) 


Assume  that  the  generating  function  for  (7^     is 

V       -  ^2«-2  (l-a;)(l-a:«)...(l-a;^-») 
^f^-i—^  (1— ic)*»-« 

Then  the  products  C^  ^^^ 

Here,  as  before,  any  product  is  reducible  if  it  is  expressible  in  terms  of 

products  following  it:  thus  for  {aia^^'C^"  there  are  (r— 2)  reductions 
corresponding  to  the  interchanges  of  Or  with  Og,  Og,  ...,  ar-i  respectively, 
and  so  X  ^  r ;  for,  by  Section  III.,  these  reductions  are  all  independent ;  the 
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«^ 


generating    function   for    this   set     is    F«-i ,    and    therefore   the 

generating  function  for  all  products  Cf^  is 

Therefore,  by  induction,  the  generating  function  for  products  C^  is 

a;^(l-a;)(l-a^...(l-g^-^) 


(2)  Generating  Function  for  C^P«-2m  {where  P«-2in  is  any  form  or  prodttct, 
other  than  C^  or  C4,  which  contains  neither  C^  nor  C^, 

16.  Lemma. — If  the  roots  of  y*— Piy*"^+Pay'*"^~---+('~)*i^w  =  0 
are  l,x,  7?,  ...;  a:'*"^  then 

^^^  ^'~*  (l-a!)(l-arO...(l-x')        ' 

(2)    |).+(l-aj)i)._s+(l-a;)(l-a!»)i)»_4+... 

+(1  -a!)(l -a:^  ...  (1  -ar— >)      =  1,  »  even ; 

+(1— «)(1— x») ...  (1— x"-Vi  =  1.  »  odd, 

(1)  Assuming  the  theorem  true  for  all  values  up  to  and  including  n, 
we  shall  show  that  it  is  also  true  for  the  value  (n+l) ;  it  is  obviously  true 
when  n  =  1,  2. 

.     If   y^^-(Ziy'^+gay"-^+...+(-r-^gn+i 

=  (y"-j>iy'*"'+j?ay"-'+...+(-ri>~)(y-a:"), 

?«  =  Pk^-x^p^^u     /c  =  1,  2,  ...,  n, 


346  Mb.  a.  Touno  and  Mb.  P.  W.  Wood  [May  12, 

and  therefore,  by  hypothesis,  if  x  =.  1,  2,  ...,  n, 

_  _(;)  (l-x») ...  d-x*-'^')  .  _«-^('?^)  (l-g") ...  (l-a!«-'^») 
*'~*  (l-a!)...(l-a:«)      "^  (1-a;) ...  (l-x«->) 

=  x(«)  O--'^*)  —  0-—X*-'**)  .  i_a,— '■+i+a!»-«+>(l-a!^  I 
(l-aj)...(l-x')      '  -r  \         ;; 

^  ^(5)  (l-a!»^')(l-a;*) ...  (1-g*-'^*) 
(l-a!)(l-a^ ...  (l-««)       • 

and  },+i  =  x*.x^*'  =  x^  ^  '. 

Therefore  the  result  is  true  universally. 

(2)  Let  the  roots  of 

j^'^^'-ffij^'+.-.+C— )"+'?«+!  =  0   be  1,  «,  a* «», 

and  those  of 

y-i-rij^-'+...+(-)"-»r»_i  =  0   be  1,  «,  x« x-». 

Assuming  the  result  for  the  p's  and  the  r's,  it  will  be  sufficient  to  prove  it 
for  the  g's ;  for  brevity  \re  consider  only  the  case  of  n  being  even.    Then 

?»+i+(l-a;)g»-i+(l-a;)(l -««)?,-,+. ..+(l-a!)(l-a!») ...  (l-a!-»)}i 

=  aj>,+(l-a;)  {j),_,+«"j),_,}  +...+(l-x)(l-a^  ...  (l-a!-^)0)i+a!"), 

"^^  ^'      '  (1-x) ...  d-x")  l-x"-«  *^' 

by  the  first  part  of  the  Lemma.    Therefore 

3,+i+(l~x)<?n-i+...+(l-a!)(l-x^ ...  d-x"-*)?! 

=  x»  |i>»+(l-a;)l).-2+...+(l-«)(l-a!^...(l-a!"-')l 
+(l-x)j)»_,+(l-x)(l-x»)i»,_,+...+(l-x)(l-x») ...  (l-x-')j)i 

=  x»+(l-x»)  {r,_i+(l-x)r,_,+  ...+(l-x)(l-x») ...  (l-x»-»)rj 

=  x"+(l— x")  (by  hypothesis) 

=  1. 

17.  Let  V  be  the  generating  function  of  Pt-s«,  S  =  2m+r  being  the 
total  degree,  and  let  the  letters  in  (7^  be 

o«,.  ««,» •••>  a«,^f       where       #ti  <  «c,  <  ifg  ...  <  «r2i». 

Then,  by  definition,  the  interchange  of  the  letter  a„^  with  any  one  of  the 
letters  a^j^+i,  a.^+2,  ...,  a<,  implies  a  reduction,  and,  by  Section  III.,  corre- 
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sponding  to  each  of  these  interchanges  the  weight  of  C7  ^  increased  by 
unity.  So  in  general,  by  interchanging  a.^,^  with  succeeding  letters 
occurring  in  Pa.^^,  the  minimum  weight  for  ureducibiUty  is  increased  by 
(^— ^2»-c~€)i  since  this  is  the  possible  number  of  interchanges.  Here  e 
may  be  any  one  of  0,  1,  2,  ...»  2m— 1,  and  therefore,  by  interchanging  all 

the  letters  of  C^  with  the  letters  of  Pa-sm  succeeding,  the  weight  is 
increased  by 

If  the  2m  letters  of  C^  are  fixed,  the  generating  function  is 

(l-a;)^-i  ' 

and  therefore,  if  these  2m  letters  are  chosen  in  all  possible  ways  and  inter- 
changed with  the  letters  of  Pa-2mi  the  generating  function  required  is 

where  the  2  applies  to  all  possible  choices  of  the  suffixes  ki,  k^,  . . . ,  Kin 
from  the  suffixes  1,  2,  8,  ...,  S. 

The  numbers  S—ki,  5— /cj,  ...,  5— iC2m  are  all  different  and  each  is  one 
of  the  numbers  0,  1,  2,  ...,  ^— 1 ;  so,  by  the  Lemma, 

Therefore  the  generating  function  for  C^Pa-2m  is 

(1  «ir)2«^  (1  _aj)  (1  ^x^  ...  (1  -x^'*)      ' 

where  V  is  the  generating  function  for  Pa-2m  and  S  =  2m+r  is  the 
total  degree. 

Note. — If  Pa-2«  contains  a  factor  Cg  or  C^  which  is  a  Jacobian,  any 
extra  reductions  due  to  a  Jacobian  transformation  will  be  included  in  7, 
the  generating  function  for  Pa-sm* 

(8)  Generating  Function  for  d^C^. 

18.  A  different  kind  of  reduction  is  introduced  only  in  the  case  where 
Cs  is  a  Jacobian :  three  cases  must  be  separately  considered — 

(a)  Cg  is  a  Jacobian  and  does  not  contain  d^ :  here  there  is  a  new 
reduction. 
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08)  Cg  is  a  Jacobian  and  contains  o^^  but  not  o^ :  here  there  is  a 
new  redaction  if,  and  only  if ,  C^  is  of  the  form  (Cj,  a^). 

(y)  Cg  contains  both  o^  and  a^:    here  there  is  never  any  new 
reduction. 

(a)  If  the  product  is  irreducible,  Cg  can  be  written  in  the  form 
(OriOr,)^  {(iT^cLry^t  X  >  4,  /i  >  2,  by  Soction  I.,  Cor.  2. 

The  number  of  reductions  due  to  replacing  the  letters  of  Cg  by  eiurlier 
letters  contained  in  C^  is 

(ri-l)+(r,-2)+(r,-8)  =  (r,-2)+(r8-2)+(r8-2), 
and  therefore  the  generating  function  for  such  products  is 

(1— a;)'  (1— «)**  n,r,.ri-« 

^  (l-ir)2~+*  .  (l-a;)(l-a^(l-x»)  ' 

by  the  Lemma  (§  16). 

(/8)  If  the  product  is  irreducible;  Cg  can  be  written  in  the  form 

by  Section  I.,  §  1,  and  the  number  of  reductions  due  to  replacing  0^,  Ot^  by 
earlier  letters  contained  in  C^  is 

(ri-2)+(ra-8)  =  (n-8)+(r,-.8)+l ; 

therefore  the  generating  function  for  such  products  is 

^  ^2*+5  (l-ar)(l-x»)...(l--x^^-i)  a;(l-rc^^^)(l-x^") 

(l-ic)**+2  (l-ic)(l-a:»)       • 

(y)  Here  it  makes  no  difference  to  the  irreducibility  of  the  product 
whether  Cg  is  a  Jacobian  or  not ;  so  we  may  write 

Cg  =  (aiO^MaiOr)^,       X>2,    /i>l; 
and  the  number  of  reductions  due  to  replacing  Or  by  earlier  letters  con- 
tained in  C^  is  (r— 8);  and  therefore  the  generating  function  for  such 
products  is 

g^       g^(l-x)(l-g") ...  (1-x^-^)  *^+«    ^.3 
(1-a;)^  (1-a;)^  r-s  * 

^  ^2m+8  (l-a?)(l-a?^...(l-a?^^^) 

(l-a;)^+» 
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So,  finally,  the  generating  function  for  all  products  d^Cth 

^  j:^  i  (1 -x)(l -x8). . .(1 -a!»-*)j)a+(l -x)(l -«»).. .(1 -x'-V } . 


(I-*)' 
where  ^  =  2m+8  is  the  total  degree,  and  (as  in  the  Lemma  of  §  16) 


(4)  Generating  Function  for  C*  C4. 

19.  A  different  kind  of  reduction  from  those  considered  in  §  17  is 
introduced  when  C4  is  a  Jacobian  of  the  form  (C^,  C^,  and  does  not 
contain  Oi,  and  in  no  other  case. 

If  C^  does  not  contain  %,  then,  by  Section  I.,  if  the  product  is 
irreducible,  it  can  be  written  in  the  form 

C4  =  (ar, ar/>  (ar,a^^^*  {Ot, arf\    where     Xi  >  6,    Xj  >  8,    Xg  >  1, 

and,  in  the  same  way  as  before,  we  find  that  the  generating  function  for 
such  products  is 

(1  -  «)»  a-x)^ 

^  ^2«+io  (l-a;)(l-g^...(l-a?^-^)     xHl-x^\^  ...  q-x^) 

(l-»)^+»  (l-a;)(l-a:^(l-ic»)(l-aj*)  ' 

If  C4  does  contain  the  letter  %,  we  write 

C4  =  (Oi  Or/*  (oi  Or/'  («!  Or,)^",     whero     Xj  >  4,    Xa  >  2,    Xg  >  1 ; 

and  the  generating  function  for  such  products  is 


x' 


g'*(l— g)(l— a°)  ■■■  (1— X'^-^)  23^ri-»)+(r,-a)+(fi-4) 


{1-xy  (i-x)»* 

(1 -«)*»+»  ^       (l-x)(l-x»)(l-x^     "• 

Hence,  adding  and  simplifying  these  two  results,  we  find  for  the-  complete 
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generating  fdnotion  of  prodacts  (f^Ct, 


(l-x)*-! 


(l-x)(l-a!») ...  (l-«»-»)i»4+(l-a;)(l-««) ...  (l-a!'-«)i>, 

+(i-a!)(i-x») ...  (1 -«*"')  (i-iz:^)}' 


where  ^  =  2m+4  is  the  total  degree,  and  j)|,  ;«  are  defined  above  (§  16). 

20.  We  are  now  in  a  position  to  find  F|,  the  generating  function  for 
the  types  and  those  irredadble  prodacts  which  contain  no  factor  of  degree 

less  than  S ;   for  we  know  that  ^_j  is  the  generating  function  for 

the  irreducible  forms  with  no  factor  Ci,  and  every  such  product  is  of  the 
form  C7Pj_2«.    We  must  consider  two  cases  according  as  S  is  even  or  odd. 

S  even. — 

g*       -  Tr  I  ^(X-x)  (l-x«)(l-a!»-^)  Tr      . 
(l-a!)*-»~  ^*^  (\-xf     {X-x){l-x*)     ^'-^^^••• 

.  g»*(l-a;)(l-g»)...(l-a!**-')  (l-a!')(l-a!«-')...(l-g'-'*^')T/        . 

^  (T=^^=  (i-x)(i -«*)...  (1-**-)     *^»-**"^- 


3* 


(l-x)' 


+  ,,  _~.a,i     (l-a!)(l-«^...(l-»»-*)i)4+a-«)a-x«)  ...  (l-x»-»)pa 


+(l-x)(l-a;») ...  (l-x»-')(l-  j^) 


,  ^(l-:E)(l-g»)...(l-g«-'). 
+«* (iH^J . 

the  last  two  terms  being  the  generating  functions  for  (f^C,   and  G 
respectively,  where  S  =  2»+4. 

6  odd. — 

^        _  T7  .  x'Q.-x)  (l-a;*)(l-a;*-')  ^^      . 
(l-x)»->  ~  "^^"^  (l-x)«      (l-x)(l-x»)     ''«-'''^-" 


»+2 
S 


a; 


2m 


(l-2j)(l-x^  ...d-ic-"*-^)  (l-x*)(l-a;*-^)...(l-a;*-2«+i) 


"•"  (l-a;)*»  (l-a;)(l-j^...(l-x*"')       ''«-*'"  "«"•• 

+  ,,    ''\,_i  i(l-a;)(l-x»)...(l-a;Mi>8+(l-a;)(l-x'^  ...  (l-x*-^)/?,;  ; 
Vl     X) 

the  last  term  being  the  generating  function  for  C^Cg,  where  o  =  2n+S. 
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Now  asBome  that,  for  r  <,S  and  >  4, 

r  — 


(i-xr^' 

and  it  is  easily  verified,  from  the  two  results  of  the  preceding  Lemma  (§  16), 
that,  whether  8  is  even  or  odd, 

T7     _£ 


Hence  the  result  is  established  in  general. 

VI.  Pboducts  op  the  kinds  (1)  CI;  (2)  CC^,  /c<w<2#r;  (8)  C«C2«. 

21.  The  general  principle  involved  by  the  present  application  of 
Stroh's  syzygies  of  degree  4  may  be  explained  thus:  Suppose  we  are 
seeking  for  the  syzygies  in  which  a  product  C^  Cm  occurs.  Let  us  divide 
up  the  letters  of  C.  into  two  sets, 

and  those  of  Cn  into  two  sets, 

Let  a,  )8,  y,  S  be  covariants,  whose  symbolical  characters  are  comprised 

in  the  sets  %,  o^, . . . ,  0^ :  ^d  ^s*  * •• »  ^r^'  ^v  ^a>  •  •  *  >  ^«i  *  ^>  ^9  •  •  •  >  ^«9  respec- 
tively. Then  C.  can  be  expressed  in  terms  of  transvectants  of  the  form 
(a,  I9)\  and  Cm  can  be  expressed  in  terms  of  transvectants  of  the  form 

(y,  cJ)^ 

Consider  the  Stroh  syzygy 

{(ai8)+(ycJ)}"-{(acJ)+(y/3)}-  =  0, 
which  may  be  written     e^-«^'(y6)-  =  e^-*>^'(y/3)'*, 

where  D,  ^  x,-^^^x,^^, 

Now  let  us  suppose  (aj)^(y)3)''  is  a  product  which,  by  the  definition  of 
Section  III.,  succeeds  the  product  {a/Sf'  (ySf  in  the  sequence  of  products : 
then  we  have  the  relation 

g(«^)i)#(y^-  =  reducible  terms 

or  ^"^^^*(ci,  Ca,  ...,  c^,  ^  =  reducible  terms. 


(1) 
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where  (c^,  Cs, ...,  Cg^,  S)  is  the  symbolical  product  obtained  by  replacing  y  by 
the  letters  of  which  it  is  composed.  Moreover,  since  c^,  03,  . . . ,  c^^,  8  are 
the  only  letters  involved  in  this  symbolical  product,  we  know  that 

(Dc,+Dc+ . . . +Dc^+ A)  (ci,  Ca,  . . . ,  c.„  cS)  =  0. 
Therefore  we  may  write  the  relation 

e-^^y{^'^^^-^"^^.]  c^  =  reducible  terms ) 
or  gC«^){^-.+^^+  .+%]  c^  -  reducible  terms 

This  relation  gives  us  a  reduction  for  the  product  C«  Cm  by  virtue  of  the 
fact  that  the  product 

precedes,  in  our  fixed  arrangement,  the  product 

{dif  d],  ...,  dn,   dif  tta,  ...,  dgj  {oif  O9,  ...,  Of^f   c^,  Cj,  ...|  c^i). 

In  this  way  we  obtain  a  series  of  relations  such  as  (1) :  such  relations 
have  been  considered  in  Section  III.  [§  10,  (iii.)],  and  have  there  been 
shewn  to  be  all  independent.  It  follows,  therefore,  that  we  obtain  one 
reduction  for  C,  Cm,  corresponding  to  every  product  (?«'  Cm'  following  (7«  Cm 
in  the  sequence  of  products  already  determined,  provided  that  each  of 
Cg'f  Cm'  contains  letters  from  each  of  the  factors  C^,  Cm ;  and  for  every 
such  reduction  the  minimum  weight  of  C«  for  irreducibility  is  increased 
by  unity. 

(i.)   Generating  Function  for  CJ. 
22.  Let 

where  r^  <  rg  <  ...  <  r«_i,  and  the  letters  involved  are  a^,  Og,  ...,  a^  in 
some  order.  If  either  C^^^or  O'p  is  a  Jacobian,  the  product  is  reducible,  since 
it  is  expressible  in  terms  of  products  C«-cC,c+«:  hence,  by  the  second 
Corollary  of  Section  I.,  each  of  C^^^  or  C^P  is  of  weight  (2"— 2)  at  least. 

In  the  first  place  we  suppose  the  letters  of  O^^  and  of  C^p  to  be  fixed 
and  we  disregard  their  arrangement :  we  then  find  how  many  reductions 
are  possible  by  virtue  of  expressing  C^^C^^^  in  the  form  2C^_,(7«+,.  To 
this  end  we  consider  all  possible  products  CrC2K-r9  such  that  r  takes  any 
value  from  2  to  *c— 1,  where  each  of  Cr,  C2«-r  contains  letters  from  each 
of  the  factors  C?\  C^P :  then  we  know  that,  corresponding  to  every  such 
product,  there  is  a  reduction  for  C^^^(7p,  and  that  these  reductions  are  all 
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independent ;   so  that,  corresponding  to  each  such  product,  the  minimum 
weight  of  Ci^^  for  the  irreducibility  of  C^pC^iP  is  increased  by  unity. 

The  letters  of  Cr  may  be  chosen  in  (   ^]  ways,  but  we  must  exclude 

every  case  where  these  r  letters  are  all  included  among  the  letters  of  C^ 
or  among  those  of    Cf\  for    in  such  cases  there  is  no  corresponding 
reduction  of  the  product  &l^(fK  ;  hence  the  number  of  choices  for  CrC^c-r  is 

(^)  -  0  -  a- 

So  the  total  number  of  reductions  of  this  kind  for  &^^  Cf  ^  is 

T  {(';)-2  (;)}  =  i[2--4.-2-f;)]-2[2-.«2] 

=  2^-^-2*+^-i(^)+8. 

Further,    by    the    Jacobian    identities,    which  are    independent    of 

these  reductions,  the  minimum  weight  of  &^^  is  2*— 2.     So,  whatever  are 

the  letters  of  Ci^ ,  the  minimum  weight  of  &l^  to  ensure  the  irreducibility 

of  Cf^^  Cf^^  is  ,o^v 

22«-i-2«-ir  j+1. 

It  remains  to  discover  how  many  products  PiPg  follow  C;  C;  in  the 
sequence  of  products  already  determined,  where  P^  and  P^  are  each  of 
degree  k,  and  P^  is  taken  as  that  factor  which  contains  o^. 

If  Ti  >-  2,  there  is  a  reduction  corresponding  to  every  product  Pi  Pj, 

where  Pj  contains  Og,  and  the  number  of  such  products  is  I  ^_o  )• 

If  ri>3,  there  is  a  reduction  corresponding  to  every  product  PiP^, 

where  Pi  contains  a^  and  not  o^,  and  the    number  of    such    products 

.    /2ic-8\ 
^n.-2J- 

Continuing  in  this  way,  we  obtain 

(!:_-.>»+ •+r::-/') = (r/)-(":?^') 

reductions. 

If  we  have  any  further  reductions.  Pi  must  contain  both  Ui  and  Or^, 
md  we  get  a  reduction  if  Pj  contains  also  ar,+i  where  rj-j-1  <rg;  in 
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this  way  we  have 

reductions. 

The  same  argument  is  pursued  for  each  of  the  letters  of  C;  ^  in  turn : 
hence  the  number  of  reductions,  corresponding  to  the  products  Cl  =  PiPj, 

which  follow  C«  Ci   in  the  determined  sequence  is 

= e--iV(r:')-ei?)-eu')--{"r-)-- 

Hence,  if  the  letters  of  C^^  are  o^,  a^,  ...,  Or^.j,  its  minimum  weight  is 

and,  since  the  minimum  weight  of  &J^  is  (2*^2),  the  generating  function 
for  the  irreducible  products  C«  is 

(1       35)*       ri,r,,  ...,r^_j 

where  r^  rg, ...,  r«-i  take  all  values  satisfying 

1  <ri  <r9<  ...  <  r«-i  <  2ic+l. 
We  proceed  to  show  that 

First  find  the  sum  for  the  possible  values  r«-j+l,  ric-2+2,  ...,  2k  of  r«-i ; 
we  have  « 

and  therefore 


1— a;  * 


2        L-(-'')-  -(*"»'""') 

fii  I'll ...,  r«-2   ^ 

_,-(^:r')--r-'- 


,)_(2.-....m) 


also 


2        ]«  ^    *     ''— a;  ^  ''     =  1-x  ^    ^    ' ; 
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and  therefore 

s = _L^  {    2    (.-("«-')--(^-/"-')_,-c^-ro-.-r-r»-m 

1  — ^         '  n,  ri, ...,  r»^i  \  /  / 

1 — X        ruTj r«.,    I  )' 

by  repeated  application  of  the  same  method. 
Hence,  finally, 

1— a:"**   ri=2    (  1— «"*  I  J 

So  the  generating  function  for  CI  is 


(ii.)  Generating  Function  for  C^  C«,  w?Aer6  /c  <  w  <  2/c. 

28.  In  the  first  place  we  suppose  the  letters  of  (7«  and  (7»  to  be  fixed,  and 
we  disregard  their  arrangement ;  we  seek  for  products  CrCg  (r+«  =  w+^c), 
such  that  r  takes  all  values  from  2  to  ^c— 1,  where  each  of  CrCg  contains 
letters  from  each  of  (7«  Cm, ;  theti,  as  before,  for  every  such  product  the 
minimum  weight  of  C^,  for  the  irreducibility  of  the  product  C.Cm,  is 
increased  by  unity. 

The  letters  of  Cr  may  be  chosen  in  y^]^    j  ways  ;  but  we  must  exclude 

the  cases  where  these  r  letters  are  all  included  among  the  letters  of  (7.  or 
among  those  of  Cm, ;  hence  the  total  number  of  such  products  and  there- 
fore of  reductions  is 

T  { Ct")  -  ©  -01= "X I  Ct')  -  (:)}  -«-^'- 

Independently  of  these  reductions  the  minimum  weight  of  (7.  must  be 
2'— 2,  for,  if  C«  is  a  Jacobian,  the  product  C^Cm  is  certainly  reducible; 
hence  the  minimum  weight  of  (7«  for  irreducibility  is 

r=jc-l 


X  in  -  (")(• 


266  Mb.  a.  Young  and  Mr,  P.  W.  Wood  [May  12, 

Again,  if  Cm  is  a  Jacobian  of  the  form  (Cu  Cm-iif  then 

aC«  =  {Cu  C^Cm-i-(Cm-h  C^Cu 

and  this  is  a  reduction  if  both  I  and  ?7i— Z  are  less  than  k  (m<,  2k).  So  I 
may  have  the  values  ic— 1,  k—2,  ...,  m--K+l  (it  is  to  be  remarked  that 
the  values  0,  m—O  ot  I  lead  to  the  same  result) ;  now  the  letters  of  Cm 

can  be  chosen  for  Ci  in  (  ,  j  ways,  so  that  the  number  of  ways  in  which 

Cm  can  be  chosen  to  give  rise  to  a  Jacobian  reduction,  whatever  be  the 
letters  of  (7«,  is 

i{C!!i)+(.!!2)+-+(,-:+i)) 

=i(2--2H{(:)+(,?i)+-+(»-i)t- 

Moreover,  by  the  perpetuant  type  theorem,  the  minimum  weight  of  C^  is 
2"^'^  — 1,  and  all  these  reductions  are  independent.  Hence,  without 
regarding  the  arrangement  of  the  letters,  we  see  that  the  minimum  weight 
of  the  product  C,  C^  for  irreducibility  is 


;r !  rt')  -  o  i  +^-^- 1:  o 


=    ,?i    ("*^*)+2"-2-(2'»-2) 


= 'I  cn 

In  considering  the  arrangement  of  the  letters,  there  is  one  reduction  corre- 
sponding to  each  product  0.  C^  which  follows  in  the  sequence  of  products  the 
product  Ck  Cm  which  we  are  considering  :  this  is  obvious  if  (X  contain  letters 
from  (7«  and  Cm.  If,  however,  C^  contain  only  letters  from  C«,  there  is 
still  one  reduction ;  for,  if  the  product  C^Cm  is  irreducible,  Cm  must  not  be 
expressible  in  terms  of  a  Jacobian  of  which  C.  is  one  of  the  forms. 

Now  the  total  number  of  forms  C^Cm  is  (^      ),  and  the  extra  reduc- 
tions due  to  the  arrangements  of  the  letters  number  in  the  various  cases 

0,  1,  2,  ...,  (      '  J-— X,  respectively; 
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hence  the  generating  f onction  for  C.  Cn  is 

This  result  proves  that  the  generating  function  for  products  of  degree  S 
having  no  factor  of  degree  less  than  {k+1),  provided  ic>Ji  (and  of 
course  <  i^,  is 

(l-a:)*-^ 
(see  also  Section  Y.,  §  18). 

The  case  of  k  =  iS  requires  a  word  of  explanation :  the  irreducible 
forms  considered  in  this  case  are  the  perpetuant  types  of  degree  S ;  their 
generating  function  is  known  to  be 

X         * 


a-x) 


6-1  » 


and  this  has  been  proved  to  be  exact  ;*  when  S  is  odd  and  =  2n+ly  the 
generating  function  as  given  by  the  preceding  result  is 


(l-a;)*"  (l-x)*-> 

A  slight  exception  occurs  in  the  case  where  S  is  even  and  =  2n ;  here 
the  generating  function  is 


(l-x)'-'  (l-x)2~-* 


(iii.)  Generating  Function  for  C^  Cu  • 

24.  Similar  methods  are  applied  in  the  investigation  of  products  C«(72«, 
but  the  resulting  generating  function  does  not  in  general  admit  of  ex- 


•  Wood,  "  On  the  Irredudbility  of  Perpetuant  Typoa,"  Froe,  London  Math,  Soe,,  8er.  2,  Vol.  2. 
I.  2,    voi,.  2.    NO.  867.  ^ 
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pression  in  a  simple  form ;  in  the  special  case  of  products  CsCe  we  shall 
evaluate  the  generating  function  for  the  purpose  of  the  subsequent 
discussion  of  syzygies  of  degree  9. 

The  number  of  reductions  possible,   where  the  letters  of  C^Cz^  are 
fixed,  is 

':riC')-(!')-e)}+^-^+^'--i^ 


for  C^  must  not  be  a  Jacobian,  and  the  minimum  weight  of  Cj*  is  2^  *— 1. 
Hence  the  minimum  weight  is,  for  a  fixed  choice  of  letters. 


r=ic-l 


rli   (r'')  +*  (?)  -i(2^-2)-(2*-2)+2'^-2+2^-^-l 


=Tf;)+ie)- 

Now  suppose  that  the  letters  of  C.  are  OnfOr^f ...,  Or^,  where 

1  <ri<ra...  <n; 

then  the  number  of  products  (7«  (7^,  such  that  C^  contains  letters  of  (?«  and 
of  Csk,  which  follow  the  product  C.  Cz^  in  the  sequence  already  determined 
is  easily  seen  to  be 

"-r7")-r-:'^>a'rr')+..+("r-)^ 

and,  as  before,  we  can  show  that 

2        ^  =  2x(''«")-(*"'''')i=£^; 


rj,  rg,  ...,r 


1-X 


here  Vi  may  have  any  value  from  2  to  2/c+l. 

If  C«  contains  aj  (corresponding  to  r^  =  1),  we  get  a  term 


l-x      ' 


where  the  extra  index  i  (  *)  arises  from  the  fact  that,  if  C<u  does  not  con- 
tain Oi  and  can  be  expressed  as  a  Jacobian  (C,,  (X),  there  is  a  reduction. 
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Henoe  the  generating  function  for  irreducible  products  C«  Can  is 

r=2«  +  l      /■8ic-r\     /Sii-r+l\  /  /8«-r\\    1 

+  ,5,  «'' " ''"^  '  Hi-x^'-^n\ . 

Putting  K  =  8,  we  find  for  the  irreducible   products  C^Ct   of  degree  9 
the  generating  function 

x»  (1  -2W+i»_a;"+x«'-ic"+a*-a;'*) 


(1-x) 


8 


Summary  of  Besults  giving  Generating  Functions  for  the  Enumeration  of 
certain  Classes  of  Irreducible  Products  of  total  Degree  S. 

Produots.  Generating  Functions. 

All  produots  containing  x^ 

no  factor  C,  (§  14)  (1  -^)*  "' 


C;  s^{l  -g»)(l-g»)...(l--jg<->) 

(where  8  =  2n)  (§  16)  (l-a;)«-» 

CTO^  a^(l-;g»)(l-.a*)...(l-a^-») /■     :r»(l-g<-8)     ^(l-g^-»)(l-g<-')-| 

(where  5 -2m +  8)  (§18)  (l-:c)«-i                  \            1-:b«                 {l-xi)(l-s^)    j 

(wherea-2..  +  4)(}19)  "      (r-s)-(l^.W.^                           ^_Sl^^X 

CTP.u.(P..^  contains  ^,.(i.^(i_^) ...  (i^;-^)  (l-^)(l-^-i) ...  (l-;r'-»'>«^i)  ^ 

^  nor  C? )  (4  17)  (where  F is  the  generating  function  of  P^.tm) 

All  products  containing 
no  factor  of  degree 
less  than  3  (\  20) 

{where  8  »  2jc)  (}  22) 

^where    h  ^  K-^-m,  

K<m  <2jc)(§23)  (!-«)*-» 

S   2 


,(0^(0 

(1-*)-' 

/■'-l-»(i)(l_,' 

(i)) 

(!-*)•-' 

,(',)♦(» --(.^.)(l. 

-,«)) 
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VII.  Syzyoibs  op  Dborbbs  6,  7,  and  8. — Note  on  Syzygibs  of  Degrbb  9. 

25.  We  are  now  in  a  position  to  write  down  from  the  preceding 
general  results  the  generating  functions  for  the  enumeration  of  the 
irreducible  products  of  degrees  6,  7,  and  8  respectively. 


Degree  6. 

ProduotB.    Generating  Fnnctioiis.  How  obtained. 

Type  forms  : —        C^  ^  Perpetuant  type  theorem 

Products :—  cj  ^^^?  CJ,  /c  =  8  (Section  VI.,  §  22) 

(1— «)" 

C^«C4  /.     \  C7Co  ni=  1  (Section  V.,  §  19) 

(1— a;)^ 

Cj      a;«-g^-g"+a?^'      (^,  m  =  8  (Section  V.,  §  15) 
^1  ^»  Ci^  \^  Perpetuant  type  theorem 

Ci  C,  Ca         ^!f"?  C,  Ca,  m  =  1  (Section  V.,  §  18) 

•  15:c^ 

^  ^*  n^  \ft  Perpetuant  type  theorem 

^ ^         ^q!!^/^  Cr,  m  =  2  (Section  V.,  §  15) 

^^  ^3  /i^  \a  Perpetuant  type  theorem 

d  C,       i^  -  10a;        Cr""'Ca,  n  =  6  (Section  V.,  §  14) 

c?  1 

Also — 

(i.)  Sum  of  generating  functions  for  forms  Cg,  Cg  is   a;"/(l— a;)* 
(see  Section  V.,  §  18). 

(ii.)  Sum  of  generating  functions  for  forms  Ce,  C\,  C^C^,  C\  is 
x^ld—x)'^  (see  Section  V.,  §  18), 
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(iii.)  Sum  of  all  generating  functions  is  1/(1—2;)'^,  so  that  all  the 
enumeration  of  the  irreducible  forms  is  exact  and  all  the  syzygies  for 
degree  6  have  been  identified. 

One  point  calls  for  comment:  in  reducing  the  products  C2C4,  if 
Ca  =  {(h^^'f  til®  oiily  restriction  on  v  is  (Section  V.,  §  19)  v  >  2.  Now  con- 
sider the  form 

which  arises  in  products  of  weight  9.  By  the  ordinary  Jacobian  identity 
we  have 

Now  each  of  the  Jacobians  {{a^a^^t  {(h<^il^}f  K^s^e)^*  (aiOa)*}  is  of  degree  4 
and  weight  6,  and  therefore  is  expressible  as  a  sum  of  product  forms. 
Hence  the  product  {a^a^^  {(^^^  (^'^4)^}  is  reducible:  this  is  not  in 
opposition  to  the  general  result,  as  we  can  shew  that  the  Jacobian 
{(alaa)^  (0804)^},  although  of  degree  4  and  weight  7,  is  itself  reducible. 
For,  by  the  perpetuant  type  theorem, 

{(OiOa)',  (08^4)'} 

=  /cCoiOs)^  (OsOs)'  (03^1)+ product  forms 

K{((iia^\{asa^}^+\{{<iia^\   (a8a4)[+M  {(ai«a)S  ((h^^^) 
+product  forms, 

and  every  term  of  { {OiO^^^  (^^4)!  is  a  product  form.     Hence 
{{diO^^,  (08^4)"}  =  *^|(ai«a)S  (^^4)}*+^  K^iOa)**  (a8a4)^}+product forms. 
In  this  result  interchange  o^  and  a^  and  subtract ;  then 

2  {(aiOj)®,  {(h^if]  =  product  forms  ; 

and  therefore  the  Jacobian  is  reducible. 

In  the  treatment  of  product  forms  of  degree  3k  (k  ^  8)  no  such  difficulty 
can  arise,  for,  although  we  have  the  analogous  result 

Ck  {C^,  Cu)  =  2  (product  of  three  factors) , 

where  C«is  of  weight  2^"*— 2,  and  each  of  Cu,  C«  is  of  weight  2**"*— 1, 
it  will  be  seen  that  the  minimum  weight,  as  determined  in  Section  Y.,  §  24, 
of  the  factor  C^  Cu  is  in  all  cases  greater  than  2^'^— 2 ;  so  that  there  is  no 
occasion  to  investigate  the  reducibility  of  the  Jacobian  form  (C«,  C<)  of 
weight  2^"^  — 1  and  degree  2k  (see  §  24). 
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26. 

Produots. 

Type  forms: —     C^ 
Products  : —       C^  C^ 

C2C/8 


Degree  7. 


Generating  FnnotionB. 


a!»- 


X 


,68 


Cr(f> 


Gj  V/2G4 


CjCj 


C 1  Cj  Cg 

etc, 


gM-a!^(l-g^(l+a!»+a!'^ 
7a;" 


c\q 


3 


7(3!"— g") 

7(a;»+a;"-a!^*-a;") 
(l-a:)" 

7(x«-a;»-a!"+i") 

(!-«/ 

21  (a?*— g") 
(1-x)* 

35a!^ 

85  (a;*— g^ 
(I-*)' 

35a;» 
0=^ 


21a; 
1— a; 


—  15a; 


How  obtained. 

Perpetuant  type 
theorem 

aC«,  ic  =  8,  m  =  4 
(Section  VI.,  §  23) 

C^Cr,  m  =  1,  r  =  5 
(Section  V.,  §  17) 

CTCs,   m  =  2 
(Section  V.,  §  18) 


Results  for  degree  6 


C^-^Ca,    n  =  7 
(Section  V.,  §  14) 


Also — 

(i.)  Sum  of  generating  functions  for  forms  C7,  C^C^  is  a;^/(l— x)* 
(see  Section  V.,  §  18). 
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(ii.)  Bum  of  generating  functions  for  forms  C^,  C^C^,  C^C^,  ClC^ 
is  x'la-x)^  (see  Section  V..  §  18). 

(iii.)  Sum  of  all  generating  functions  is  1/(1— a;)^ ;  so  that  all  the 
syzygies  are  enumerated  above. 


Degree  8. 

It  is  clear  that  we  need  only  determine  the  generating  functions  for 
the  products  Cg,  C^,  C^ C^,  Cg C^,  C, Cf,  CllC^,Cl;  since  all  other  products 
have  a  factor  Ci,  and  the  corresponding  generating  functions  may  be 
determined  from  the  results  for  degree  7  (see  Section  Y.,  §  14). 


ProduotB. 


Type  forms : —     Cg 
Products : —         Ui 


CsCfi 


CgCg 


Also — 


(Seneratixig  FonotioiiB. 


(1-x)' 


Al-x^iX-dh      «" 


{l-a»){X-xf    {\-xf 

(l-a^(l-x)'     (l-x)' 

a"  (1 —A  (1 — a;°)  (1 —a;") 
{l-3?){l-xf 


How  obtained. 

Ferpetuant  type 
theorem 

(Section  YI.,  §  22) 

C'^CfUf  <^=  8,  wt  ^  5 
(Section  YI.,  §  28) 

CJCr,  w=  1,  r  =  6 
(Section  V.,  §  17) 

a^Cr,  m  =  l,  r  =s  6 
(Section  V.,  §  17) 

CJCi,  TO  =  2 
(Section  V.,  §  19) 

CJ*.  «i=4 
(Section  V.,  §  15) 


(i.)  Sum  of  generating  functions  for  forms  Cg,Ci  (containing  no 
factor  of  degree  8  or  less)  is 


X 


93 


X 


o  - 

(ii.)  Sum  of  generating  functions   for   forms   Cg,   C^,    CfCf    is 
a*/(l-a;)'  (see  Section  V.,  §  18). 

(iii.)  Sum    of  all  generating  functions  above  is  3^1(1— xf  (see 
Section  V.,  §  18). 
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Note  on  Sysygies  of  Degree  9. 

27.  The  only  types  and  products  of  degree  9  which  have  no  factor  of 

degree  less  than  8  are  C^,  C^  C^,  C^ G^^  C3 ;  and  therefore  the  generating 
function  for  all  such  irreducible  forms  is  x'^Kl—xf.  Also  the  generating 
function   for    Cg    is    a;*"/(l— a;)® :    the    generating  function  for  C4C5   is 

— j^ Tff— ^,  while  the  generating  function  for  C^  C^  is  (§  24) 

(1 — X) 

Hence  the  generating  function  for  the  products  C^  should  be 

_  x'^a-x^''+x'^-x^^+3f-a^+x^-a^) 

This  generating  function  may  be  written  in  the  form 

x^{l+2x+8x^+4a^+5x^+6x'^+7a^+8x''+9x^+10x^+10x^^+10x^^ 
+  10a;"+ 10a;"+  lOic" + 10a;^'^+ 10a:^*+  10a:"+  10a;^+ 9x^+ da^ 
+93^+9a^+9a?^+9x^+9x^+8a^+7a^+6a?^+6x^+6a^+6a^ 
+6a^+6a^+63^+5a^+4x^+8a^+23^+a^ 

The  sum  of  the  coefficients  in  the  numerator  is  280,  the  same  as  the 
number  of  possible  different  arrangements  of  the  letters  in  the  factors  of  G^. 

The  first  few  terms  may  be  accounted  for  by  the  methods  already 
used,  thus 

(ai^(^(^i^('^i^(h^    ^s  of  minimum  weight  45, 

(aia^a^(asa^a^(a<i(is(^\ 


>>  >> 


46, 


(aia^a^(a^a^€Uj){a^as(i^j 
{ai(i^a^(a^a^a^(cuja^a^\ 

(Oi  Oj  Og)  (a4  Ob  Oa)  (Oe  07  Og)  j 

(OiOjOb)  (Og^^i^s)  (^^^\ 

« 

(Oi  Oj  ag)  (03  a4  07)  (Oe  Og  Og) 
(Oi  Oj  a4)  (Ob  ag  Og)  (Oe  07  09) 
(Oi  Og  Og)  (^4  05  ag)(ae  0703 


»»  »> 


48. 
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But  our  known  redactions  give  six  products  of  minimum  weight  49  (instead 
of  five  products) :   they  are 

(Oi  Oa  07)  (a8a4  ag)  (oe  Og  Og), 

(oi  Og  a4)  (Og  ag  09)  (oe  07  Og), 
(Oi  Oa  Oj)  (a4  Og  07)  (Og  Og  Og), 
(Oj  Og  a4)  (Oj  ttg  Og)  (07  Og  09), 

and  one  of  these  forms  should  be  of  minimum  weight  50  at  least. 

This  would  seem  to  imply  that  Stroh's  syzygies  of  degree  4  as  used 
hitherto  are  insufficient  for  the  investigation  of  the  products  Cg :  it  seems 
probable  that  similar  difficulties  will  arise  successively  in  the  treatment  of 

products  C\,  Clf  ...,  C*,  ...,  that  is,  whenever  we  arrive  at  a  degree  m^. 

[Note. — The  symbol  {aiO^a^  is  used  simply  to  denote  any  covariant 
linear  in  the  coefficients  of  each  of  the  quantics  represented  by  the  letters 

Oj,  Oj,  Og.] 
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NOTE  ON  THE  APPLICATION  OP  POISSON'S  FORMULA  TO 

DISCONTINUOUS  DISTURBANCES 

By  Lord  Ratlbioh. 

[Beoeived  May  16th,  1904.— Read  June  9th,  1904.] 

In  a  recent  paper*  Prof.  Love  draws  attention  to  "  the  discovery  of  an 
oversight  in  Stokes's  justly  famous  memoir  on  the  '  Dynamical  Theory  of 
Diffraction.' "  The  dilatation  A  satisfies  the  partial  differential  equation 
cPA/d^  =  a^V^A,  and  is  calculated  from  it  by  means  of  Poisson's  integral 
formula.  **  According  to  this  formula  any  function  /  which  satisfies  an 
equation  of  the  form  cPf/dfi  =  a\y  can  be  expressed  in  terms  of  initial 
values  by  the  equation 

in  which  the  integration  refers  to  angular  space  about  the  point  at  which 

/is  estimated,  and/o(aO  and/o(a^)  denote  the  initial  values  of /and  dfldt 
on  a  sphere  of  radius  at  with  its  centre  at  the  point." 

'*....  it  will  be  seen  that  all  Stokes's  results  depend  upon  the 
employment  of  Poisson's  integral  formula  to  express  the  dilatation  and 
the  components  of  the  rotation.  In  a  recent  paper  I  have  pointed  out 
that  this  formula  does  not  in  general  yield  correct  expressions  for  these 
quantities.  In  the  same  paper  I  identified  the  formula  (A)  with  one 
which  has  been  used  by  Poincar^  and  others,  viz., 

where  r  denotes  distance  from  the  point  at  which /is  estimated." 

"  The  reason  for  the  failure  of  such  formulae  as  (B)  to  represent  the 
dilatation  and  the  components  of  rotation  is  clear  from  an  inspection  of 
(B).  When  the  point  at  which  the  disturbance  is  estimated  is  near  the 
front  of  an  advancing  wave  the  sphere  described  about  the  point  penetrates 
but  a  little  way  into  the  region  within  which  the  initial  disturbance  is 

•  Proe.  London  Math.  Soe,,  Ser.  2,  Vol.  1,  p.  291,  1903. 


1901.]  Application  opPoibson*8  formula  to  discontinuous  disturbancks.  ^67 

confined,  and  the  part  of  the  sphere  which  is  included  in  the  integration 
is  very  small.  Thus  the  formula  cannot  express  any  quantity  which  has 
a  value  different  from  zero  at  the  front  of  an  advancing  wave.  Now  the)re 
is  no  kinematical  or  dynamical  reason  why  the  dilatation  and  rotation  in 
an  elastic  solid  should  be  supposed  to  vanish  at  the  front  of  an  advancing 
wave,  and  it  appears  therefore  that  Stokes's  analysis  is  adequate  to  express 
the  effects  of  particular  types  of  initial  disturbance,  but  not  those  of  an 
arbitrary  initial  disturbance  confined  to  a  finite  portion  of  the  medium." 

Having  myself  on  a  former  occasion"^  applied  Poisson's  formula  to  the 
forbidden  case  of  a  uniform  initial  condensation  limited  to  the  slice 
bounded  by  two  parallel  planes  without  meeting  any  difficulty,  I  was 
naturally  rather  taken  aback  by  the  above  criticism,  although  it  is  true 
that  I  then  contemplated  /  as  representing  the  velocity -potential  rather 
than  the  dilatation.  But  the  argument  for  the  dilatation  assumes  much 
the  same  form,  and  it  may  be  desirable  to  set  it  out  in  full. 

Let  us  suppose  then  that  a  gaseous  medium  is  initially  undisturbed 
except  between  the  parallel  planes  A,  B,  and  that  within  AB  there  is 
initially  no  velocity,  but  only  a  uniform  dilatation  (or  condensation).  We 
know,  of  course,  what  will  happen  from  the  theory  of  plane  waves.  The 
initial  state  of  things  is  equivalent  to  the  superposition  of  two  progressive 
waves  between  which  the  dilatation  is  shared.  These  advance  in  opposite 
directions,  and  in  each  the  particle  velocity  is  uniform  and  in  the  direction 
of  propagation.  We  have  now  to  inquire  what  account  of  the  matter 
Poisson's  formula  will  give. 

In    this   /o    represents    the   initial 
dilatation,  confined  to  AB.     The  initial 

velocity  of  dilatation  /q  is  zero  both 
within  and  without  the  slice,  but  this 
is  not  of  itself  sufficient  to  establish 
the  evanescence  of  the  first  integral 
in  (A)  after  the  sphere  has  reached  the 
slice.  We  have  also  to  consider  what 
may  happen  at  the  boundary  planes  A 
and  B  themselves.  Taking  the  plane 
A,  we  see  that  immediately  in  front  of 
it  the  dilatation  rises  suddenly  from  0 
to  }/o,  but  the  effect  of  this  is  compensated  in  the  integral  by  the  drop 


•  Thmry  of  Sound,  §  274. 
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from  /o  to  J/o  which  occurs  symmetrically  behind.  In  like  manner  the 
boundary  B  can  contribute  nothing,  and  we  may  equate  the  first  integral 
to  zero. 

In  the  second  integral,  /o  has  a  constant  value  over  the  portion  QPQ' 
of  the  sphere  and  vanishes  over  the  remainder.    Also,  if  6  denote  the 

angle  A  OQ, 

AP 
dtr  =  2ir  (1  -  cos  0)  =  27r  "^^ 


Ij 


OP' 


and  OP  =  at    Thus 


/=J/o 


dt 


0^=*/' 


since  AP  increases  with  velocity  a;   and   accordingly  the  dilatation  is 
correctly  given  by  Poisson's  formula. 

When  the  wave  has  passed,  the 
sphere  cuts  completely  through  the 
slice,  and 


II 


J     —  Q     ^B  _  a     AB 


SO  that        tljdcr  =  constant, 

and  consequently  /  =  0.  In  all  respects 
the  passage  of  the  wave  is  correctly 
represented. 

It  is  clear  that  the  objection  is  really 
directed  not  against  (A),  but  against  (B), 
which,  so  far  as  I  know,  was  not  used  at 

all  by  PoisBon  or  by  Stokes.  And  indeed  this  is  recognized  by  Prof.  Love 
himself  in  a  later  passage  (p.  321),  where  he  seems  to  shift  the  ground  and 
advances  against  (A)  an  entirely  distinct  objection.  With  this  I  am  not  at 
present  concerned,  though  I  have  my  doubts  whether  it  is  more  sub- 
stantial than  the  first. 

Even  as  regards  (B),  the  charge  of  failure  preferred  against  it  seems 
to  ignore  the  fact  that  the  integrand  becomes  infinite  in  the  case  supposed 
of  a  discontinuous  initial  condition.  Let  us  apply  (B)  to  the  circumstances 
already  defined  of  a  dilatation  limited  to  the  slice  between  two  planes  A 
and  B.  The  first  term  in/g  vanishes  as  before.  The  second  term  in  /q,  also 
as  before,  assumes  the  value  i/o(l— cos0).  The  only  difficulty  is  in  the 
third  term,  where  dfjdr,  vanishing  within  and  without  the  slice,  becomes 
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infinite  on  the  circle  of  transition  whose  diameter  is  QQ'.     If  a;  be  a  co- 
ordinate measured  parallel  to  AB,  /q  is  a  function  of  x  only,  and 


dr       ax 


Thus  the  third  integral 


=  J  [ r  ^  cos  0  sin  OdO  =  J  {^cosOdx  =  J  cosd./o; 

and  altogether  (B)  gives  J/o*  ^^^  correct  result.  According  to  Prof.  Love's 
indictment  the  formula  yields  zero  when  the  sphere  only  cuts  a  little  into 
the  slice. 
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TYPES  OF  COVARIANTS  OP  ANY  DEGREE  IN  THE  CO- 
EFFICIENTS OF  EACH  OF  ANY  NUMBER  OF  BINARY 
QUANTICS  OF  FINITE  ORDER 

By  P.  W.  Wood. 

[Received  Maj  26iJi,  1904.— Read  June  9tli,  1904.] 

Introduction  (§  §  1-8). 
1. 

It  is  proposed  to  give  a  method  of  determining  the  type  forms  for 
the  **  complete  system  mod  {ab)^ "  of  any  number  of  binary  quantics. 
The  following  theorems  are  known  : — 

I.*  Any  perpetuant  linear  in  the  coefficients  of  each  of  the  binary 
quantics  a^^,  a^,  . . . ,  a^',  where  r^i,  w,,  . . . ,  n^  are  all  infinite,  is 
linearly  expressible  in  terms  of 

(i.)  symbolical  products  of  the  form  (aiaa)^*(aa^^*  •••  (^«-i^«)^'"S 
where  Xl^2*•"^  Xa>2*■^  ...,  X«_i>l,  and  the  sequence  of  the 
letters  %,  o^,  . . . ,  a^  is  fixed  beforehand ; 

(ii.)  products  of  perpetuants  of  lower  total  degrees. 

II.  +  Any  covariant  linear  in  the  coefficients  of  each  of  the  binary 
quantics  a*^,  a^,  ...,  a^^,  where  %,  n^,  ...,  n^  are  all  finite,  is  linearly 
expressible  in  terms  of 

(i.)  symbolical  products  of  the  form  (aiaa)^*(^^^*  •••  (a«-iaa)^''\ 
where  Xi>2*"',  Xa>2*■^  ...,  Xa_i  >  1,  and  the  sequence  of  the 
letters  o^,  o^,  . . . ,  aa  is  fixed  beforehand  ; 

(ii.)  covariants  having  a  factor  of  the  form  (afcaj^(a^ai)^~^; 

(iii.)  products  of  covariants  of  lower  total  degrees. 

These  results  depend  ultimately  only  on  the  repeated  application  of 
fundamental  identities  of  the  form  (6c)4-(ca)+(a6)  =  0,  a,  6,  c  being 
any  three  of  the  letters  6^,  a^,  . . . ,  a^,  the  letters  being  all  taken  as 
referring  to  different  quantics. 

Camille  Jordan  I  laid  down  the  dictum  that  the  process  of  determining 
type    forms    must  be  performed  in  two  distinct  steps  :    first,  we  must 

•  Grace,  Proc,  Loruhn  Math.  Soe.y  Vol.  xvjsv, 
t  A.  Young,  Ibid,,  Ser.  2,  Vol.  1, 
{  Liomille,  1876. 
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determine  the  type  forms  solely  by  the  use  of  identities  such  as  the  above  ; 
and,  secondly,  we  must  find  how  the  forms  thus  obtained  are  modified  by 
the  interchanges  of  letters  referring  to  the  same  quantic.  We  know*  that 
in  Theorems  I.  and  II.  we  have  obtained  all  the  possible  results  derivable 
from  the  application  of  the  fundamental  identity :  the  next  step  is  to 
determine  how  the  type  forms  (i.)  in  these  theorems  are  modified  when 
certain  of  the  letters  aj,  o^,  ...,  a^  refer  to  the  same  quantic,  and  may 
therefore  be  freely  interchanged. 

2. 

Grace  f  has  obtained  the  result  for  perpetuants,  by  interchanging 
equivalent  letters  in  the  result  of  Theorem  (I.),  in  the  following  form  : — 

III.  (i.)  If  the  symbols  di,  a^,  . . . ,  ^a  all  refer  to  the  same  quantic. 
then  the  type  form  of  an  irreducible  perpetuant  is 

(tti  aa)^*  (Oa  a^^  . . .  (a«_i  ast''\ 
where 

X«_.  =  2^-*+(^a-i+6-2+...+6-r),         r  =  1,  2,  ...,5-2, 
\  =  2«-H2(^a_a+fa_2+...+^a+a 
the  ^s  being  positive  integers  or  zeros. 

(ii.)  If  the  symbols  a^  a^,  . . . ,  a^  refer  to  one  quantic,  and  the 
symbols  6^,  63,  ...,  6«  refer  to  a  second  quantic,  then  the  type  form 
of  an  irreducible  perpetuant  of  partial  degrees  S  and  e  is 

(aia2)^»(aaa8)^» ...  (aa-iaa)^'-'(aa6/'(6i6/' ...  (6._i6/-\ 
where 

Mt-r  =  2^"^+'7.+'7.-i+...+'7€-r+i»  r  =  1,  2,  ...,  e— 1, 

X3  =  2*"^+j;e+j;e-i+...+'72+'7i» 
\,^r  =  2'+^-^+fa-i+6-2+...+6-r,         r  =  1,  2,  ...,  (J-.2, 

\  =  2«+'-^+2(^a-i+6-2+...+fa+a 
the  ^s  and  j/'s  being  positive  integers  or  zeros. 

The  corresponding  result  for  the  perpetuant  type  form  of  any  degree 
in  each  of  any  number  of  binary  quantics  can  be  written  down  at  once 
from  the  preceding  result  for  two  quantics :   it  should  be  remarked  that 

•  Wood,  **Oritlie  Irreducibility  of  Perpetuant  Types,"  Proe.  London  Math,  Soe,,  Sep.  2, 
Vol.  1. 

t  Fh>e.  London  Math.  Soe.,  Vol.  zxxv.  Reference  ahoiild  be  made  to  the  early  part  of  this 
paper  for  a  Htatement  of  the  general  principles  underlying  the  investigatioii. 
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the  generating  functions  obtained  in  this  way  agree  with  those   found 
independently  by  Stroh"^  and  MacMahon.f 

8. 

It  is  the  purpose  of  the  present  paper  to  show  that,  if  in  dealing  with 
quantics  of  finite  order  we  neglect  covariants  with  a  factor  {aka^^(a^aijr~^ 
(that  is,  forms  of  the  second  class  in  Theorem  II.  above),  then  we  obtain 
exactly  the  same  results  as  in  Theorem  III.  for  types  of  covariants  of 
quantics  of  finite  order  :    we  shall,  in  fact,  show  that 

lY.  Any  covariant  of  degree  8  in  the  coefficients  of 

^_W  /  a^_    .-.1M    ^__    _1K    o^—  o^—    W\ 

a,  (=  a^^  =  a^^=z  ...  =  a^j 
and  of  degree  e  in  the  coefficients  of   6*(=  6*  =  6*  =  ...  =  6*)   is 

MM  J* 

linearly  expressible  in  terms  of 

(i.)  symbolical  products  of  the  form 

(aiaa)^» ...  (a^ht^ibib^^ ...  (6.-i6/-S 

where  the  indices  X,  /ul  satisfy  the  conditions  given  in  III.,  (ii.) ; 

(ii.)  covariants  having  a  factor  (aa)^(a^~'"^  or  a  factor  (6a)^(6j8)'*~^; 
(iii.)  products  of  covariants  of  lower  total  degrees. 

It  will  be  seen  that  the  method  of  proof  admits  of  extension  to  the 
case  of  covariants  of  any  degree  in  the  coefficients  of  each  of  any  number 
of  quantics :  we  shall  throughout  speak  of  covariants  included  in  class  (ii.) 
of  Theorem  II.  as  ''  covariants  of  the  second  class."  The  succeeding  proof 
consists  only  of  a  suitable  modification  and  combination  of  the  proofs  of 
Theorems  II.  and  III.  as  given  by  their  respective  authors. 

Introductory  Lemmas  (§§  4-6). 

4. 

It  will  be  sufficient  in  the  first  place  to  give  an  outline  of  such  portions 
of  Toung's  proof  of  Theorem  III.  as  are  essential  to  the  present  investiga- 
tion :  the  two  succeeding  Lemmas  consist  only  of  a  modified  form  of  the 
corresponding  Lemmas,  as  originally  given  by  Grace  in  the  course  of  the 
proof  of  Theorem  III. 

Summary  of  Besults  contained  in  the  Proof  of  Theorem  III. 

(i.)  Consider  the  covariant  C«  =  (a,ia^^^  {a^a^^*  ...  (aa-iaa)^*"' ;  if 

we  write 

I  ■  —  . 

•  Math.  Ann,,  Bd.  xxxYi.  f  Proe,  London,  Hath,  Soe..  Vol.  XXTI, 
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f^i~\ 


then  Cs  is  a  term  of  the  transvectant 

and  so  differs  from  it  or  from  any  other  one  of  its  terms  by  covariants 
involving  more  factors  in  a^,  o^,  a^  alone :  if  either  X^  or  Xq  is  less 
than  2^~*,  then  it  may  be  shown  that  this  transvectant  and  each 
of  its  terms  is  linearly  expressible  in  terms  of  covariants  of  the 
second  class,  of  products  of  covariants,  and  of  covariants  involving 
more  factors  in  aj,  a^,  Og  alone. 

(ii.)  If  we  put  (oiOa)'*  =  a^H+n,-2f*^  ^^^^  consider  forms  of  the  second 

class   arising   from    the  (5—1)  quantics    a*^"^***"^,  aj*,  ...,  a*',    we 

include  among  such  forms  those  covariants  having  a  factor 

it  may  be  shown  that  any  such  covariant  is  a  form  of  the  second 
class  arising  from  the  original  S  quantics  a*S  a^,  ... ,  aj'. 

(iii.)  Finally,  if  in  the  transvectant   {{oia^^^ia^a^^^,  a?*"^?^l^- 
any  one  of  rii,  n,,  n^  is  less  than  (Xj-f-Xs),  then  that  transvectant  gives 
rise  only  to  covariants  of  the  second  class;   so  that,  if  we  neglect 
covariants  of  the  second  class,  the  Jordan  Lemma  or  Stroh's  general- 
ized form  of  the  Lemma  may  be  applied  to  the  first  member 

of  the  transvectant. 

5. 

As  we  are  concerned  only  with  the  type  forms  (class  i.),  we  shall 
henceforth  neglect  covariants  of  the  second  class  and  products  of 
covariants. 

Lemma  I. — The  covariant 

(aiOa)^ (0303)^(08^4)''  •••  =  (oi02)^(0a0ay*P, 

wherein  o^,  o^,  Og,  refer  to  the  same  quantic,  is  expressible  in  the 

form 

2(ojOj)^'(05Oa)^'P, 

where  X'  is  even  and  ^  2/a\ 
ffiB.  2'   yoxi.  2.   NO.  868.  T 
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The  covariant  (ai(i^^(a^a^P  is  a  term  of  the  transvectant 

and  therefore  differs  from  T  only  by  covariants  involving  more  factors  in 
Oi,  Oa,  Uq  alone.  Also,  by  §  4,  (iii.),  (OiO^^  (a^a^  is,  by  means  of  the  Jordan 
Lemma,  linearly  expressible  in  terms  of  the  covariants  of  the  three  sets 


,     a>2fi. 


where  a+fi  =  X+m  ;    and  therefore  T  is  expressible  as  a  sum  of  trans- 
vectants  of  the  three  sets 


{(a,a^{a,a^,    a:;;-**?;};.; 


|(a«a,)'(aaO,y,     <"**?;} 


^(a8al)•(ala8)^    a:;^-^^;};^. 


,    a>2i8. 


Since  a^,  a^,  a^  refer  to  the  same  quantic,  they  are  interchangeable  and 
the  three  sets  of  transvectants  are  equivalent  to  the  first  set  alone.  Now 
the   transvectant    {{Oi^^" i(h<^s)^f    ^r^"^?J}y=x   contains   either   the   term 

(aiaa)*(a2a8)^(a3a4)''...,  if  v^n^—fi,  or  the  term  {a^ci^^ idndi)**'^ Q,  if 
V  ^  ^— i8,  Q  being  any  symbolical  product  of  all  the  letters  except  Og ; 
the  latter  of  these  terms  is  a  covariant  of  the  second  class.  The  whole 
transvectant  differs  from  one  or  other  of  these  terms  by  covariants 
involving  more  factors  in  Ui,  Oj,  Og  alone.     Hence  the  covariant 

is  linearly  expressible  in  terms  of 

(i.)  covariants  (aia^''(a^a^^P,  a  >  2)8  ; 

(ii.)  covariants  with  more  factors  in  Oj,  Oj,  Og  alone. 

The  covariants  (ii.)  may  be  treated  in  the  same  way,  and,  since  the  number 
of  factors  in  a^,  a^,  a^  alone  cannot  be  increased  indefinitely  without  giving 
rise  to  product  forms,  it  follows  that  (a^a^^  {a^a^P  is,  neglecting  covariants 
of  the  second  class  and  product  forms,  expressible  in  terms  of  covariants 

(uiO^^' {a^a^* Pf     where  X' ^  2/a', 
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Finally,  if  X'  is  odd,  it  may  be  increased  by  unity  by  interchanging 
the  equivalent  letters  o^  and  a^ :   hence  we  obtain  the  result  stated. 


6. 
Lbmma  II. — The  covariant  of  degree  S 

(OiCL^^ {a^cL^ (a^a^''  ...  =  {(h^^ (^^'^ P* 

wherein  o^,  a^  refer  to  the  same  quantic,  while  Oi  refers  to  a  different 
quantic,  is  expressible  in  the  form 

where  X'>m'+2*-*. 
The  covariant  {OiO^^  {a^a^ P  is  a  term  of  the  transvectant 

and  therefore  differs  from  it  by  covariants  involving  more  factors  in 
Oi,  Og,  Oj  alone ;  also,  by  §  4,  (iii.),  {aiO^^  {(h^*^  Daay>  by  means  of  Stroh's 
generalized  form  of  the  Jordan  Lemma,  be  expressed  linearly  in  terms  of 
covariants  , 

(al«8)^    (aia8)""^(a8«2),    ••.,   (al«3)'*"Ma8^^ 

where  a>  =  X+/x,  and,  if  ^  is  chosen  arbitrarily,  r  is  a  positive  integer 

given  by 

2(r+l)+i?+l  =  (jo+1  or  ci)+2. 

[If  r  is  given  by  2{r+l)+p+l  =  w+2,  there  is  a  linear  relation 
connecting  the  (ft)+2)  covariants  above.] 

Hence  T  is  expressible  linearly  in  terms  of  transvectants  of  the  sets 

-,     r'  =  0, 1,  2,  ...,r, 

l(aaa8)''"^(a8%)^     <""*?;[;=,,       y  =  0,1,2,  ...,i>; 

and,  since  Og  and  Og  refer  to  the  same  quantic,  the  first  two  sets  are  equi- 
yalent  to  the  first  set  alone. 

Jake  p  =  2*"^— 1 ;  then,  by  §  4,  (ii.),  each  transvectant  of  the  third  set 

T  2 
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is  expressible  as  a  sum  of  covariants  of  the  second  class,  of  products  of 
covariants,  and  of  covariants  with  more  factors  in  Oi,  Og,  Ob  alone  ;   also 

CO— 2r=^+l    or   p+2, 

and  therefore  w—2r  >  2*""*. 

Now  the  transvectant  {(oiO^^''^ (a^a^'^f  ^4*"^?J[y=x  contains  either 
the    term     {aia^''''^{a2a^^ {a^a^'' ... ,     if      v^n^—r',    or     the     term 

(a^Os)'^  {asa^"^"^ Q y  if  v'^n^—r',  Q  being  any  symbolical  product  of  all 

the  letters  except  a^ ;  and  the  latter  term  is  a  covariant  of  the  second 
class.  Therefore  this  transvectant  differs  from  one  or  other  of  these 
terms  by  covariants  involving  more  factors  in  a^,  Oj,  a^  alone. 

Hence  the  covariant  {OiO^^  {a^a^ P  is  expressible  linearly  in  terms 
of  covariants  {aiO^^' (a^a^' P,  where  X' >/i'+2*'"*,  and  of  covariants 
with  more  factors  in  ai,a^,aQ  alone  :  the  latter  may  be  treated  in  the  same 
way,  and  so  finally  we  obtain  the  result  stated. 

Covariants  of  any  Degree  in  the  Coefficients  of  a  Single  Quantic 

(§§  7-8). 

7. 

We  shall  first  establish  inductively  the  results  for  covariants  of  a 
single  quantic :  the  treatment  of  the  general  case  follows  immediately. 

Covariants  of  Degree  8. 

The  forms  to  be  considered  are  {OiO^^ia^a^f  and  two  cases  of 
importance  occur : — 

(i.)  01:^03  =  Og. — Here  we  have  m  >  1>   ^^^f  by  Lemma  II. 
(§6),  X>M+1;  80 

M  =  l+i;,         X  =  2+f+i;, 

f,  91  being  positive  integers  or  zero. 

(ii.)  tti  =  flj  =  ag. — Here  we  have  m  ^  If  Mid,   by  Lemma   I. 
(§  5),  X  is  even  and  >  2/a  ;  so 

M  =  l+i;,         X  =  2+2(f+i;), 
^,  tl  being  positive  integers  or  ^ero, 
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8.    Covariants  of  Degree  S, 

Assume  that  the  type  forms  {aiO^^^ia^a^*'* ...  (di-iCLi^it*'^  of  degree 
{S—1)  are  abready  determined  as  follows: — 

(i.)  01^^03=  ...  =  da-i. — 
\,.r  =  2'-2+^,_,+^,_,+...+^,_„         r  =  2,  8 <5-l. 

(ii.)  a^  =  O]  =  03  =  . . .  =  a^-i. — 

v.  =  2'^"2^6-a+f5-8+...+6-r,         r  =  2,8,...,(J-2; 
\  =  2«-«+2(6_2+&-8+...+^a+fi). 

These  are,  in  the  first  instance,  the  two  most  important  cases  of 
equivalence  among  the  letters:  it  will  be  sufficient,  since  we  have 
verified  these  results  for  degree  8,  to  show  that  the  corresponding  type 
forms  of  degree  S  are  determined  in  the  same  way.     The  forms  to  be 

considered  are  C^  =  (oj Oj)^*  (a, Og)^^ . . .  (a«-i  a^)^'" * ;    putting 

Ox  ={(ll<^      9 

we  see  that  d  differs  from 

only  by  covariants  with  more  factors  {Oia^.  Here  03,^4,...,  a^  refer 
to  one  quantic  and  a  refers  to  another,  and  therefore  by  hypothesis, 
from  (ii.), 

Xa_,  =  2^-^+^5.1+^5.2+... +f«-r,         r  =  1,  2,  ...,  (J-2. 

[In  applying  this  result  for  degree  (^—1),  we  are  neglecting  covariants 
of  the  second  class  among  which  will  be  included  forms  with  a  factor 


(anayiaa^ 


ni-t-n^^iki-y  . 


9 


but,  by  §  4,  (ii.),  such  forms  are  covariants  of  the  second  class  as  originally 
defined.] 

The  covariants  with  more  factors  in  (oxOg)  may  be  treated  in  the  same 
way.     The  first  exponent  X^  is  determined  thus  : — 

(i.)  Oi  i^  Oa  =  Ob  =    ...  =  a^. — ^By  Lemma  II.  (§  6), 

Xi>\a+2*-»; 
and  therefore      Xj  =  2*-*+^«-i+^8-2+...+^a+fi. 
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(ii.)  Oi  =  Oa  =  Og  =  ...  =  at. — ^By  Lemma  I.  (§  5), 

Xi  is  even  and  ^  2\ ; 

and  therefore     X^  =  2«-«+2(6-i+f«-.2+...+fa+^i). 

Hence  the  results  are  true  universally. 

If  the  order  of  the  binary  quantie  is  n,  then  every  covariant  of  the 
second  class  is  of  gr.  ^  ^ ;  so  that  the  type  forms  enumerated  above 
constitute  the  ''comjiete  system  mod(a&)^"  for  the  binary  quantie  in 
question. 

GOVABIANTS   OF   ANY   DbORBE   IN   THB   COEFFICIENTS   OF   BACH   OF   TWO 

QUANTICS    (§  9). 

9. 

The  treatment  of  covariants  of  two  quantics  proceeds  inductively  on 
similar  lines :  assuming  that  the  restrictions  on  the  indices  X  and  /n  as 
given  in  Theorem  IV.  (§  8)  are  true  for  the  partial  degrees  (5—1)  and  e, 
we  show  that  they  are  true  for  the  partial  degrees  S  and  e.  We  have 
shown  (§  8)  that,  for  the  type  form  of  an  irreducible  perpetuant 

(oi 6i)^* (bi b^' (6j b^  ...  (6.-1 6X--i 

of  partial  degrees  unity  and  e, 

Me-r  =  2''"^+i;e+i;,_i+...+j;,«r+i,         r  =  1,  2,  ...,  e— 1 ; 

Xi  =  2'"^+j;,+j;,-.i+...+j;j+j;i. 

Next  consider  the  form  {Oia^^^ {aj>i)^* (bib^'  ...  (6,_i6,)^-i  ;  putting 
^n,+n,-2A,  ^  (ajOj)^',  WO  cau  show,  as  in  §  8,  that,  by  the  result  just 
given, 

fi^-r  =  2''~^+i;e+i;.-.i+...+i;.-r+i,         r  =  1,  2,  ...,  e— 1, 

and  then,  by  Theorem  II.  (§  1),  we  have  Xj  >  2'. 

Finally,  we  deduce  the  type  form  for  partial  degrees  S  and  e,  as 
given  in  Theorem  IV.,  from  that  for  partial  degrees  (5—1)  and  c,  by 
putting  {oid^^^  =  a^^'*'^'^^^  as  in  §  8,  and  then  determining  the  value 
of  \i  by  Lemma  I.  (§  8). 

The  type  forms  enumerated  in  Theorem  lY.  constitute  the  complete 

system  mod  (a' 6')*"*  or  mod  (a' 6')**  of  the  two  quantics  a?  and  bx. 
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10. 

It  is  obvious  that  this  inductive  method  admits  of  extension  to  the 
treatment  of  covariants  of  any  degree  in  the  coefficients  of  each  of  any 
number  of  binary  quantics ;  the  value  of  the  first  exponent  is  always 
established  either  by  Theorem  II.  (§  1),  or  by  one  of  the  two  Lemmas 
(§§  5-6),  and  the  remaining  exponents  are  determined  by  induction 
by  putting  aj^"*"**"^*  =  {diO^^^  and  making  use  of  the  result  for  degree 
one  less  in  the  first  quantic.  It  is  easily  seen  that  the  exponents  thus 
determined  are  exactly  the  same  as  in  the  case  of  perpetuants,  since 
Theorem  II.  (§  1),  and  the  two  Lemmas  (§§  5-6),  by  means  of  which 
the  results  are  established,  differ  from  Theorem  I.  (§  1)  and  the 
Lemmas  given  by  Grace  for  the  proof  of  Theorem  III.  (§  2)  only  by  the 
inclusion  of  the  covariants  of  the  second  class. 
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ON  FUNCTIONS  GENERATED  BY  LINEAR  DIFFERENCE 

EQUATIONS  OF   THE   FIRST   ORDER 

£9  E.  W.  Barnes. 

[Beoeiyed  Mansh  23id,  1904.— Read  April  14th,  1904.— Bevised  July  7th,  1904.] 

1.  The  most  simple  solution  of  the  linear  difference  equation  of  the 
first  order  whose  coefficients  are  meromorphic  functions  is,  in  general, 
a  one-valued  function  with  sets  of  simple  sequences  of  poles  tending  to 
infinity.  When  the  coefficients  are  one-valued  functions  with  essential 
singularities  in  the  finite  part  of  the  plane  the  solution  has,  in  general, 
sequences  of  such  singularities.*  It  is  proposed  in  this  paper  to  show, 
in  connection  with  the  difference  equation 

P{x+1)-Pix)  =  xix), 

where  x  (^)  ^s  a  one-valued  analytic  fimction,  that,  in  general,  its  solution 
cannot  be  a  solution  of  any  differential  equation  of  finite  order  and  dimen- 
sions unless  either  (1)  the  coefficients  of  the  latter  are  obtained  by  differ- 
entiation from  the  solution  itself,  or  (2)  from  these  coefficients  and  the 
function  x(^)  ^^^  ^^^  differentials  we  can,  by  the  fundamental  process 
of  forming  finite  differences  coupled  with  a  finite  number  of  elementary 
algebraical  operations,  derive  the  solution  itself. 

In  these  cases  we  shall  say  that  some  of  the  coefficients  of  the 
differential  equation  belong  to  a  type  which  embraces  the  fimction  which 
is  the  solution  of  the  difference  equation. 

The  cases  of  exception  to  the  previous  general  theorem  will  be 
considered.     It  will  also  be  shown  that  for  the  more  general  equation 

P{x+l)-'ylr{x)P(x)  =  x(^h 

where  \lr(x)  and  x(^)  ^^^  one-valued  analytic  functions,  a  similar  result 
holds  good. 

The  theorem  includes  as  a  special  case  one  proved  by  Holder  t  for 

*  In  coxmection  with  these  statements  reference  may  be  made  to  Gniohard,  Ann.  de  VEeole 
NoitnaU  Superiewe^  5  S6r.,  T.  iv.  ;  Mellin,  Acta  Mathematical  T.  ZY.,  pp.  317-384  ;  Hurwitz, 
Acta  Mathematical  T.  zx.»  pp.  285-312,  and  T.  xxi.,  p.  243.  I  hope  to  develop  the  theory  in  a 
future  paper. 

t  Holder,  MathenuUisehe  Annalen^  Bd.  xKVin.,  pp.  1-13;  see  also  Moore,  Mathtmatisehe 
AnnaleHy  Bd.  XLYin.,  pp.  49  et  »cq.  Holder's  theorem  aflSrms  that  the  gamma  function  cannot 
be  a  solution  of  a  linear  differential  equation  with  algebraic  coefficients.  He  states  (loc.  cit.)  that 
the  proposition  was  communicated  to  him  verbally  by  Weierstrass. 
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the  gamma  function  and  extended  by  the  author*  to  G  and  double  gamma 
functions.  It  is  important  as  showing  that  the  linear  difference  equation 
of  the  first  order  gives  rise  to  new  classes  of  transcendants  which  cannot 
be  generated,  as  are  so  many  functions,  by  differential  equations. 

2.  If  we  have  a  differential  equation  of  finite  order  and  dimensions,  we 

"^y^*^^'  /|x.y.j/«....,y(-n  =  0.  (A) 

where  /  is  integral  in  y,  y^^\  . . . ,  ^''\  If  the  equation  be  of  order  n  and 
dimensions  m,  the  terms  of  class  s  are  defined  to  be  terms  of  the  type 

where  Wi+2wa+...+(n+l)Wn+i  =  s. 

Terms  of  zero  class  will  be  independent  of  y  and  functions  solely 
of  the  independent  variable  x.  We  assume  that  the  differential  equation 
has  for  its  coefficients  one-valued  analytic  functions  of  x.  The  variable 
X  is  assumed  to  be  real  or  complex  without  restriction. 

8.  Theorem. — If  the  solution  of  the  previous  differential  equation  (A) 
be  also  a  solution  of  the  linear  difference  equation 

P{x+1)-P(x)  =  x(aj),  (B) 

where  x(^)  ^^  ^  uniform  function  of  x,  the  equation  (A)  can  be  so 
reduced  that  terms  of  the  highest  class  are  of  the  form 

fs{x)ls4>k{x)sQkf 

k 

where  the  0's  are  simply-periodic  functions  of  x  of  period  unity  and 
tQk  denotes  symbolically  some  product 

of  class  s. 

Let  the  terms  of  highest  class  s  in  the  original  equation  (A)  be  (r«+l) 
in  number.     They  can  be  written  symbolically 

where  the  i2's  are  one-valued  functions  of  x. 

Divide  the  equation  throughout  by  Bq{x),  and  subtract  this  equa- 
tion from  the  one  formed  by  changing  x  into  {x-\'l).  Then,  since  a 
solution  /  {x)  satisfies  the  difference  equation  (B),  the  original  differential 

♦  Quarterly  Journal  of  Mathematics,  Vol.  ZZZI.,  pp.  310-314;  Phil,  Trant,  Boy.  Soe,,  (A), 
Vol.  cxovi.,  pp.  384-387. 
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equation  must  be  redaoible  to 

+»Qo  {/(«+!)}  —•^0  \fi^)}+  terms  of  lower  class  =  0, 

provided  this  latter  equation  be  not  a  mere  identity. 
Now 

»Qk{f(x+l)]  =  sQk  \f{x)+xi^)\  =  ,Qk  {fix)]+  terms  of  lower  class. 

Hence  fix)    satisfies  a  differential  equation  of  which  terms  of  highest 
class  are 


5;  FBAx+l)      Btix)l  ^  ..... 


We  can  now  repeat  the  previous  process  and  reduce  the  equation  to  one 
with  fewer  terms  of  class  ^,  unless  all  the  coefficients 

Bk(x+1)  __  Bk(x)         /jL  _  1  Q         ^x 
B^{^^+T)      B^        (yfc-l,2,...,r.) 

vanish  identically. 

Bhix) 
In  the  latter  case  the  ratios  '  are  simply-periodic   functions  of 

Bq{x) 

period  unity. 

In  the  former  case  we  either  arrive  at  another  alternative  of  this 
nature,  or  obtain  a  differential  equation  with  a  single  term  of  class  s. 

Finally,  therefore,  we  reduce  the  differential  equation  to  one  in  which 
the  terms  of  the  highest  class  s  can  be  written  in  the  form 

fs(x)ll.it>kix).Qk{y)l 

k 

the  0's  being  one-valued  simply-periodic  functions  of  x  of  period  unity, 
and  ftix)  being  a  one- valued  function  of  x. 

4.  Suppose  now  that  the  reduced  differential  equation  is 
/  ix)  2  {•i>kix),Qk(y)\+  2  l»-i^{x) s^iQk(y)']+  terms  of  lower  class  =  0, 

k^l  k=l 

where  the  ^'s  are  one-valued  functions  of  x. 

Since  y  =/{x)  satisfies  the  difference  equation  (B),  we  have 

£i  [/(«+!)]  =  y<">+x<"'(«). 

Hence,  when  x  is  changed  into  x-\-l, 
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becomes 


r-O 


+  2  2.«v..,.m,...2iJ:^^ +...]. 


(n***!) 


Divide    the    reduced   differential   equation   by   /«(x),    change  x   into 
(uj+l),  and  subtract  the  reduced  equation  divided  by  /,(a:).      We  obtain 

*5iL  /!(:»+ 1)  '-«^<»)-  ^^  •-«'^(j')J 

+  2  »'frh»Qk(y)  ^^-^»4>k{x)+  terms  of  class  (s— 2) 

fc=i  y 

+ terms  of  lower  classes  =  0. 


6.  The  terms  of  class  (5—1)  in  this  equation  will  persist  unless  we 
have  a  series  of  equations  of  the  type 

Mx+1) ^  -  -''^X(x).4>k{x).  (B,) 

Corresponding  to  some  values  of  k  the  terms  on  the  right-hand  side 
will  vanish.  This  cannot,  however,  happen  for  all  the  r,  values  of  k 
unless  there  is  no  factor  y^  in  any  of  the  terms  of  class  s  of  the  original 
reduced  equation. 

Hence,  either  some  of  the  coefficients  t-iyUk(x)  are  such  that  "'y,. 

f$(X) 

is  a  function  which  is  a  solution  of  a  difference  equation  of  the  type 

P(x+1)-P{x)  =  -  .m^xix) sfpkix) ; 

or  «mi  =  0  for  each  of  the  terms  tQkiy),  and  the  differential  equation 
may  be  written 

Mx)  \   2  »i>k{x)  »Qk(y)+  2  »^i</>k{x),-iQk{y)\+  terms  of  lower  class  =  0, 

where  the  0's  are  simply-periodic  functions  of  x  of  period  unity.  In  this 
differential  equation  the  terms  tQkiy)  do  not  involve  y  apart  from  its 
differentials  with  regard  to  x. 
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Take  the  latter  of  the  two  altemativeB  thus  presented,  and  let  terms 
of  class  (s—2)  in  the  differential  equation  just  written  be 


^,-2 


2  [,-2V^jb(a:),-2(3fc(»)]. 

If  from  this  differential  equation  we  now  form  the  reduced  equation, 
it  will  be  of  lower  class  than  («— 1)  and  the  terms  of  class  (^—2)  will  be 


r 


f-2 


2 


\s^^sb(B±})  _  ,,:,5^)l  ^_^g^(^)  +  ^  .i>.ix).Q,(y).ni,^^ 


kti  \  Mx+1)  fM'i  -^^'^^^  ^  ^^^.^*v-^;.v*vy;...^  ^ 

These  terms  will  persist  unless  the  functions  '"y^*",      (or  some  of  them) 

/.  ix) 

satisfy  a  difference  equation  of  the  type 

P  (x+l)  — P  (x)  =  '•',m^»<l>rc  {x)  x^^>  (x)—,^im^.^ii>k  {x)  x  (x). 

Both  the  constants  tin^  and  ,-imi  may  vanish  when,  and  only  when, 
none  of  the  terms  of  class  s  in  the  original  reduced  differential  equation 
involve  y  or  y'  apart  from  their  differentials  with  regard  to  x,  and  none 
of  the  terms  of  class  (5—1)  involve  y. 

6.  Repeating  the  process,  we  see  that  ultimately : — (1)  Either  some 
of  the  coefficients  of  the  differential  equation,  when  written  in  the  form 

2  8i>k(x)  sQkiy) '{'  terms  of  lower  class  =  0, 

must  satisfy  a  difference  equation  of  the  type 

P (x+l)-P (x)  =  2  arX^'Hx)  i>Ax)  (C) 

where  the  constants  a  do  not  all  vanish ;  or  (2)  the  differential  equation 
must  be  of  the  form 

ni>{x)(jr^y'^''+  2,.i0,(a^).-ig,|2/~-^>,  y^''^] 

k 


k       Jt  \X) 

+  terms  of  lower  class  than  {s—n)  =  0, 
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where  s  =  (n+l),mn+i  and  the  </>*s  are  one-valued  simply-periodic  func- 
tions of  period  unity ;  or  (8)  the  differential  equation  can  be  reduced  to 
one  of  lower  class,  in  which  terms  of  highest  class  persist. 

If  now  we  consider  case  (2)  and  reduce  the  equation  last  written, 
we  get  a  differential  equation  of  class  (s—n),  of  which  the  terms  of 
highest  class  are 

These  terms  of  highest  class  exist  unless  some  of  the  functions  '"yj"; 

fs  (x) 

satisfy  difference  equations  of  the  form 

r=0 

which  is  of  the  same  type  as  equation  (G). 

In  this  last  difference  equation  the  terms  on  the  right-hand  side  only 
vanish  when  x  (x)  satisfies  a  differential  equation  of  the  form 

,mn+i  ^  si>ix)  =   2  <^-^i>r{x). 

Thus  either  (1)  the  original  differential  equation  can  be  reduced  to  one 
of  lower  class  in  which  terms  of  the  highest  class  persist,  or  (2)  it  has 
coefficients  which,  when  the  terms  of  highest  class  are  written  in  the  form 

2  •0k(a;),^fc(y), 
are  solutions  of  a  difference  equation  of  the  type 

P{X+1)-P{X)=     i    ari>rix)x^'Hx),  (C) 

r=0 

in  which  all  the  coefficients  Or  on  the  right-hand  side  are  certainly  not 
zero. 

7.  In  the  first  case  we  can  again  reduce  the  equation  to  one  of  lower 
class,  and  so  on  indefinitely,  unless  the  second  alternative  occurs  again. 
Ultimately,  we  either  are  forced  to  the  second  alternative,  or  we  get  an 
equation  whose  class  is  unity,  that  is,  an  equation 

h(x)y+k(x)  =  0, 


286  Rbv.  E.  W.  Barnbb  [July  7, 

which  is  not  a  differential  equation,  and  whose  coefficients  must  be  such 

k(x) 
that  —  T-TT  is  ft  solution  of  the  difference  equation  (B). 
h(x) 

Suppose  now  that  the  antepenultimate  reduced  equation  to  the  one 

just  written  is 

y'+Pi(x)y+P2{x)y'+p^(x)  =  0,  (1) 

which  is  of  class  2,  and  the  most  general  form  of  equation  of  this  class. 
We  reduce  it  to 

^  I  Pi(x+l)-pAx)-2p^(x+l)x 

+P,ix+l)^+p,(x+l)^p,{x)+x'  =  0 
^  p^{x+l)-p^{x) 

or  (say)  y^+qiix)y+q^(x)  =  0. 

And,  reducing  this,  we  get 

y{qi{x+l)-q,(x)-2x\+qi(x+l)x+)d+q2ix+l)-q^{x)  =  0. 

We  see  therefore  that  by  taking  the  coefficients  of  the  equation  (1), 
forming  similar  functions  when  {x-\-l)  is  substituted  for  x,  and  taking 
rational  combinations  of  these  quantities  and  x  ^^^  x'>  ^^  ^^^  form  a 
solution  of  the  difference  equation  (B).  Hence  the  coefficients  of  (1)  must, 
all  or  some  of  them,  be  functions  from  which,  by  the  fundamental  process 
of  forming  finite  differences  coupled  with  a  finite  number  of  elementary 
algebraical  operations  (addition,  subtraction,  multiplication,  or  division), 
solutions  of  the  difference  equation  (B)  can,  with  the  aid  of  x(^)  ^nd  its 
derivates,  be  built  up.  Some  of  them  must  therefore  be  one-valued 
functions  with  infinite  sequences  of  zeros  or  poles  arranged  in  a  manner 
which  is  in  strict  correlation  to  the  distribution  of  zeros  and  poles  which 
characterises  the  nature  of  the  solution  of  the  difference  equation.  The 
coefficients  may,  of  course,  be  more  complex  functions  than  the  functions 
which  are  solutions  of  the  difference  equation ;  for  the  process  of  forming 
finite  differences  may  materially  simplify  the  distribution  of  zeros  and 
poles.  This  would  be  the  case  when  the  coefficients  are  derived  from 
linear  difference  equations.  And  so,  for  instance,  the  gamma  fimction 
might  be  a  solution  of  a  differential  equation  whose  coefficients  were  built 
up  with  the  aid  of  double  gamma  functions.  But  the  gamma  function 
can  be  derived,  without  the  intervention  of  differential  equations,  by  the 
ordinary  process  of  forming  finite  differences  from  the  double  gamma 
function.  Thus  this  possibility  does  not  affect  the  main  object  of  this 
paper,  which  is  to  show  not  th«^t  by  means  of  diflferential  equations  we  ca;} 
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go  from  functions  which  are  more  to  functions  which  are  less  complex,  but 
that  we  cannot  proceed  vice  versa,  the  more  complex  functions  being 
obtained  from  the  less  complex  by  the  process  of  difference  integration. 
If  we  proceed  successively  backwards,  we  see  that  all  the  previous  remarks 
about  the  nature  of  the  coefficients  of  the  differential  equation  (1)  must  be 
true  of  the  coefficients  of  the  original  differential  equation. 

8.  Consider  now  the  second  alternative  of  §  6. 
We  have  the  difference  equation 

P(x+l)^P(x)  =  2  arfl>r{x))(^'Hx),  (C) 

in  which  any  but  not  all  of  the  a's  may  vanish, 
[When  the  upper  limit  for  r  is  n,  a»  is  not  zero.] 

Let  the  solution  of       P{x+1)—P(x)  =  x(^) 

be  G{x)+iPoixh 

00  (^)  being  a  simply-periodic  function  of  x  of  period  unity.     The  solution 

^*  P{x+l)-P(x).=  x^^Hx) 

will  be  G^^\x)+4>^{x). 

Hence  the  solution  of  the  difference  equation  (C)  will  be 

2  aripr(x)G^''\x)+i>(x). 

Thus  in  this  case  the  coefficients  of  the  original  differential  equation  must 
be  functions  which  may  be  obtained  from  the  solution  of  the  original 
difference  equation  (B)  by  the  process  of  differentiation. 

9.  We  have,  however,  still  to  consider  the  particular  case  when  the 
difference  equation  (G)  reduces  to 

P{x+1)-P(x)  =  0. 
This  will  happen  if  xix)  satisfies  the  linear  differential  equation 

in  which  the  functions  <p  are  uniform  functions  simply-periodic  of  period 
unity. 

Consider  the  case  in  which  the  0's  are  meromorphic  functions  with  a 
single  essential  singularity  at  infinity.  This  is  equivalent  to  assuming 
that  the  coefficients  of  the  original  differential  equation  (A)  are  also  mero- 
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morphic.     In  this  case  one  of  the  fundamental  solutions  of  (Gi)  is*  given 

by  an  aggregate  of  the  type    Z    a^^k(^),  where  ^k{x)  denotes  a  simply- 

periodic  function  of  the  second  kind  which  satisfies  the  difference  equation 

^icix+1)  =  ^^(x), 

where  e^  is  the  2-th  root  r^-ply  repeated  of  the  fundamental  equation  of 
(Ci)  and  (1<  m  <  n). 

The  number  n  which  intervenes  must  of  course  be  ^  n.  When  the 
roots  of  the  fundamental  equation  of  (Gi)  are  all  different  the  numbers  n 
are  all  unity. 

We  see  then  that  it  is  possible  that  the  solution  of  the  difference 

equation  m-i 

P{x+1)-P{x)=   2   x'^kix),  (D) 

fc=0 

or  a  sum  of  solutions  of  such  equations,  may  satisfy  a  differential  equation 
of  finite  order  and  dimensions  whose  coefficients,  supposed  meromorphic, 
are  not  of  a  type  which,  in  the  language  of  §  1,  embraces  the  solution  of 
the  difference  equation. 

10.  Let  us  consider  the  solution  of  this  difference  equation. 

Since  ^k(x)  satisfies       $*(«+!)  =  c*$fc(a:), 
we  have  *jk(a:)  =  €^Pk(x), 

where  Pkix)  is  a  simply-periodic  function  of  period  unity. 

Hence  a  solution  of    P(x+1)—P(x)  =  ik(x) 

IS  irzr  '  ^  ^' 

The  solution  of  (D)  is  composed  of  the  sum  of  solutions  of  equations  of 
the  type  P{x+1)-P{x)  =  e^x'^Pk {x).  (E) 

Put  P(«)  =  (f'Pk{x)q{x), 

and  this  equation  becomes 

of  which  a  solution  is 

^^"^^^ — 27- J ri?^ ^-^^    ^^' 

*  Fonjth,  inferential  B^uotiont,  Part  m.,  Vol.  iv.  (1902),  p.  415. 
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the   integral   being  taken  round    the   usual  contour  for   the  Riemann  ^ 
function.*     This  solution  may  be  readily  verified  by  substitution. 
Hence  the  solution  of  the  equation  (E)  is 

7    t         —XS 

The  integral  is  equal  to  the  residue  at  the  origin  of  jr j^^-. rj:^^ . 

It  is  thus  an   extended  BernouUian  number,  which  we  may  denote  by 
Sfc(a:,  0).     It  is  evidently,  in  general,  a  polynomial  in  x  of  degree  k.     [It 
is  of  degree  i+l  when  e*  =  1  and  we  have  real  BernouUian  numbers.] 
The  solution  of  (E)  is  therefore 

Pk{x)e''Su{x,e)+P{x). 
Hence  the  solution  of  (D)is 

m-l 

2  [f^Pdx)Sdx,  0)]+P(a;), 

fc=0 

which  is  the  type  of  function  generated  by  linear  differential  equations 
with  simply-periodic  coefficients. 

11.  Thus  it  is  possible  that  a  differential  equation  may  admit  as  a 
solution  a  sum  of  terms  of  the  type 

e'' pM  Su{x,  0), 

which  sum  is  a  solution  of  a  linear  difference  equation  of  the  type  (D), 
when  its  coefficients  are  not  of  a  type  which  embraces  the  solution. 

The  linear  differential  equation  with  constant  coefficients  is  an  example 
of  this  peculiarity.  This  equation  admits  terms  of  the  type  e^'x^  as  solu- 
tions. Such  terms  satisfy  a  linear  difference  equation  of  the  type  (B),  but 
it  would  be  absurd  to  say  that  some  of  the  constant  coefficients  of  the 
differential  equation  belong,  in  the  language  of  §  1,  to  a  type  which 
embraces  the  solution  ^e^x^\ 

As  another  example,  we  may  take  the  linear  differential  equation  with 
meromorphic  simply-periodic  coefficients  of  period  unity.  This  equation, 
when  the  roots  of  its  fundamental  equation  are  all  different  has  simply- 
periodic  functions  of  the  second  kind  as  its  independent  solutions.  These 
functions  are  each  a  solution  of  a  difference  equation 

P(a;+1)-P(a:)  =  x(^), 

*  See,  for  iDfltanoe,  a  paper  by  the  author,  Metienger  of  Mat  hematics  ^  Vol  xxix.,  pp.  64-128. 
SBB.  2.    VOL.  2.    NO.  869.  U 
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where  xW  is  a  simply-periodic  function  of  the  second  kind.  And  the 
simply-periodic  coefficients  of  the  linear  differential  equation  obviously 
cannot  be  said  to  belong  to  a  type  which  embraces,  in  the  sense  we  have 
defined  in  §  1,  the  simply-periodic  functions  of  the  second  kind  which 
are  solutions. 


12.  We  have,  finally,  the  theorem  : — 

When  the  solution  of  the  difference  equation 

P(x+l)^P{x)  =  xix\  (B) 

where  x(^)  is  ^  meromorphic  function,  is  not  the  type  of  function 
that  can  be  obtained  as  a  solution  of  a  linear  differential  equation 
with  uniform  simply-periodic  coefficients  of  period  unity,  it  cannot  be 
obtained  as  the  solution  of  any  differential  equation  of  finite  order 
and  dimensions  with  meromorphic  coefficients,  unless  either  (1)  these 
coefficients  are  obtained  by  differentiation  from  the  function  itself, 
or  (2)  from  these  coefficients  and  xW  and  its  differentials  we  can  by 
the  fundamental  process  of  forming  finite  differences  coupled  with  a 
finite  number  of  elementary  algebraical  operations,  derive  the  solution 
itself. 

In  the  more  general  case  when  xW  is  not  meromorphic,  but  has 
essential  singularities  in  the  finite  part  of  the  plane,  it  must  satisfy  a 
linear  differential  equation  with  simply-periodic  coefficients  of  period  unity 
if  the  solution  of  the  difference  equation  is  also  to  be  a  solution  of  a 
differential  equation  of  finite  order  and  dimensions  with  uniform  co- 
efficients whose  coefficients  do  not  some  of  them  belong  to  a  type  which 
embraces  the  solution  itself. 

18.  We  may  now  extend  the  previous  theorem  to  the  case  when  the 
difference  equation  (B)  is  of  the  more  general  type 

P{x+l)-ylr(x)P(x)  =  x(aj).  (F) 

Let  G(x)  be  a  particular  solution  of  the  equation 

P(x+l)-ylr{x)P(x)  =  0, 

and  let  H{x)+(f}(x),  where  (f}{x)  is  simply  periodic  of  period  unity,  be  the 

general  solution  of  .  v 

P(.+l)-P(x)  =  ^. 
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Then  the  complete  solution  of  the  equation  (F)  is  obviously 

P{x)=G{x){H{x)+<f>{x)}. 

P(x) 
By  the  theorem  just  proved  — -^  can,  in  general,  only  be  a  solution  of  a 

differential  equation  some    of    whose   coefficients  embrace    H  (x).     That 

is    to    say,    either    the    coefficients    of    the    differential    equation     for 

P(x)  .  P(x) 

-T— TT    are  obtained   by    differentiation    from    tttt?   or    from  them   and 

G{x)  -^  G{x) 

^X^_/      and  its  derivates,  by  the  fundamental  process  of  forming  finite 

differences  coupled  with  a  finite  number  of  elementary  algebraical  opera- 
tions, we  can  deduce  ^\  {. 

G(x) 

Therefore  the  coefficients  of  the  differential  equation  for  P{x)  are 
either  obtained  by  the  finite  combination  of  a  finite  number  of  differentials 
of  P{x)  and  G{x),  or  from  them  and  a  finite  number  of  successive 
differentials  of  x(^)»  G(x+1),  and  G{x)  we  can,  by  the  fundamental 
process  of  forming  finite  differences  coupled  with  a  finite  number  of 
elementary  algebraical  operations,  derive  Pix). 

Now,  in  general,  G{x),  which  is  the  solution  of 

f{x+l)-xlr(x)f(x)  =  0, 
is  a  much  more  simple  type*  of  function  than  P(x),  which  is  the  solution 

^*  P{x+l)^ylr(x)  P(x)  =  X  W.  (F) 

Therefore  we  may  say  that,  in  this  case,  as  in  the  previous  one,  the 
solution  of  the  difference  equation  cannot,  in  general,  be  the  solution  of  a 
differential  equation  of  finite  order  and  dimensions,  unless  some  of  the 
coefficients  of  this  differential  equation  are  of  a  type  which  embraces 
P{x). 

v  (or  I 

14.  The  fundamental  case  of  exception  occurs  when  ^,\\^  can  be 

G{x+1) 

n-l 

expressed  as  the  sum  of  one  or  more  aggregates  of  the  type    2  x^e^Pkix). 

k=0 
n-l 

In  this  case  x(^)  =  ^^(^+1)2    2   e^x^ptc{x), 

k=0 

and  the  difference  equation  (F)  is  resoluble  into  a  sum  of  others  of  the 

*iype  m-l 

P{x+l)^yfr(x)P(x)  =  G{x+l)  2  e^'x'Pkix), 


A;=0 


*  The  further  disciuifiion  of  this  point  must  be  reeerred  for  the  investigation  referred  to  in  §  1. 

u  2 
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;   1»— 1 

whose  solution  is  G(x)  -    2    [e^Sk(Xy0)Pk(x)]+P{x) 

\    k=0 

Now  ^;  '  is  a  solution  of  the  difference  equation 

f-w  (  T 1  * 


G(x) 


Pix+l)^P(x):=^. 

\[r{X) 


G'  (x) 
Hence  the  differential  equation  whose  solution  is    777-r  must  have  as  co- 

G{x) 

efficients  functions  belonging  to  a  type  which  embraces  ,  i.e.,  which 

embraces  G  (x),  unless    fj4  is  typified  by  2  e^''x^Pi(x).     Therefore,  unless 

',  ,  /   is  of  this  character,  the  differential  equation  whose  solution  is  of 

\fr(x) 

the  form  2  G(a:)  (  "s'  e^S,(x,  6) P,(x)+P{x) 

V  k=0 

must  have  as  coefficients  functions  belonging  to  a  type  which  embraces 
solutions  of  the  difference  equation  (F)  when  xi^)  is  zero. 

When,  however,  \  ,  /  =   2   e^'x^ix), 

we  have  tM  =   ^   e'''Si(x,e')Pi{x) ; 

and  therefore  G {x)  =  exp [V  2e^' Si(x, e')Pi(x)]. 

Thus,  for  the  complete  case  of  exception  to  arise,  the  difference  equation 
(F)  must  be  resoluble  into  a  sum  of  others  of  the  type 


P(a:+l)-exp[j'  2e^Vp,(x)1p 


ix) 


=  [^2^'  e''x'Pi,{x)+P(x)'l^  exp  Q'""'  2^  e^'Sdx,  6')  p,(x)]. 
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NOTE  ON  THE  INTEGRATION  OF  LINEAR  DIFFERENTIAL 

EQUATIONS 

By  H.  F.  Baebb. 

[Communicated  May  12th,  1904.— Beceiyed  June  I3th,  1904.] 

I  SHOULD  like  to  have  the  opportunity  of  acknowledging,  what  I 
learned  in  October,  1908,  from  a  paper  of  Professor  B6cher*s  {Amer.  Jour,, 
Vol.  XXIV.,  p.  811),  that  the  matrizant  solution  of  a  system  of  linear 
differential  equations  given  in  Proc.  London  Math.  Soc,  Vol.  xxxiv., 
p.  854  and  p.  856,  footnote,  which  grew  up  naturally  in  my  mind  in 
connection  with  Schur's  series  for  continuous  groups  (Proc.  Londmi  Math. 
Soc.y  February  14th,  1901,  Vol.  xxxrv.,  p.  97,  and  Vol.  xxxrv.,  p.  848)  had 
been  previously  given  by  Peano,  Math.  Ann.,  Vol.  xxxii.,  1888,  pp.  455, 
456,  with  the  unimportant  limitation,  in  the  statement,  to  coefficients 
which  are  real  functions  of  the  variable  continuous  in  an  interval  for 
which  the  convergence  of  the  series  is  to  be  proved. 

Indeed  the  idea  of  using  series  of  repeated  integrations,  for  a  single 
difference  equation  and  a  single  differential  equation  regarded  as  a  limit  of 
this,  is  at  least  as  old  as  the  paper  of  Caqu6,  Liouville's  Journal,  2nd 
Series,  t.  ix.,  1864,  p.  194 ;  while  in  the  paper  written  by  Fuchs  in  1870, 
to  give  a  more  general  aspect  to  Caqu6's  method  {Ann.  d.  Mat.,  ii.  Ser., 
t.  IV.,  p.  36),  the  convergence  of  these  series  for  all  finite  values  of  the 
argument  other  than  the  singularities  is  clearly  recognized.  My  ignorance 
of  this  paper  of  Fuchs,  at  the  time  of  the  last  note  on  linear  differential 
equations  (Proc.  London  Math.  Soc,  Vol.  xxxv.,  p.  338,  where,  p.  878,  I 
have  collected  references  to  papers  seeming  to  be  in  connection  with  the 
method  of  the  paper),  is  the  more  inexcusable  in  that  Fuchs's  results  are 
expounded  in  Schlesinger*s  treatise  (Vol.  i.,  pp.  870  and  389),  with  an 
application  to  equations  of  rank  unity.  Perhaps,  however,  the  connexion 
of  Fuchs*s  formula  with  the  matrizant  solution  is  not  very  obvious ;  and 
it  may  be  worth  showing  that  Fuchs's  generalized  form  of  Caqu6's 
solution  for  a  single  differential  equation  is  a  particular  case  of  a  general 
formula  given  in  the  note  just  referred  to  (Proc.  London  Math.  Soc, 
Vol.  XXXV.,  p.  839).     This  is  what  is  proved  below. 
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Let  a,  ^  be  two  matrices  of  the  same  number  n  of  rows  and  columns, 
of  which  each  element  is  a  function  of  t,  and  let  <r  be  a  matrix  of  constants  ; 

is  a  matrix  whose  columns  are  sets  of  solutions  of  the  linear  system 

dx 

By  easily  verified  formute  given  in  Proc.  Londmi  Math.  Soc,  Vol.  xxxv., 
1902,  pp.  839,  337,  namely, 

Q(a+/3)  =  Q(a)  fi[fi-^(a))8fi(a)],  <r-^fi(t^)(r  =  fi((r-W), 

we  have     n(a+)8)<r  =  fi(a)<r.(r-^fi[fi-Ma)i8Q(a)]cr 

=  Afi[(r-^fi-Ma))8fi(a)cr]  =  Afi(A-^)8A); 

now  let  10  =  A~^/SA,  or  w^"^  =  A~^^,  and,  denoting  a  row  (Aj ...  An)  of 
constants  by  A,  put 

(A)  (i4'^  ...  uf)  =  Ag  [A-^)S(i^r'^  ...  ul"'^-]     (i  =  1,  2,  ...,  QD), 

so  that  Wi    ...  u^   form  a  set  of  solutions  of  the  linear  system  dxjdt  =  ax, 

and  the  successive  sets  ul  ...  u^  are  determined  each  from  the  preceding 
by  a  single  quadrature,  denoted  by  Q.     Then  we  have 

f2(a+i8)<rA  =  ^n{^6)h  =  ^h+^Qwh+^QwQwh+ ..,, 
where 

AQw/t  =  AQ(A-'^Ah)  =  AQlA-'fiiuf  ...  m^°^]  =  («</>  ...  m^'\ 
AQwQwh  =  AQ[wA-Huf  ...  m^'^]  =  AQ[A-»j8(Mf'  ...  «!'>)]  =  (<> ...  „^\ 

and  so  on.     Thus  a  set  of  solutions  of  the  linear  system  dx/dt  =  (a+/3)  x 
is  given  by 

{X,  ...  xj  =  {uf  ...  w^>)+(t4''  ...  u':^+iu?  ...  u'!)+..., 
that  is,  by 

V-t>;  Xj  —  t^j  i-u^  +u^  +... . 

By  choosing  the  matrix  or  suitably,  with  non-vanishing  determinant, 
A  may  be  regarded  as  having  for  its  columns  any  fundamental  set  of 
integrals  of  the  system   dx/dt  =  ax,  and,   by   choosing  h  suitably,  the 
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solution  (B) ,  with  the  law  of  recurrence  (A) ,  represents  any  set  of  integrals 
of  the  compound  system  dx/dt  =  {a+^x. 

This  includes,  as  we  next  show,  the  results  of  Fuchs,  Ann.  d.  Mat, 
1870-71,  p.  43,  given  in  Schlesinger,  Treatise  i.,  p.  873 ;  we  limit  our- 
selves to  the  case  of  a  homogeneous  differential  equation. 

The  single  linear  equation 

y<--^  =  ((7.+Wj/<~-'>+(an+i+6n.i)y^'*-'>+...+(a+6)y 

becomes,  by  a^i  =  y,  a^a  =  y',  ...,  Xn  =  t/""^\ 

0  10.. 


dx 
dt 


0 


0 


1      0 


h^» 


,a4-6     di+hi     .       .     an-^-bn^ 


0     10. 
0     0     10 


«!      ^2     <h 


a, 


+ 


fO     0     0     . 
0     0     0     0 


.  hi    ia    ^8     •     ^n  > 


X  =  (a+/3)  X,  say ; 


let  yi,  ...,  yn  be  a  set  of  independent  integrals  of  y^*^  =  any^*"^^+-.-+aiy ; 
for  the  matrix  A  we  can  then  put 


{   Vi   •••    y^ 


A  = 


Wr' ...  ytV 


and  then,  if  D^,  ...,  i)«  be  the  determinants  of  the  minors  of  the  elements 
in  the  last  row  of  A,  and  D,  =  |  A  | ,  be  the  determinant  of  A,  and  the 
inverse  matrix  A"*^  be  (^),  so  that 


i>nn  — 


we  have,  for  arbitrary  Vi ...  t?», 


A"^fl(i?i,  i?a,  ...,  «?n)  = 


fplnbi  ...  ipinbn' 


•  •  •  •  •  • 


0imil  ...   fpnnbn^ 


{Vi  ...  t?J 


=  \j^{biVi+...  +  bnV^),  ...,  -^  {biVi+...+  bnVj]; 
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hence  the  elements  of  AQlA~il3{vi,  ...,  vj]  are  respectively 


of  which  manifestly  each  is  the  differential  coefficient  of  the  preceding. 
Put  now  in  particular  (vj,  ...,  ««)  =  (y,  y',  ...,  y^**"^^  ;  the  first  element  of 
AQ  [A"^)8(t;,  ...,  t?n)]  becomes 

or,  if  Bly{t)]  =  biy+b2  tt  +.-.+  bn-j^y  it  becomes 


=1 


YiiO  =    B\j,{i)\ 


yi(^) 

...  ynii) 

y^-'Ha 

...  y'r'Hi) 

yiW 

...  yAt) 

yi(a 

...  ynii) 

• 

...  i^r'Hi) 

di 


=f 


B\.ym^^di,sf,y. 


Put  next  (^1,  Vc^,  ...,  ?;„)  =(1^1,  Yi,  ...,  Yj"   '^ ;   then  the   first  element   of 
A(3[A~^/8(i'i,  ...,  Vn)]  becomes 


or 


Y,{t)  =  ^  B[Y,m^^^  di. 


and  so  on;  which  are  Fuchs's  formulaB. 

Similarly,  Caqu6's  formula,  obtained  by  taking  a^  =  0,  ...,  a^  =  0  ; 
b^  =  pi,  ...,  bn  =  Pny  and  an  application  to  equations  of  rank  unity, 
obtained  by  taking  a^  =  const.,  ...,  an  =  const. ;  6^  =  Q^  (1/^),  ..., 
i„  =  Qn(l/t),  may  be  deduced ;  but,  as  they  are  deduced  in  Schlesinger's 
treatise  (Vol.  i.,  pp.  377  and  889)  from  Fuchs's  formula,  they  need  not  be 
given  here. 

Another  interesting  case  is  that  where  a  is  a  matrix  of  constants  with 
linear  invariant  factors.  Taking  this  in  its  canonical  form,  the  matrix 
A  =  12  (a)  has  only  elements  of  the  form  e^',  occurring  in  its  diagonal. 
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WAVE   FRONTS   CONSIDERED   AS   THE    CHARACTERISTICS  OF 

PARTIAL   DIFFERENTIAL   EQUATIONS 

By  T.  H.  Havelock. 

[Received  June  7th,  1904.— Read  June  9th,  1904.— Revised  August  26th,  1904.] 

CONTENTS. 
1.  Introductory. — 2,  3,  4.  Theory  of  Characteristics  for  a  Single  Equation  of  the  First, 
Second,  and  Higher  Order.  —  5.  Wave  Fronts  as  Characteristics.  —  6.  Generalized  Wave 
Equation. — 7.  The  Principle  of  Huygens. — 8.  The  Paths  of  the  Rays  as  Characteristics. — 
9.  Wave  Fronts  with  Essential  Discontinuities. — 10,  11.  Systems  of  Equations  of  First  and 
Second  Orders. — 12.  Equations  for  Free  -^ther. — 13.  Doubly  Refracting  Medium. — 14.  The 
Paths  of  the  Rays. — 15.  The  Huygens  Construction. — 16.  Conical  Refraction.— 17.  Invariant 
Ph>perty  of  Wave  Fronts. — 18.  Equations  for  Moving  Medium. — 19.  The  general  Electro- 
magnetic Wave  Surface. 

1.   Introdtcction. 

The  partial  differential  equations  which  are  used  to  represent  the 
propagation  of  disturbing  effects  in  physical  media  have  been  examined 
by  various  methods.  If  the  object  is  to  obtain  a  direct  result,  such 
as  the  relation  of  velocity  to  direction  of  propagation,  the  usual  limitation 
consists  in  dealing  only  with  plane  waves.  The  description  of  the  pro- 
pagation of  an  arbitrary  disturbance  is  generally  founded  upon  the 
solutions  of  the  differential  equations  given  by  Poisson  and  Kirchhoff 
in  the  form  of  surface  integrals,  or,  upon  considerations  such  as  those 
used  by  Hugoniot. 

The  application  of  the  theory  of  characteristics  of  partial  differential 
equations  dates  from  Riemann's  work  upon  the  propagation  of  waves 
of  finite,  amplitude  in  air,  and  the  method  has  been  used  by  Vol  terra* 
to  obtain  general  solutions  of  equations  of  motion.  The  comparison  of 
wave  fronts  with  characteristics  appears  to  have  been  made  separately 
by  Coulon  and  Hadamard,  and  has  been  developed  in  detail  by  them 
recently.!  They  found  their  theory  of  characteristics  upon  extensions 
made  by  Beudon  I  for  equations  of  the  second  order  in  n  variables  and 

*  Vulterra,  Acta  Mathematiea^  t.  xviu.,  p.  161,  1894. 

t  Coulon,  Th^e,  Sur  I* Integration  den  equations  aux  tUiivees  partielles  du  second  ordre  par 
la  nUtkode  des  caracteristiquesy  Paris,  1902  ;  Hadamard,  Lecont  sur  la  propagation  des  ondes^  Paris, 
1903. 

X  Beudon,  Bulletin  de  la  Soc.  Math,,  1897,  p^  108. 


298  Mr.  T.  H.  Havblock  [Aug.  26, 

for  systems  of  equations  with  several  unknown  functions,  and  application 
is  made  of  the  theory  to  find  the  velocity  of  propagation  of  wave  fronts 
and  the  paths  of  rays  in  various  cases,  and  other  general  properties  of 
wave  propagation. 

In  the  following  paper  I  have  endeavoured  to  present  the  subject 
afresh,  and  in  the  introductory  sections  have  followed  chiefly  an  account 
of  characteristic  theory  given  by  Hedrick  * ;  previous  results  will  be 
found  to  be  expressed  in  a  different  manner,  which  also  allows  for 
various  extensions.     In  particular,  the  following  may  be  mentioned. 

In  all  the  methods  just  described  the  function  defining  the  dis- 
turbances is  assumed  to  be  continuous  along  with  its  first  differential 
coefficients  at  the  boundary  of  the  disturbed  portion  of  the  medium ; 
but  it  has  been  shown  recently  by  Prof.  Love  +  that  there  is  no  physical 
necessity  for  these  limitations,  and  consequently  the  results  are  not 
sufficiently  general.  Now,  on  the  characteristic  theory,  a  wave  front 
is  defined  as  a  section  of  a  multiplicity  satisfying  the  principal  equation 
of  the  characteristics  of  the  partial  differential  equations :  wave  fronts 
with  essential  discontinuities  are  discussed  both  for  a  single  equation  and 
for  the  system  of  electrical  equations  in  free  sether,  and  it  is  shown  that 
owing  to  the  linearity  of  the  equations  there  is  no  necessity  for  the 
continuity  of  the  first  differential  coefficients  of  the  function  upon  the 
wave  front.  Provided  the  function  itself  is  continuous,  the  same  prin- 
cipal equation  is  satisfied. 

In  connection  with  the  transformation  of  differential  equations,  an 
invariant  property  of  wave  fronts  is  proved;  and  use  is  made  thereof 
in  the  electrical  theory  of  wave  fronts  and  rays  in  moving  media,  and 
in  the  case  of  a  theoretically  possible  medium  having  electric  and 
magnetic  aeolotropy  with  different  principal  axes. 


The  Characteristics  of  a  Single  Partial  Differential  Equation. 

2.  Equation  of  the  First  Order. 

The  theory  of  the  characteristics  of  partial  differential  equations 
may  be  founded  in  a  consistent  manner  upon  the  existence  theorems 
of  Gauchy  and  Eowalevski,  being  determined,  in  fact,  by  the  failure  of 
these  processes. 

Consider   a   partial   differential   equation   of    the   first   order   in   one 


Hedrick,  Annals  of  Mathematics^  Ser.  2,  Vol.  rv.,  p.  121. 
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dependent  variable  z  and  two  independent  variables  x^  y, 

F{x,y,z,p,q)  =  0.  (1) 

Suppose  this  equation  solved  for  p  in  the  form 

P  =/(aJ,  y,  z,  q).  {2) 

Then  there  exists  one,  and  only  one,  analytic  solution, 

z  =  v(x,  y),  (3) 

which  satisfies  the  boundary  condition 

^lr=av,  =  »'(^o»  y)  =  i>(y)f  (4) 

where  </>(y)  is  a  preassigned  function  analytic  near  y  -=  y^-,  provided 
that  f{x,  yy  z,  q)  is  a  single- valued  analytic  function  of  a;,  y,  z,  q  in  the 
neighbourhood  of  the  values  Xq,  ^o>  0(^o)>  ^'(^o)  ^^  these  quantities. 

In  order  that  (1)  may  be  put  into  the  form  (2)  we  must  have  dFjdp 
not  vanishing.  And,  if  x,  y,  z  be  considered  as  rectangular  coordinates, 
the  theorem  may  be  stated  thus : — There  is  one,  and  only  one,  analytic 
integral  surface  of  (1),  corresponding  to  each  single-valued  solution  of 
the  form  (2),  upon  which  lies  a  given  analytic  curve  in  a  plane  parallel 
to  the  ?/^-plane,  provided  F  is  analytic  and  dFjdp  does  not  vanish  for 
the  values  of  Xy  y,  z  along  the  curve  and  the  corresponding  values  of 
p  and  q  given  by  (1)  and  the  equation  of  the  tangent  to  the  curve. 

Conversely,  we  see  that,  in  general,  by  a  suitable  transformation  any 
curve  in  space  determines  uniquely  a  corresponding  integral  surface. 
But  this  process  evidently  fails  if  the  transformation  which  puts  the 
given  curve  into  the  required  form  transforms  at  the  same  time  the 
differential  equation  (1)  so  that  it  cannot  be  resolved  into  the  normal 
form  (2)  ;  of  the  curves  in  space  for  which  the  process  fails  in  this  way, 
those  which  lie  on  integral  surfaces  are  called  the  characteristic  curves. 

It  can  be  shown  that  through  any  such  characteristic  curve  there  is, 
in  fact,  an  infinite  number  of  integral  surfaces ;  and  these  surfaces 
all  touch  along  this  curve,  provided  they  touch  at  one  point  of  it. 

Given  an  integral  surface 

z  :=  v(x,  y)  (5) 

and  a  curve  upon  it  defined  by  (5)  along  with 

y  =  Mx\  (6) 

then,  by  the  method  of  the  failure  of  the  Cauchy-Kowalevski  process, 
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an  ordinary  differential  equation  is  obtained  for  X  (x)  in  the  form 

-F^ix,y)^+F,{x,y)  =  0,  (7) 

where  Fp  and  Fq  are  functions  of  x,  y  obtained  by  using  (6)  in  the  values 
of  dFjdp  and  dFjdq  respectively. 

This  may  be  called  the  principal  equation  of  the  characteristics. 
Their  equations  in  space  can  be  obtained  without  assuming  an  integral 
surface  given,  and  are 

dx  __  dji  _^        dz        _     —dp     _     —dq  .^v 

Fp^  F,^  pFp+qF,  "  F,+pF,  "  Fy+qF/ 

combined  with  (1),  and  must  be  satisfied  by 

These  equations  (8)  determine,  in  general,  oo^  characteristic  curves, 
with  one  characteristic  strip  along  each  curve,  i.e.,  characteristic  curve 
with  attached  elements  of  tangent  planes.  It  is  important  to  notice 
that  for  a  differential  equation  linear  in  p  and  q  there  are  only  oo* 
characteristic  curves  with  oo  ^  characteristic  strips  along  each  curve. 

3.  Equation  of  th^  Second  Order. 

In  the  same  way  the  Cauchy-Kowalevski  theorem  can  be  used  in 
partial  differential  equations  of  the  second  order,  say  in 

Fix,  y,  z,  p,  q,  r,  5,  t)  =  0.  (9) 

Characteristic  strips  are  determined  by  the  failure  of  the  existence  theorem 
and  satisfy  the  principal  equation 


R  {X,  y)  ( 


|)^-S(.,,)|+r(x,y)  =  0,  (10) 


where  jB,  S,  T  are  functions  of  x,  y  obtained  by  putting  z  =^  v(x,  y)  in 
the  values  of  dF/dr,  dFjdsy  and  dFjdt  respectively. 

Further,  in  this  case  the  equations  in  space  determine  for  a  set  of 
solutions  a  characteristic  torsion  strip,  since  r,  5,  t,  as  well  as  p  and  q,  are 
given  at  each  point  of  the  characteristic  curve.  Also  through  every 
characteristic  strip  there  is  an  infinite  number  of  integral  surfaces.  The 
case  of  a  differential  equation  linear  in  r,  s,  and  t  is  important.  For 
instance,  if  the  equation  is 

A  {x,  ij)  r+B  (x,  y)8+C{x,y)t  =  D  {x,  y,  z,  p,  q),  (11) 
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then  the  principal  equation  (10)  does  not  contain  z,  p,  g,  r,  s,  or  ^ ;  and 
along  any  characteristic  curve  whose  projection  on  the  xi/-plane  satisfies 
equation  (10)  there  is  in  general  a  one-parameter  family  of  characteristic 
strips  of  the  equation  (11). 

These  results  can  be  extended  to  equations  with  more  than  two 
independent  variables,*  with  geometrical  interpretation  in  space  of  a 
suitable  number  of  dimensions. 

4.  Eqtiations  of  Higher  Order, 

Adopting  the  same  method  of  finding  the  principal  equation  of  the 
characteristics,  we  may  extend  this  notion  to  a  general  linear  partial 
differential  equation  of  order  m  in  n  independent  variables :   e.g., 

2  p.,  ..        .    ;^-4 K =  0,  (12) 

where  the  summation  (v)  extends  over  all  values  such  that 

and  the  coefficients  P  are  rational  integral  functions  of  Xi,  x^,  ... ,  :r„. 
In  this  case  the  principal  equation  of  the  characteristics  can  be  shown 

F- (^T{W-^T=''\ 

Mi+M2+---+Mn  =  0  ) 

with  which  is  to  be  combined  the  relation 

^(a?i,  a?j,  ...,  x^  =  0. 

Propagation  of  Effects  represented  by  a  Single  Scalar  Potential 

Function. 

6.   The  Wave  Front  as  a  Characteristic. 

Consider  now  the  propagation  of  a  disturbance  in  some  medium  in 
which  the  effects  can  be  represented  by  a  single  equation  such  as 

*  Beudon,  loe,  eit, 

t  Gf.  E.  Yon  Weber,  Encyhlapadie  der  math,  Wutemehaftm,  n.,  A.  5,  }  66. 
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In  the  usual  abstract  wave  theory,  such  as  the  Kirchhoflf  and  Poisson 
solutions,  the  function  ^  and  its  first  differential  coefficients  are  assumed 
to  be  continuous  functions  in  the  region  under  consideration.  For 
instance,  in  Hugoniot's  description  of  the  mode  of  propagation  of  a 
disturbance  which  is  initially  local,  the  first  assumption  is  that  the 
disturbance  is  propagated  at  some  finite  rate ;  then  at  any  given  time 
the  motion  of  the  medium  is  given  by  a  certain  velocity  potential  ^  at 
all  points  interior  to  some  closed  surface  S,  and  by  a  velocity  potential 
if>'  at  points  exterior  to  S.     And  on  the  surface  we  have 

The  position  of  the  surface 

S(x,  y,  z,  t)  =  0,  (16) 

when  t  has  a  given  value,  is  the  wave  front  at  the  corresponding  time. 

Now  in  the  given  differential  equation  consider  ^,  x,  y,  z,  t  as  the 
coordinates  of  a  point  in  space  of  five  dimensions.  The  conditions  in  (15) 
show  that  two  given  integral  surfaces  touch  along  a  certain  multipUcity, 
which  must  consequently  be  a  characteristic  strip.  The  projection  of  the 
point-support  of  this  strip  upon  the  plane  ^  =  0  is  the  multiplicity  given 
by  (16).  Hence,  from  the  general  theory,  S  satisfies  the  principal  equa- 
tion of  the  characteristics,  which  for  the  equation  (14)  is 

The  sections  of  S  by  planes  t  =  constant  give  the  positions  of  the  wave 
front  in  ordinary  space  at  the  corresponding  times ;  hence  equation  (17) 
implies  that  the  wave  front  thus  defined  advances  with  constant  normal 
velocity  c  at  each  point.  This  is  a  property  common  to  all  such  wave 
propagations,  whatever  be  the  dimensions  of  the  space  considered,  and 
it  also  belongs  to  much  more  general  equations. 


6.  Generalized  Wave  Equation. 

Let  S  be  a  surface  movable  with  the  time  and  separating  space  into 
two  regions  1  and  2.  Let  0(a;i,  ...,  Xn,  t)  be  an  analytic  function  defined 
in  region  1  and  02(-^i>  •••>  ^«>  ^)  ^.n  analytic  function  defined  in  region  1 
and  region  2.     Duhem*  has   defined  S  as  a  wave    of  order    //^  for  the 


•  Duhem,  Compter  Mendm^  t.  cxxxi.,  p.  1171 
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function  ^,  propagating  itself  in  the  function  ^,  if,  on  the  surface  S, 
<p  and  ^  are  equal  to  each  other,  together  with  all  their  differential  co- 
efficients up  to  order  m— 1. 

Consider  the  equation 

V-^-  ^  gj  =  0.  (18) 


c-*  .  a"  .     .3" 


where  V**  represents  the  operation  _  -f  _+...  +  —  repeated  m  times. 

This  may  be  considered  as  a  generalized  wave  equation  of  order  2m  in 
space  of  n  dimensions.      Then  a  wave  front  S  as  defined  satisfies  the 
principal  equation  of  the  characteristics  of  equation  (18). 
Using  the  general  form  given  in  (18),  this  gives 

[(|)'+©  +  -+©T-J=(lf)'"='>-     «»' 

Hence  the  wave  front  moves  with  constant  normal  velocity  c. 


7.  The  Principle  of  Huygens. 

Returning  now  to  the  ordinary  equations  (14)  and  (17),  the  surfaces  S 
can  be  considered  as  the  envelopes  of  certain  cones.  Consider  for  a 
moment  x,  y,  Zy  t,  <p  as  coordinates  of  a  point;  then  at  any  point 
(^o»  Vo*  ^Qy  ^o»  0o)  there  is  a  cone  T  which  is  enveloped  by  the  planes  which 
are  tangent  to  the  integral  surfaces  of  (14)  passing  through  this  point,  and 
there  is  also  a  corresponding  cone  of  normals  N.  For  a  linear  equation 
such  as  (14)  these  cones  are  independent  of  the  value  of  ^  and  are  given 
as  cones  in  the  four-dimensional  space  represented  by  x,  y,  z^  t. 

Thus  for  the  cone  N  we  obtain  in  this  case 

(a:-a;/+(j/-yo)'+(^-^/-  -^  {t-t^^  =  0, 

and  consequently  for  the  cone  T 

(a;-a?/+(j/-yo)'+(^-'2r/  =  c^(^«^*-  (20) 

The  surfaces  S  are  the  envelopes  of  the  latter  cones  when  the  coordinates 
of  the  vertex  are  subject  to  given  relations.  This  obviously  contains  the 
method  of  describing  the  motion  of  the  wave  front  associated  with  the 
principle  of  Huygens. 
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8.  The  Paths  of  the  Bays  as  Characteristics. 

Now  consider  (17)  as  a  partial  differential  equation  of  the  first  order 
for  S ;  the  characteristics  of  (17),  which  have  been  called  bicharacteristics 
of  the  first  equation  (14),  are  obtained  according  to  equation  (8)  and  satisfy 

dx  _  d^  __  dz_  __        dt        _  .^^. 

5s  "  5s  ■"  as  "  _j_  as  "  •" '  ^  ' 

^      5^     5i  c*  ^ 

These  bicharacteristics  can  be  identified  with  the  paths  of  the  rays.  With 
the  usual  notation,  equation  (17)  may  be  written 

Then  the  complete  integral  is  given  by 

S  =  Ix+my+nz+Vt+d, 

where  V^  =  (^{P+nv'+n^. 

The  general  integral  is  a  surface  enveloped  by  these  planes,  and  is  touched 
by  each  plane  along  a  characteristic ;  moreover,  there  is  no  singular 
integral.  Then,  if  we  consider  sections  of  these  surfaces  by  planes 
t  =  constant,  so  as  to  translate  into  ordinary  space  with  t  as  the  time, 
we  obtain  sets  of  parallel  planes  with  each  set  touching  the  wave  fronts 
at  corresponding  times  along  a  characteristic.  But  this  is  the  usual 
definition  of  the  paths  of  the  rays  ;  hence  the  required  identification 
follows. 

9.   Wave  Fronts  with  Essential  Discontinuities. 

The  preceding  work  rests  upon  the  usual  assumption  that  <f>  and  its 
first  differential  coefficients  are  continuous  at  wave-fronts,  and  the  com- 
parison of  wave  fronts  with  characteristics  holds  for  a  general  partial 
differential  equation  of  the  second  order  for  </>,  But  the  equations  which 
occur  in  physical  problems  are  generally  linear  in  the  differential  co- 
efficients of  the  second  order,  and  for  these  we  may  consider  wave  fronts 
at  which  the  first  differential  coefficients  of  <p  are  discontinuous,  while  <p 
itself  remains  continuous.  Using  <f>,  x,  y,  z,  t  as  space  coordinates,  we  are 
now  given  two  integrals  which  intersect  on  the  cylindrical  multiplicity 

S  (a:,  y,  z,  t)  =  0. 

But  for  a  linear  partial  differential  equation  for  </>  there  is  a  single  infinity 
of  characteristic  strips  passing  through  each  characteristic  curve ;  or,  in 
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other  words,  a  characteristic  of  zero  order  is  contained  in  an  infinite 
number  of  characteristics  of  the  first  order.  Thus  two  integral  surfaces 
which  intersect  do  so  in  a  characteristic  of  zero  order,  the  two  strips  lying 
on  the  integral  surfaces  along  their  intersection  being  characteristics  of 
the  first  order. 

Owing  to  the  linearity  of  the  equation,  the  projection  of  the  intersec- 
tion upon  0  =  0,  namely  S,  still  satisfies  the  same  principal  equation  of 
the  characteristics ;  and  for  the  ordinary  equation  (14)  this  implies  that 
the  wave  front  advances  with  constant  normal  velocity. 

If  we  proceed  further  and  consider  cases  in  which  0  itself  is  discon- 
tinuous on  the  wave  front,  we  see  from  the  geometrical  analogy  that  we 
are  given  two  non-intersecting  integral  surfaces,  and  consequently  there  is 
nothing  to  determine  S.  We  must  have  other  data  supplied  by  the  actual 
physical  problem.  For  instance,  suppose  that  (/>  is  constant  over  a  wave 
front,  although  discontinuous  there ;  then,  since  <f>  =  constant  is  a  solution 
of  the  differential  equation,  it  follows  that  each  of  the  given  integrals  cuts 
the  cylinder  5  in  a  characteristic  of  zero  order.  Hence  we  have  S  satis- 
fying the  same  principal  equation  as  before. 

Further,  consider  the  variation  of  fp'  and  ip"  along  their  intersection ; 
then  we  have 

where  dx,  dy,  dz,  dt  are  connected  by  the  relation 

Hence,  combining  these  with  the  principal  equation  for  S,  we  obtain 

where  v  is  the  normal  to  the  wave  front  drawn  in  the  direction  of  its 
motion. 

The  Characteristics  of  a  System  of  Partial  Differential  Equations. — 
We  have  considered  so  far  motions  involving  a  single  scalar  potential 
function ;  but,  as  we  wish  to  examine  the  propagation  of  electric  effects, 
it  is  necessary  to  extend  the  theory  of  characteristics  to  a  system  of  partial 


*  Cf.  Love,  Proe,  London  Math,  Soe.,  Ser.  2,  Vol.  2,  p.  93. 
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differential  equations.     We  shall  indicate  the  general  theory  for  a  system 
of  n  equations  in  two  independent  variables  x,  y  and  n  unknown  functions 


^l»  ^9»   •  •  •  >  ^** 


10.  Equations  of  the  First  Order. 

For  a  system  of  equations  of  the  first  order,  the  following  is  the 
required  extension. 

Suppose  the  equations  are  given  in  the  form 

Fi{x,  y,  Zi,  %   ...,  Zn,Pii  ...,Pn,  ?i,   ...,  ?n)  =  0 


-   o  ^Zi  dZi 

»=1.2.....,.;     ^  =  Pi;     ^=qi 


(28) 


Then  the  principal  equation  of  the  characteristics  corresponding  to  that 
given  in  (7)  is  now  a  determinantal  equation 

BF,  ,       dFi  ,       dFi  ,       dF,,  5F,  ,       dF, 

jf^dy-  ^^dx,     ^dy--^dx,     ...,     ^dy—-^ 

opi  oqi  opi  oq^  opn  o?« 


A  = 


dx 


t*-t^'  t^^-t^' 


Opn  (jqn 


=  0    , 


(24) 


in  which  zu  pu  qi  have  been  replaced  by  their  values  as  functions  of  x 
and  y.  The  same  simplification  occurs  as  before  when  the  equations  Fi 
are  linear  in  the  quantities  pi  and  q^  so  that  zu  pu  and  qi  do  not  occur 
in  A. 

11.  Equations  of  the  Second  Order. 

For  a  similar  set  of  equations  of  the  second  order,  the  corresponding 
principal  equation  of  the  characteristics  is  given  by 

A  =  0,  (25) 

where  A  is  the  determinant 


^Ja  ^.fi-  ^ 


dF. 


dFi 


dF, 


BFi 


^^dy^-^^dxdy+^dr'.     ...,     ^^df-'^^^d.dy+'^^^d.^    . 


t'^-t^'^+t^^ 


—  df-^dxdy+^dx^ 


♦  Cf.  Groursat,  Equatiom  aux  tUriwet  part%4Uen  du  necond  ordre,  t.  ii.,  p.  316. 
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In  this  determinant  zu  r^  Su  U  have  been  replaced  by  their  values  in 
terms  of  x  and  y.  When  the  equations  Ft  are  linear  in  the  differential 
coefficients  of  the  second  order,  so  that  Zu  r<,  Si,  and  U  do  not  occur  in  A, 
then  through  any  characteristic  of  zero  order  satisfying  equation  (25)  there 
passes  an  infinite  number  of  characteristics  of  the  first  order  of  the 
system  of  equations. 

Propagation  of  Electric  Effects. 

12.  Egtuiticms  for  Free  jEther. 

If  (X,  Y,  Z)  be  the  electric  force  measured  in  electrostatic  units,  and 
(a,  )8,  y)  the  magnetic  force  in  electromagnetic  units,  the  equations  are 

1  a 

c 

1  a 

c 


4  ^^(Z,y,Z)  =  curl(a,^,  y);    div  (X,  7,  Z)  =  0 
-  ^  |(a,  /3,  y)  =  curl(Z,r,  Z);    div  (a,  /3,  y)  =  0 


«•  • 


(26 


Further,  a  circuital  vector  (^,  17,  f)  may  be  introduced,  such  that 

(a,  ^»  y)  =  5^  (^»  ^>  0 

(X.y,Z)  =  ccurl(^,  17,  DJ 


(27) 


Then  each  of  the  components  ^,  >;,  ^  satisfies  independently  an  equation 
of  the  form  ^ 

Consequently  the  relation  between  wave  fronts  and  characteristics  is  the 
same  as  in  the  case  of  a  single  equation.     Thus,  if 

S  (x,  y,  z,  t)  =  0 

is  the  multiplicity  generated  by  the  motion  of  a  wave  front,  then  we  have 
the  same  principal  equation 

(i)'+(D*+©*=^©' 

Moreover,  since  the  equations  for  ^,  17,  ^  are  linear  in  the  differential 
coefficients  of  the  second  order,  it  follows  that  the  first  differential  co- 
efficients of  if  >7,  and  ^  with  respect  to  x,  y,  z,  and  t  need  not  be  continuous  ; 
but,  if  ^,  17,  and  ^  only  are  continuous  on  S,  then  the  principal  equation  (28) 
is  still  satisfied.     From  (27)  we  see  that  this  allows  possible  discontinuity 

X  2 
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in  the  electric  and  magnetic  forces  at  a  wave  front,  and  that  the  wave 
front  has  a  constant  normal  velocity. 

Assuming  then  (^,  17,  ^)  to  be  continuous  on  S,  we  can  obtain  relations 
between  the  values  of  the  electric  and  magnetic  forces  on  different  sides 
of  the  wave  front.  For,  if  (^',  j;',  ^)  and  (^,  j/',  f")  be  the  two  solutions, 
we  have  on  S 

dx  oy  oz  ot  ox  oy  oz  ot 

and  similar  equations  in  17  and  ^. 
Combining  these  with 

and  the  circuital  relation,  it  is  easily  seen  that  they  involve  the  continuity 
at  the  wave  front  of  six  quantities  of  which  the  following  two  are  types, 

^^"  Z-/3  cos  {z,N)+y  cos  (y,  N)\ 


a+rcos(^,N)— Zco8(y,  N) 


(29) 


where  N  is  the  normal  to  the  wave  front  drawn  in  the  direction  of  motion. 
These  are  the  boundary  conditions  given  by  Prof.  Love,*  with  the  in- 
terpretation for  a  disturbance  advancing  into  a  region  previously  at  rest, 
viz.,  that  the  electric  and  magnetic  forces  are  at  right  angles  to  each  other 
and  are  in  the  wave  front. 

It  is  natural  to  assume  the  vector  {$,  ij,  ^)  to  be  continuous ;  and,  in 
fact,  it  appears  that  in  particular  cases  where  this  assumption  is  not  made, 
but  the  boundary  conditions  (29)  are  used  instead,  the  effect  is  actually  to 
make  (^,  17,  ^)  continuous  over  the  wave  fronts. 

IS.  Doubly  Refracting  Medium. 
Suppose  the  equations  given  in  the  usual  form 


-^  ^  (ciX,  62  7,  €sZ)  =  curl  (a,  jS,  y) 
~  |(a,/3,y)  =  curl(X,r,Z) 


(30) 


♦  Xx>Te,  loc,  cit. 
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Then,  introducing  a  circuital  vector  (^,  j;,  f)  given  by 

(a»  ^»  y)  =  ^  (i*  ^9  0 


(81) 


(61 Z,  6a  y,  68^)  =  C  curl(^,  17,  f) ) 

the  boundary  conditions  at  a  wave  front  could  be  examined  as  in  jbhe 
previous  section  and  with  similar  results.  To  obtain  the  properties  of  the 
propagatioi:i  of  a  wave  front  of  any  form  it  is  sufficient  to  write  down 
the  principal  equation  of  the  characteristics  of  the  system  of  equations 
for  ^,  17,  ^ ;  these  equations  are  three  of  the  type 


(82) 


3y*         5?     ^         3x3y         dxoz 

where  (a,  6,  c)  are  the  three  principal  velocities  given  by 

(a,  6,  c)  =  (61,  6a,  63)  "^  C^. 

Applying  the  general  theory  of  §  11  to  the  set  of  equations  (82),  we  obtain 
the  principal  equation  in  the  form 

A  « 


dx  dy*  dz  dx 


-  0. 


d«  dx'  ay  dz*  \dx)       Idy/       ««  \d</ 

(33) 


If  {I,  w,  n)  be  the  direction  cosines  of  the  normal  v  at  any  point  of 
the  wave  front,  and  if  we  put  bvlSt  equal  to  F,  we  may  in  (88)  replace 

7\Q     P^Q      f)^     r^Sf 

^    £2. ,  -^  ,  -^  by  Z,  m,  n,  F  respectively  ;  then  the  equation  reduces  to 

ex     oy      oz     ot 

^ir75+5air75  +  ^irp?5=  0-  (84) 


14.  The  Paths  of  the  Bays. 

As  in  the  case  of  a  single  partial  differential  equation,  the  paths  of  the 
rays  are  given  as  the  characteristics  of  the  differential  equation  of  the  first 
order  for  the  wave  fronts  S;  the  differential  equations  defining  these 
characteristics  in  the  case  of  equation  (88)  are 

dx  _  dy  __  dz  _  dt  _  ,^^. 

^     apa     ^     ^ 
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™v,«.«     I  \-  f^s  as  as  as\     ,,       j^  as 

where       (i^x. ?.. i>8. !>«)  =  fe'  ^'  37'  ^j  =  (^.'».«.  ^^- 
Differentiating  the  determinant  A,  we  find 

—2pipl{b'-\-<^  :  similar  expressions. 

Hence,  if  (L,  ilf ,  ^  be  the  direction  cosines  of  the  ray,  we  have  the 
relation  between  the  ray  and  the  wave  normal  given  by 

L M 

-  y 

where  o?  =  ly'c^P+i^aW+a'b'nK 

It  can  be  verified  that  this  is  the  same  as 

This  is  the  relation  given  by  Drude,*  obtained  for  plane  waves  only  by 
defining  the  ray  as  the  path  of  the  energy. 

15.  The  Huygens  Construction, 

The  surfaces  S  may  be  considered  as  the  envelopes  of  cones  T  passing 
through  points  (xq,  t/o»  ^o*  ^o)>  when  the  coordinates  of  the  vertices  are 
subject  to  given  conditions. 

The  cone  T  is  given  as  the  envelope  of  the  plane 

where  ^ ,  1^ .  ^ ,  ??  are  subject  to  the  relation  (83).    On  working 
oxf,    oyo    o^o    "*o 

this  out,  we  find  that  the  cone  T  is  given  by 

g'Cx-Xo)'     ,     6'(y-yo)'     ,    yjz-z^*     _  « 


•  Drude,  Lthrlmeh  dtr  Optik,  p.  302. 
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where  r*  =  {x—x^^+iy—y^^+iz—z^^* 

This  evidently  contains  the  Huygens  construction  for  a  doubly  refracting 
medium.  The  Fresnel  wave  surface  is  given  by  taking  (a^o,  y^^  z^  t^  as 
the  origin  and  taking  a  section  of  the  cone  at  time  <  =  1. 


16.  Conical  Befraction. 

Consider  the  equation  (88),  viz., 

A  =  0, 

as  a  partial  differential  equation  for  S  in  four  independent  variables  x,  y, 
Zy  and  t     Then  the  complete  integral  is 

S  =  Ix+rrvy+nz+Vt+dy 
where  m^+n^—V^la^,  —Im,  —nl  =0. 

The  general  integral  is  a  surface  enveloped  by  these  planes,  and  is  touched 
by  a  complete  integral  along  a  characteristic.  Also  in  this  case  there  may 
be  considered  to  be  an  infinite  number  of  singular  integrals ;  for  a  singular 
integral  may  be  defined  as  an  integral  surface  at  each  point  of  which  the 
normal  is  a  double  generator  of  the  cone  of  normals  N  at  that  point.  Now 
the  cone  N  at  any  point  {Xq,  y^,  Zq^  t^  is  given  by 

-(«-«o)(y-yo),  («-so)'+(*-*o)*-(<-<o)V**»  -(y-yo)(«-«d) 

-(«-«o)(*-*o).  -  (y-yo)(«-«b)»  («-*o)'+ iy-yo)'-(<-<o)V<^ 

And  this  cone  has  for  every  point  two  double  generators  having  constant 
direction  cosines  given  by 


l:m:n:p=±^^:0:±yj^^y.h. 


Hence  the  singular  integrals  are  given  by 


C  J.       ./«'-&'  J.  /fe'-g*    .    I..  .    ^ 
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For  this  value  of  S  the  determinant  A  in  (88)  not  only  vanishes,  hut  also 
all  its  minors  ;  thus  the  quantities  dA/dp^,  . . .  vanish,  and  the  character- 
istics given  by  (85)  are  indeterminate. 

Consider  now  8  =  0  as  a  wave  front  moving  with  the  time.  Then, 
using  the  ordinary  optical  terms,  the  preceding  results  evidently  express 
the  following  fact : — If  the  wave  front  £f  is  a  plane  having  its  normal  in  a 
particular  direction,  viz.,  that  of  an  optic  axis  of  the  Fresnel  wave  surface 
at  any  point,  then  there  is  an  infinite  number  of  rays  passing  through  any 
point  on  the  wave  front,  and  they  form  a  cone  of  rays. 


Transformation  of  Wave  Equations. 
17.    Invariant  Property   of  Wave  Fronts. 

It  is  known  that  the  characteristics  of  a  partial  differential  equation 
are  invariant  for  any  contact  transformation ;  for  the  present  purpose  we 
require  to  show  that  the  determinant  A  which  has  been  used  for  a  set  of 
equations  is  invariant  for  any  change  of  the  independent  variables.  It  is 
sufficient  to  use  the  form  of  A  given  in  (25)  for  two  independent  variables. 

Let  x\  y'  be  new  independent  variables  defined  by 

x  =  if>{x\y')\      y  =  yp'{x\y'). 

Then  the  first  derivatives  of  z,,  with  respect  to  the  new  variables  are 
given  by  ^  ^, 


And  the  second  differential  coefficients  are 


with  similar  expressions  for  s^  and  t'^. 

Now  suppose  that  by  the  same  transformation  the  differential  equation 
jFi  =  0  is  changed  into  Gi  =  0,  a  new  partial  differential  equation  of  the 
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second  order.     Then  it  is  easy  to  show  that 


=  (5g^,}"lt''^-t^'*'+t'^"l 


A  = 


A'. 


Hence,  if  A'  be  the  corresponding  determinant  for  the  new  set  of  n  equa- 
tions given  by  G<  =  0,  we  have 

To  apply  this  to  the  problems  we  are  considering,  suppose  we  have  a  set 
of  three  partial  differential  equations  of  the  second  order  in  three  unknown 
functions  X,  Y,  Z,  and  four  independent  variables  x,  y,  z,  t.  Also  we  are 
given  a  multiplicity  Six,  y,  z,  t)  =  0  which  satisfies  the  principal  equation 
of  the  characteristics  of  this  set,  namely,  A  =  0. 
Then,  if  we  change  to  new  variables  given  by 

x  =  \{x\y\z',tr     y  =  \{x',y\z\n     z  =  \(x\y\z\V\ 

t^\(x\y\z\if), 

and  such  that  \  ^^V  \  V  ^  ^  0, 

d  («',  y\  z\  V) 

the  multiplicity  iS(Xi,  X^,  Xs'^J  =  0  ^^  satisfy  the  principal  equation 
A'  =  0  of  the  characteristics  of  the  new  set  of  equations. 

Hence,  regarding  x,  y^  z  as  ordinary  space  coordinates  and  t  as  the 
time,  we  have  the  following  : — Given  a  set  of  wave  fronts  S(a:,  y,  £r,  0  =  0 
corresponding  to  certain  differential  equations,  then,  if  the  latter  equations 
are  transformed  in  any  way  by  changing  the  independent  variables,  the 
surfaces  S  when  changed  by  the  same  transformation  are  again  a  set  of 
wave  fronts  for  the  new  differential  equations. 

Further,  since  the  paths  of  the  rays  are  defined  as  the  characteristics 
of  the  partial  differential  equation  of  the  first  order  for  Sy  it  is  evident 
that  a  similar  correspondence  will  hold  for  the  rays  as  for  the  wave  fronts. 
Illustrations  of  this  correspondence  are  given  in  the  two  following  sections. 

18.  Equations  for  a  Moving  Medium. 

Consider  the  equations  of  electrical  propagation  in  a  moving  trans- 
parent body.  Let  (p^  g,  r)  be  the  velocity  and  n  the  refractive  index  of 
the  isotropic  medium ;  suppose  the  equations  referred  to  axes  at  rest  to  be 
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given  in  the  fonn 

^sy  ^n"-!  a/  az,   ax,    ax\    n"  a»x    » 

with  similar  equations  in  Y  and  Z. 

Then  a  wave  front  S{x,  y,  ^,  ^)  =  0  satisfies  the  equation 

If  ft)  be  the  normal  velocity  of  S  at  any  point  and  v  the  normal  com- 
ponent of  (jp,  g,  r),  this  gives 

nV-2(n»-l)w«>  =  (?, 

or,  approximately,  w  = 1 s—  v, 

which  is  the  usual  result  obtained  from  considering  plane  waves. 
Further,  the  paths  of  the  rays  referred  to  fixed  axes  are  given  by 

dx dy d£ 

or,  if  (L,  Jlf,  ^  be  the  direction  of  the  ray,  and  (X,  /x>  J')  he  the  wave 

normal,  «     ^  «     ^  «     - 

r  .  Tir.  XT      \     w-*— 1       .         n^— 1       .        rr—l 

L  :  M :  N  =  A -3 — ^ft) :  ^l -3 — gw  :  v -^ — rco. 

Now  consider  the  linear  transformation  that  is  used  in  the  theory  of 
moving  media,  namely,  one  of  the  form 

aj'  =  a(x— j?Q,     y'  =  b(y—q{)y     z'  =  c(z^rf),     t' :=  t—dipx+qy+rz). 

(36) 

It  is  known  that  by  such  a  transformation  the  equations  for  the  moving 
body  can  be  reduced  to  equations  of  the  same  form  as  those  for  the  body 
at  rest,  up  to  the  second  order  of  small  quantities  involved.  Thus,  if 
S{x,  y,  Zf  t)  =  0  represents  wave  fronts  for  the  first  set  of  equations,  and 
if  they  are  transformed  by  (36),  they  become  wave  fronts  suitable  for  the 
same  medium  at  rest.  Hence,  if  the  wave  fronts  S  are  actually  referred  to 
axes  moving  in  the  manner  indicated  in  (36)  and  contracted  accordingly, 
they  are  then  the  same  as  wave  fronts  for  the  medium  at  rest.  According 
to  the  electrical  theory  the  change  of  space  dimensions  involved  in  (36)  is 
due  to  a  physical  change  in  the  moving  body ;  hence  the  result  may  be 


1904.]        Charactbristigs  of  partial  differential  equations.  815 

expressed  by  saying  that  relative  to  axes  bound  up  with  the  body  the  wave 
fronts  are  the  same  as  if  the  body  were  at  rest. 

Similar  considerations  apply  to  the  paths  of  the  rays ;  hence  the 
relative  ray  paths  are  the  same  as  if  the  body  were  at  rest. 

19.  The  General  Electromagnetic  Surface, 

Suppose  we  are  given  the  equations  for  a  medium  with  electric 
SBolotropy  and  magnetic  isotropy,  and  we  denote  by  (A)  these  differential 
equations  when  referred  to  the  axes  of  electrical  symmetry.  Now  it  is 
known  that  a  transformation  of  the  variables  x,  y,  z  equivalent  to  a  pure 
strain  will  change  equations  (A)  into  a  set  of  equations  which  are  those 
for  a  medium  with  both  electric  and  magnetic  seolotropy,  the  two  having 
the  same  principal  axes ;  also  by  a  rotation  of  the  axes  the  equations  (A) 
can  be  transformed  into  those  for  electric  seolotropy  and  magnetic  isotropy, 
not  referred  to  the  axes  of  electrical  symmetry.  Thus,  combining  the  two 
transformations,  we  see  that  a  transformation  equivalent  to  a  homogeneous 
strain  will  alter  the  equations  (A)  into  a  set  of  equations  (B)  which  are 
those  for  a  medium  with  electric  and  magnetic  seolotropy,  not  having  the 
same  principal  axes. 

Hence,  if  any  set  of  wave  fronts  S{x,  y,  ^,  0  =  0  for  the  medium  (A) 
be  transformed  by  a  homogeneous  strain,  it  becomes  a  set  of  wave  fronts 
for  the  medium  (B).  A  particular  case  of  this  is  the  known  theorem  that 
the  Fresnel  wave  surfade,  if  homogeneously  strained,  becomes  the  general 
electromagnetic  wave  surface  for  a  medium  with  different  principal  axes 
for  the  electric  and  magnetic  seolotropy. 
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ON  INNER  LIMITING  SETS  OP  POINTS  IN  A  LINEAR  INTERVAL 

£y  E.  W.  Hobson. 

[Receiyed  and  Read  March  10th,  1904.] 

The  theory  of  inner  limiting  sets  of  points  in  a  linear  interval  was 
suggested  by  a  remark  made  by  Borel/  that,  if  each  rational  point  jp/g,  of 

the  interval  (0,  1),  be  enclosed  in  an  interval  (-2 — \—s,  -^+X— ?), 

where  X  is  a  positive  number,  the  same  for  all  the  rational  points,  then,  as 
X  is  indefinitely  diminished,  there  are,  besides  the  rational  points  them- 
selves, certain  transcendental  points  (those  of  Liouville)  which  remain  in 
the  interior  of  the  set  of  intervals,  however  small  X  may  become. 

It  appears,  as  in  this  example,  that,  if  each  point  x  of  an  open  set  is 
enclosed  in  a  series  of  intervals  Si(x),  S^ix),  ...,  Sn{x),  ...  chosen  according 
to  some  prescribed  law,  such  that,  for  each  point  x,  Sn{x)  has  a  zero  limit 
when  n  is  increased  indefinitely,  the  magnitude  and  position  of  Sn  {x)  being 
assigned  for  each  n  and  each  x,  then,  in  general,  some  or  all  of  those 
limiting  points  of  the  given  set  which  do  not  belong  to  that  set  remain  in 
the  interior  of  the  intervals  {Snix)],  however  great  n  may  be.  This  con- 
sideration led  Dr.  W.  H.  Youngt  to  examine  the  properties  of  those  sets  of 
points  for  which  it  is  possible,  by  a  proper  choice  of  the  system  of  intervals, 
to  exclude  all  the  limiting  points  of  the  set  which  do  not  belong  to  it  from 
the  intervals,  each  such  point  ceasing  to  be  interior  to  the  set  of  intervals 
{JnW}  for  some  definite  value  of  n,  so  that  the  given  set  of  points  itself 
contains  all  points  which  are  interior  to  the  sets  of  intervals  {5n(x)}  for 
every  value  of  n ;  such  a  set  Dr.  Young  has  named  an  **  inner  limiting 
set  '*  {innere  Grenzmenge),  He  has  proved  that  every  such  set  has  either 
the  cardinal  number  a  of  the  rational  numbers,  or  else  the  cardinal  number 
c  of  the  continuum  ;  this  result  will  be  assumed  in  the  present  paper. 
Dr.  Young  has  also  proved  that  the  cardinal  number  of  an  inner  limiting 
set  is  a  when  the  set  contains  no  component  that  is  dense  in  itself,  and  is 
c  when  it  does  contain  such  a  component. 

In  the  present  communication  it    is  shown  that  the  necessary  and 


•  Legons  sur  la  theorie  des  fonctions^  p.  44. 
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sufficient  condition  that  an  enumerable  set  may  be  an  inner  limiting  set 
is  that  it  contains  no  component  dense  in  itself.  It  is  further  shown  that 
the  most  general  inner  limiting  set  which  is  unenumerable  consists  of  a 
set  dense  in  itself  and  each  point  of  which  is  of  degree  c  in  the  set, 
together  with  an  enumerable  set  each  point  of  which  is  of  degree  a  or 
zero  in  the  set,  and  which  contains  no  component  that  is  dense  in 
itself. 

The  theory  of  inner  limiting  sets  is  closely  connected  with  the  theory 
of  sets  of  the  first  and  of  the  second  category,  which  is  of  importance 
in  the  theory  of  functions  of  a  real  variable.  The  problem  of  determining 
the  necessary  and  sufficient  conditions  that  a  given  set  of  points  is  such 
that  a  pointwise  discontinuous  function  can  exist  such  that  its  points  of 
discontinuity  may  be  the  points  of  the  given  set,  is  identical  with  the 
problem  of  determining  the  conditions  under  which  a  given  set  of  points 
can  be  exhibited  as  the  limit  of  a  sequence  of  non-dense  closed  sets. 

The  set  of  points  complementary  to  a  set  which  has  this  property  is  an 
inner  limiting  set  which  is  everywhere  dense  and  is  of  cardinal  number  c 
in  every  interval  contained  in  the  domain  of  the  set.  It  would  be  desirable 
that  the  necessary  and  sufficient  conditions  that  such  a  set  may  be  an 
inner  limiting  set  should  be  obtained  in  a  form  which  would  be  applicable 
as  a  criterion  to  the  case  of  an  everywhere  dense  set  defined  in  any 
manner.  This  is  equivalent  to  the  determination  of  the  necessary  and 
sufficient  conditions,  in  a  direct  form,  that  any  given  set  may  be  of  the 
second  category ;  I  have,  however,  not  succeeded  in  doing  this. 


1.  Let  P  denote  a  set  of  points  contained  in  the  linear  interval  (a,  6), 
and  let  a  point  Xi  of  the  set  P  be  enclosed  in  a  sequence  of  intervals 
^1(^1)9  ^a(^i)i  •••'  <^ii(^i)»  •••)  Buch  that  each  interval  contains  the  next  one, 
and  each  contains  Xi  in  its  interior ;  and  let  the  sequence  be  such  that 
<$n(^i)  converges  to  the  limit  zero  as  n  is  indefinitely  increased.  Suppose 
such  a  sequence  of  intervals  to  be  prescribed  for  each  point  x  of  the  set  P, 
the  length  and  position  of  Sn  (x)  being  assigned  for  each  value  of  x  and 
each  value  of  n,  subject  to  the  conditions  already  stated  :  such  a  sequence 
of  sets  of  intervals  |5i(x)},  {S^ix)},  ...,  {Sn(x)\,  ...,  we  shall  speak  of  as 
a  "  convergent  sequence  of  sets  **  of  intervals  containing  the  set  P.  It 
may  be  possible  to  prescribe  the  law  of  formation  of  the  intervals  so  that, 
itphe  any  fixed  point  whatever  not  belonging  to  the  set  P,  there  exists  a 
number  n^  such  that  j?  is  not  interior  to  any  interval  of  the  set  {(^mC^)}) 
and  is  thus  exterior  to  or  at  an  end-point  of  all  the  intervals  of  the  set : 
if  the  set  P  is  such  that  it  is  possible  to  determine  a  convergent  sequence 


818  Dr.  E.  W.  Hobson  [March  10, 

of  sets  of  intervals  enclosing  P,  which  has  the  property  specified,  then  P 
is  said  to  be  an  ''  mner  limiting  set." 

If  the  set  P  is  not  an  inner  limiting  set,  then,  however  the  intervals  of 
the  sequence  are  constructed,  there  exist  points  belonging  to  the  derivative 
of  P,  and  not  to  P  itself,  each  of  which  is  interior  to  some  interval  of  the 
set  {Sn{x)\y  however  great  n  may  be.  If  j?  be  such  a  point  of  P',  then,  for 
any  fixed  x  belonging  to  P,  a  value  of  n  exists  such  that  p  is  not  interior 
to  Sn  {x),  but  such  values  of  n,  when  taken  for  every  value  of  :e  in  P,  have 
no  upper  limit. 

When  a  point  p  is  not  in  the  interior  of  the  set  jd»(x)}  for  the  value 
ni  of  n,  but  is  interior  to  { ^m-i  {x)  ] ,  we  shall  say  that  p  is  shed  from  the 
sequence  of  sets  of  intervals  at  the  index  n^.  An  inner  limiting  set  is 
then  such  that  each  limiting  point  of  the  set  which  does  not  belong  to  it 
is  shed  at  a  definite  index  from  the  sequence  of  sets  of  intervals,  provided 
the  intervals  of  this  sequence  are  properly  chosen. 


2.  If  Pi,  Pa,  Pg,  ...,  Pny  •••  denote  a  sequence  of  non-dense  closed  seta 
of  points,  the  set  M(Pi,  Pj,  ,,.,  P^  ...)  =  Q,  which  contains  every  point 
that  belongs  to  any  of  the  given  closed  sets,  and  no  points  which  do  not 
belong  to  some  one  or  more  of  the  given  sets,  has  been  termed  by  Baire* 
a  "  set  of  the  first  category."  If  we  denote  the  sets  Pi,  Af  (Pi,  Pj), 
Af  (Pi,  Pa,  Pg),  ...,  Af(Pi,  Pa,  ...,  PJ, ...  by  Qi,  Qg,  Qg, ...,  Qn,  ...,  then  Q  is 
the  limit  of  the  sequence  Qi,  Qa>  •••>  Qn,  ...  of  closed  sets  each  one  of 
which  contains  the  preceding  one ;  it  is  in  this  form  that  a  set  Q  of  the 
first  category  appears  as  the  set  of  points  of  discontinuity  of  a  pointwise 
discontinuous  function.  The  set  which  is  complementary  to  a  set  of  the 
first  category  is  said  to  be  "  of  the  second  category  " ;  it  is  known  that 
every  set  of  points  of  the  second  category  is  such  that  in  every  interval 
contained  in  the  interval  (a,  6)  for  which  the  set  is  defined,  there  exists 
a  part  of  the  set  which  has  the  cardinal  number  of  the  continuum. 

If  P  is  a  set  of  the  second  category,  the  points  of  P  can  be  enclosed  in 
a  set  of  intervals  |  S^  (x)  \  which  is  such  that  those  points  which  are  not 
internal  to  any  of  the  intervals  of  |5n(ic)[  form  a  non-dense  closed  set  Qn\ 
all  the  points  which  do  not  belong  to  any  of  the  closed  sets  Qi,  ^a>  •  •  •»  Qn  > . . . 
are  points  of  P.  It  thus  appears  that  a  set  of  the  second  category  is  an 
inner  limiting  set,  and  thus  that  an  investigation  of  the  nature  and  pro- 
perties of  inner  limiting  sets  will  throw  light  upon  the  nature  of  sets  of 
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the  second  category,  and  will  therefore  have  an  influence  upon  the  theory 
of  pointwise  discontinuous  functions. 

Every  enumerable  set  (pi,  Pa»  -MPn,  ••.)  of  points  forms  a  set  of  the 
first  category;    for    it    may    be    exhibited    as  the  limit    of  a  sequence 

(Pi)f  (PvP^^f  (PvP2fPs^9  •••>  (PvP2^  •••>  Pn),  ...  of  finite  and  therefore 
closed  sets;  the  complementary  set  is  therefore  of  the  second  category, 
and  consequently  an  inner  limiting  set. 

If  P  is  an  enumerable  set,  those  of  its  limiting  points  which  do  not 
belong  to  P  form  a  set  P'—D  (P,  P')  which  is  an  inner  limiting  set ; 
this  set  is  not  identical  with  the  set  complementary  to  P,  unless  P  is 
everywhere  dense.  To  prove  this  we  observe  that  the  set  P'—D(P,P') 
has  no  limiting  points  which  belong  neither  to  itself  nor  to  P ;  hence,  if 
a  sequence  of  sets  of  intervals  can  be  found  enclosing  the  points  of 
P'—'D(P,  P')  which  shed  each  of  the  points  of  P  at  some  definite  index, 
the  set  P'—'D(Pf  P')  is  an  inner  limiting  set ;  the  set  of  intervals  {Si{x)  \ 
enclosing  the  points  of  P'—D{P,  P')  can  be  so  chosen  that  the  point  p^ 
is  exterior  to  all  of  them;  then  {Ja(-^)f  oan  be  so  chosen  that  p^  is 
exterior  to  them,  and  so  on ;  thus  each  point  pn  of  P  is  shed  at  a 
definite  index,  and  the  theorem  is  thus  established. 

The  irrational  points  of  (0,  1)  form  an  inner  limiting  set,  but  the 
rational  points  of  (0,  1)  do  not  form  an  inner  limiting  set,  since,  as  is 
well  known,  the  irrational  points  do  not  form  a  set  which  can  be 
exhibited  as  the  limit  of  a  sequence  of  non-dense  closed  sets. 

It  is  easily  seen  that  an  inner  limiting  set  remains  one,  if  a  finite 
number  of  points  is  added  to  or  subtracted  from  the  set.  Also  the  sum  of 
a  finite  number  of  inner  limiting  sets  is  itself  an  inner  limiting  set ;  this 
is  not,  in  general,  true  of  the  sum  of  an  indefinitely  great  number  of 
limiting  sets,  as  may  be  seen,  for  example,  by  considering  the  case  in 
which  each  set  consists  of  a  single  point. 


8.  It  has  been  shown  by  Dr.  W.  H.  Young  (loc.  cit.)  that  an  inner 
limiting  set  which  is  enumerable  has  no  component  which  is  dense  in 
itself:  it  will  here  be  shown  that  in  the  case  of  an  enumerable  set  P 
this  condition  is  sufficient  as  well  as  necessary. 

First,  let  us  suppose  that  the  derivative  P'  of  P  is  also  enumerable ; 
in  this  case  P  cannot  contain  a  component  which  is  dense  in  itself ;  for 
the  derivative  of  such  a  component  would  be  perfect  and  would  be  a 
component  of  the  closed  set  P',  which  is  impossible  when  P'  is  enumer- 
able. Divide  P  into  two  parts  P^  and  Pg ;  of  these  let  Pj  consist  of 
those  points  which  are  not  limiting  points  of  the  set  P'—D  (P,  P'),  which 
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consists  of  those  points  of  P'  which  do  not  belong  to  P ;  the  other  pari 
Pj  consists  of  those  points  which  are  limiting  points  of  P''—D(P,F)m 
The  set  P'—'D(P,P')  is  such  that  those  of  its  limiting  points  whidi 
do  not  belong  to  the  set  itself  belong  to  Pg ;  hence,  P'—DiP,  P')  behig 
enumerable,  the  set  Pg  is,  in  accordance  with  what  has  been  proved  in 
§  2,  an  inner  limiting  set.  Let  the  points  of  Pi  be  x^,  Xg,  2^,  ... ,  a:»,  ... ; 
then,  since  these  points  are  not  limiting  points  of  P'— D(P,  PO9  each 
of  the  points  Xn  can  be  enclosed  in  an  interval  Si(Xfd  which  contains 
no  points  of  F—D(P,P');  it  follows  that  the  points  of  P'— D(P,PO, 
not  being  contained  in  properly  chosen  intervals  enclosing  P^,  and  being 
shed  each  at  a  definite  index  from  a  properly  chosen  sequence  of  seta 
of  intervals  enclosing  Pg,  the  set  P1+P2  or  P  is  an  inner  limiting  set. 

A  set  P  whose  derivative  P'  is  enumerable  is  such  that  a  derivative 
P^*^  must  vanish,  where  a  is  some  number  of  the  first  or  second  class ; 
the  set  is  therefore  said  to  be  "  reducible "  ;  we  thus  have  the  follow- 
ing :— 

Theobbm  I. — Every  reducible  set  is  an  inner  limiting  set. 

4.  Next,  let  us  suppose  that  P',  the  derivative  of  the  enumerable  set 
P,  has  the  power  of  the  continuum.  It  can  be  shown  that,  if  P'  is 
continuous  in  any  interval,  P  cannot  be  an  inner  limiting  set ;  for  suppose 
P'  to  be  continuous  in  any  interval  (a,  fi) ;  then  the  part  of  P  which  is 
in  this  interval  is  everywhere  dense  in  (a,  fi)  and  is  consequently  also 
dense  in  itself.  We  can  establish  a  (1,  1)  correspondence  between  the 
points  of  P  which  are  in  (a,  fi)  and  the  rational  points  of  the  interval 
(0,  1),  the  two  sets  having  necessarily  the  same  order-type;  the  interval 
(a,  fi)  can  be  so  chosen  that  the  points  a,  fi  are  points  of  P  and  will 
correspond  to  the  points  0,  1 ;  the  order  of  the  points  in  (0,  1)  may  be 
made  the  same  as  in  (a,  )8),  the  irrational  points  of  (0,  1)  corresponding 
to  those  points  of  (a,  fi)  which  do  not  belong  to  P.  To  a  convergent 
sequence  of  sets  of  intervals  in  (a,  fi)  there  will  correspond  a  similar 
sequence  in  (0,  1) ;  now  it  has  been  shown  in  §  2  that  the  rational  points 
in  (0,  1)  do  not  form  an  inner  limiting  set ;  hence  the  part  of  P  in  (a,  fi) 
is  not  an  inner  limiting  set,  and  therefore  P  itself  is  not  an  inner  limiting 
set.  The  set  P\  having  thus  been  shown  to  be  continuous  in  no  interval, 
can  be  resolved  into  two  parts  Gi  and  Z/j,  of  which  Gj  is  a  non-dense 
perfect  set,  and  Li  is  an  enumerable  set  contained  in  the  interiors  of 
the  intervals  complementary  to  Gj. 

The  set  P  may  be  divided  into  two  parts  Pj  and  (Ji,  where  Pj  consists 
of  those  points  which  are  interior  to  the  free  intervals  of  Gi,  and  Qi  of 
those  points  which  belong  to  Gi ;  it  may  happen  that  Qi  does  not  exist. 
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We  can  show  that  Pi  is  an  inner  limiting  set  whether  Qi  exists  or  not ; 
for  Pi  consists  of  a  series  of  sets  Pn,  Pia»  •••>  -Pim  ...  interior  to  the  free 
intervals  (Oj,  ij),  . . . ,  (««,  &»),  . . . ,  which  are  complementary  to  Gi ;  the  set 
Pin  interior  to  (On,  bn)  has  all  its  limiting  points  in  that  interval,  and  these 
since  they  belong  to  Lj  are  enumerable,  and  therefore,  by  Theorem  II.,  Pi, « 
is  an  inner  limiting  set.  The  series  of  sets  of  intervals  which  enclose  the 
points  of  Pi, »  may  be  chosen  so  that  every  interval  of  every  set  is  interior 
to  (Un,  bn) ;  thus  no  limiting  points  of  P  not  belonging  to  P,  except  those 
belonging  to  Pi,n,  are  ever  interior  to  any  interval  of  the  sequence  assigned 
to  Pi,» ;  as  this  holds  for  every  n,  it  follows  that  Pj  is  an  inner  limiting 
set,  and  its  points  are  such  that  they  can  be  enclosed  in  a  sequence  of 
series  of  intervals  which  from  the  beginning  contain  no  point  of  61. 

The  set  Qi  consists  of  points  which  belong  to  Gi,  and  therefore  Qi 
has  no  limiting  points  in  L^.  If  every  point  of  Gi  is  a  limiting  point  of 
Qi,  let  the  points  of  Gi  be  made  to  correspond  in  order  of  magnitude  to  the 
points  of  the  continuum  (0,  1) ;  the  irrational  points  of  (0,  1)  correspond 
to  those  points  of  Gi  which  do  not  belong  to  Qi ;  the  whole  of  a  comple- 
mentary interval  of  Gi,  including  its  two  end-points,  corresponds  to  a 
single  point  in  (0,  1).  To  an  interval  in  (0,  1)  there  corresponds  an 
interval  which  contains  in  its  interior  an  indefinitely  great  number  of  the 
intervals  complementary  to  G^ ;  to  a  convergent  sequence  of  sets  in  (0,  1) 
there  corresponds  a  convergent  sequence.  Since  the  set  of  rational  points 
in  (0,  1)  is  dense  in  itself  and  not  a  limiting  set,  it  follows  that  the  set  Qi 
is  dense  in  itself  and  not  a  limiting  set.  It  has  thus  been  shown  that,  if 
Qi  is  dense  in  Gi,  it  is  not  a  limiting  set,  and  is  dense  in  itself  ;  in  that 
case  P  is  not  a  limiting  set. 

If  Qi  is  not  identical  with  6^,  let  Q[  be  resolved  into  an  enumerable 
set  La  and  a  perfect  set  G^ ;  the  latter  may  be  absent.  The  set  Qi  may 
then  be  resolved  into  a  component  Pg  contained  in  L^,  and  a  component 
Q2  contained  in  G^;  thus  P  =  Pi+Pa+Q2«  The  same  argument  applied 
to  Pa  as  was  applied  to  Pi  shows  that  Pa  is  an  inner  limiting  set,  and  the 
intervals  of  the  convergent  sequence  which  encloses  its  points  may  be 
taken  to  be  all  interior  to  the  intervals  complementary  to  Ga-  The  set  Q^ 
contained  in  Ga  may  be  treated  as  Qi  in  Gi  was  treated,  and  we  thus  have 
(Jg  =  Pg+Qa*  where  Pa  is  an  inner  limiting  set,  and  Q^  is  contained  in  a 
perfect  set  Ga ;  this  will  be  the  case  unless  Q^  is  dense  in  Ga-  Proceeding 
in  this  manner,  it  may  happen  that,  for  some  integer  n,  Qn  does  not  exist, 
and  then  P  is  expressed  as  the  sum  of  a  finite  number  n  of  inner  limiting 
sets,  and  is  itself  therefore  an  inner  limiting  set,  and  contains  no  compo- 
nent which  is  dense  in  itself ;  it  may,  however,  happen  that,  for  some 
number  n,  Q»  is  dense  in  G« ;  in  that  case,  as  has  been  shown  above,  Q» 
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is  not  an  inner  limiting  set,  and  is  dense  in  itself  ;  P  is  in  that  case  not  an 
inner  limiting  set.  If  no  integer  n  exists  for  which  either  of  these  things 
happens,  we  consider  the  set  Af(Pi,  P9,  ...,  Pnt  ...),  where  n  has  every 
integral  value  ;  it  may  happen  that  this  set  contains  every  point  of  P,  but, 
if  it  does  not  contain  every  point  of  P,  we  take  the  set 

-P      M(irif  Ir^y  ...,  Jrny  •••)> 

and  resolve  it  as  before  into  an  inner  limiting  set  P«  and  a  set  Q»  con- 
tained in  a  perfect  set  G» ;  we  then  proceed  as  before  to  resolve  Q»  into 
P«+i  and  a  set  (3«+i  contained  in  a  perfect  set  G«+i.  We  proceed  further 
in  this  manner,  and  may  obtain  sets  with  index  any  transfinite  ordinal 
number  of  the  second  class ;  in  the  case  of  any  such  number  ^3,  we  proceed 
just  as  in  the  case  of  a  finite  index,  provided  fi  is  not  a  limiting  number  ; 
if  ^  is  a  limiting  number,  we  obtain  the  resolution  from  the  preceding 
numbers  as  in  the  case  of  a>. 

We  thus  have  P  resolved  into  Pi+Pa+...+P«+P«+i+...+P^+(3^, 
where  ^  is  a  non-limiting  ordinal  number  of  the  first  or  second  class,  or 
else  P  is  resolved  into  Pi+P2+...+P«+...+P/i+...  with  no  last  term. 
Since  P  is  enumerable,  this  process  must  come  to  an  end  at  or  before 
some  definite  number  a  of  the  first  or  second  class ;  the  end  of  the  process 
comes  either  (1)  when  Q^  is  dense  in  Ga,  in  which  case,  as  we  have  seen, 
Qa  is  dense  in  itself  and  is  not  an  inner  limiting  set,  and  thus  P  is  also 
not  an  inner  limiting  set,  or  (2)  when  there  is  no  component  Qa  in  Ga,  or 
(3)  when  there  is  no  G^.  It  has  thus  been  shown  that,  for  P  to  be  an 
inner  limiting  set,  it  is  necessary  that  it  should  contain  no  component 
which  is  dense  in  itself,  and  that,  when  this  condition  is  satisfied,  P  is  the 
sum  of  a  finite  or  infinite  number  of  inner  limiting  sets,  of  which  there 
may  or  may  not  be  a  last  set. 

Let  us  now  assume  that  P  contains  no  component  that  is  dense  in 
itself ;  it  can  then  be  shown  that  P  must  be  an  inner  limiting  set.  Let  Py 
be  any  one  of  the  components  into  which  P  has  been  resolved,  y  denoting  an 
ordinal  number  of  the  first  or  second  class  ;  we  fix  a  convergent  sequence 
of  sets  of  intervals  enclosing  the  points  of  Py  such  that  all  the  intervals 
are  interior  to  the  intervals  complementary  toGy  ;  the  set  Py+i+Py+2+..., 
which  is  contained  in  Gyy  has  no  limiting  points  in  any  of  the  intervals 
which  enclose  the  points  of  Py,  for  all  its  limiting  points  must  be  in  Gy. 
The  convergent  sequence  of  sets  of  intervals  having  been  determined  in 
the  manner  described  for  every  Py,  we  can  now  show  that  each  limiting 
point  p  of  P  which  does  not  belong  to  P  is  shed  from  the  whole  convergent 
sequence  of  sets  of  intervals,  at  a  definite  index.  The  point  p  is  either  a 
limiting  point  of  P^  or  is  contained  in  G^ ;  in  the  former  case  it  is  shed 
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from  the  intervals  enclosing  P,  at  a  definite  index,  and,  not  being  a  limiting 
point  of  Pa+Pg+.-M  is  shed  from  the  intervals  enclosing  the  points  of 
that  set  at  a  definite  index ;  consequently  it  is  shed  from  the  intervals 
enclosing  P  at  a  definite  index,  the  greater  of  the  two  former  indices ;  in 
the  latter  case,  unless  j>  is  in  (za  or  in  P2,  it  is  not  a  limiting  point  of 
Pa+P8+...,  and  never  comes  into  any  of  the  intervals  enclosing  the 
points  of  Pi ;  it  is  therefore  shed  at  a  definite  index.  If  p  belongs  to 
Gj,  G3,  ...  and  to  every  G  before  Ga,  but  is  not  in  Ga,  it  may  be  a  point 
of  Pi;  in  that  case  it  is  not  a  limiting  point  of  the  set  P,+i+P«+2+..., 
and  does  not  come  into  the  interior  of  any  of  the  intervals  which  enclose 
the  points  of  Pj,  Pa,  ...,  or  any  P  with  index  less  than  a  ;  it  is  therefore 
shed  at  a  definite  index,  from  the  sequence  of  sets  of  intervals  enclosing 
the  points  of  P.  It  has  thus  been  shown  that  every  limiting  point  p  of  P 
which  does  not  belong  to  P  is  shed  at  a  definite  index  from  the  convergent 
sequence  of  sets  of  intervals  determined  in  the  manner  described  above. 
We  have  thus — 

Theorem  II. — The  necessary  and  sufficient  condition  that  an  enumerable 
set  P  may  be  an  inner  limiting  set  is  that  it  contains  no  component 
which  is  dense  in  itself. 

A  corollary  from  the  above  proof  is  that  every  enumerable  set  is 
expressible  as  the  sum  of  an  inner  limiting  set,  and  of  a  set  which  is  dense 
in  itself. 

A  proof  of  Theorem  II.  could  no  doubt  be  constructed*  which  would  be 
independent  of  the  use  of  transfinite  numbers ;  in  many  cases,  theorems 
which  were  first  obtained  by  the  employment  of  transfinite  numbers  have 
afterwards  been  proved  by  methods  which  do  not  involve  the  use  of  such 
numbers.  This  fact  illustrates  the  high  value  of  the  theory  of  these 
numbers  as  an  instrument  of  research  ;  they  form  the  natural  language  to 
be  employed  in  dealing  with  non-finite  systems. 

5.  We  proceed  to  consider  the  case  of  unenumerable  sets.  It  has  been 
shown  +  by  G.  Cantor  that  every  set  of  points  P  can  be  analysed  into 
four  components  J7,  Fa,  Fx,  Vc  which  are  of  the  following  character : — 

*  Since  this  paper  wan  written,  a  paper  has  heen  published  by  Dr.  W.  H.  Young,  *'  On 
Sequences  of  Sets  of  Intervals  containing  a  g^yen  Set  of  Points,"  Ptoe,  London  Math,  Soc.,  Ser.  2, 
Vol.  1,  p.  262,  which  contains  the  following  theorem: — *'  If  JB  contains  no  component  dense  in 
itself,  while  £'  is  more  than  countable,  the  inner  limiting  set  may  be  either  oountably  infinite 
or  have  the  potency  e :  and  we  can  arrange  the  intervals  so  that  the  inner  limiting  set  consists  of 
E  alone."  This  theorem  contains  that  part  of  Theorem  II.  of  the  present  paper  which  arises  when 
P"  is  unenumerable,  t.^.,  the  second  case  in  the  above  proof  ;  Dr.  Young's  proof  depends  upon 
the  resolution  of  a  set  into  adherencee  and  coherences. 

t  See  Acta  Mathematiea,  Vol.  vn. ;  also  Schonflies,  Beriehte  uber  dU  Mengmlehre,  pp.  71-78. 
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The  set  TJ  is  enumerable  and  contains  no  component  that  is  dense  in 
itself ;  each  point  of  U  is  of  degree  zero  or  of  degree  a  in  P,  i.e.,  in  a 
su£Sciently  small  neighbourhood  of  such  a  point,  there  are  either  no  other 
points  of  P,  or  else  only  an  enumerable  set  of  such  points. 

The  set  Va  is  enumerable  and  dense  in  itself,  and  each  point  is  of 
degree  a  in  P.  The  set  Vc  has  the  cardinal  number  c  of  the  continuum, 
is  dense  in  itself,  and  each  point  is  of  degree  c  in  P,  i.e.,  any  neighbour- 
hood, however  small,  of  such  a  point  contains  a  set  of  points  of  P  of  which 
the  cardinal  number  is  c.  The  set  Vx,  if  it  exists,  is  dense  in  itself,  and 
the  points  of  it  are  all  of  degree  in  P,  intermediate  between  a  and  c ;  it  is 
not  yet  definitely  known  whether  any  such  set  as  Vx  exists,  but  it  is  re- 
garded by  Cantor  as  probable  that  it  cannot. 

The  expression  "  degree  of  a  point  in  a  set "  is  here  used  as  equivalent 
to  what  has  been  denominated  by  Cantor*  the  Mdchtigkeitsgrad  of  the 
point ;  an  isolated  point,  i,e,y  one  which  is  not  a  limiting  point,  is  of  degree 
zero  in  the  set ;  a  point  of  any  degree  X  is  one  such  that  in  a  sufficiently 
small  neighbourhood  and  in  all  smaller  neighbourhoods  of  the  point  the 
cardinal  number  of  the  part  of  the  set  is  X. 

Taking  P=  ?7+Fa+Fx+Fc,  where  one  or  more  of  the  four  com- 
ponents of  P  may  be  absent,  we  observe  that,  if  Vc  be  absent,  the 
necessary  and  sufficient  conditions  that  P  may  be  an  inner  limiting  set 
are  (1)  that  F^  =  0 ;  this  follows  from  Dr.  Young's  theorem  that  every 
limiting  set  has  either  a  or  c  for  its  cardinal  number,  and  (2)  Va  =  0,  as 
has  been  shown  in  Theorem  II.,  above. 

If  Vc  be  present,  we  observe  that  no  point  of  ?7+Fa+Fx  can  be  a 
limiting  point  of  Vcy  for  any  limiting  point  of  Vc  must  be  of  degree  c  in 
the  set  P.  If  Vc  is  everywhere  dense  in  (a,  6),  it  follows  that  17+  Va-^-  Vx 
is  absent,  or  P  =  V^  The  set  Vc  may  be  non-dense  in  (a,  6),  or  it  may 
be  dense  in  some  parts  of  (a,  b)  and  non-dense  in  other  parts. 

It  will  be  shown  that  Vc  is  in  general  made  up  of  a  part  which  is  non- 
dense  in  (a,  b)  and  of  a  finite  or  indefinitely  great  number  of  parts  each  of 
which  is  everywhere  dense  in  the  interval  in  which  it  lies.  Suppose  an 
interval  (a,  /3)  can  be  found  in  which  Vc  is  everywhere  dense  ;  let  x  be  any 
point  in  (a,  b)  such  that  x  ^  /3  ;  then  those  values  of  x  for  which  V^  is 
everywhere  dense  in  (a,  x),  and  those  values  of  x  for  which  V,  is  not  every- 
where dense  in  (a,  x),  define  a  section  of  all  the  numbers  of  the  continuum 
(/3,  b) ;    this  section  defines  a  number  /3i  ^  /8.     Similarly  we  may  find  a 


*  Dr.  W.  H.  Young  has  giyen  an  inyestigation  of  Cantor's  theory  of  adherencea  and  oo- 
herenoea  (see  Quarterly  Journal  for  1903),  which  doen  not  involve  the  UAe  of  transHnite  oidinal 
numbers. 
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number  a^  ^  a,  so  that  (ai,  fiyj  is  the  greatest  interval  which  can  be 
obtained  to  contain  (a,  p)  and  such  that  Vc  is  everywhere  dense  in  it. 
If  in  the  parts  of  (a,  h)  outside  (aj,  fiij  the  set  Vc  is  anywhere  dense,  we 
proceed  to  fix  the  greatest  interval  for  which  it  is  everywhere  dense.  If 
we  proceed  in  this  manner,  we  obtain  a  finite  or  enumerably  infinite  set 
of  detached  intervals  contained  in  (a,  6),  in  each  of  which  Vc  is  everywhere 
dense ;  the  remainder  of  (a,  b)  may  consist  of  a  set  of  detached  intervals, 
and  of  a  set  of  points;  in  this  remainder  the  points  of  Vc  form  a  non- 
dense  set. 

No  point  of  U+Va+Vx  can  be  in  an  interval  (a^,  fi^  in  which   Vc  is 

everywhere  dense ;  if  Vc  is  the  part  of  Vc  which  is  non-dense,  every 
point  of  ?7+Fa+Fx  must  lie  in  one  of  the  intervals  complementary  to 

the  perfect  set  K ;  it  is  to  be  observed  that  in  Vc  we  include  the  end- 
points  of  intervals  (aj,  ^i),  in  case  those  end-points  belong  to  Fc.  In 
order  that  P  may  be  an  inner  limiting  set  it  is  necessary  that  the  part 
of  J7+  Fa+  Vx  which  is  in  each  interval  complementary  to  Vc  should  be  an 
inner  limiting  set,  and  this  cannot  be  the  case  unless  Fo  =  0  and  Vx  =  0. 
We  have  thus  proved 

Theorem  III. — In  order  that  a  set  of  points  may  he  an  inner  limiting 
set  it  is  necessary  that  the  set  should  contain  no  points  whose  degrees  in 
the  set  are  other  than  0,  a,  or  c,  and  should  contain  no  component  which 
is  dense  in  itself  and  of  which  the  points  are  of  degreee  a  in  the  set. 

6.  The  determination  of  the  necessary  and  sufficient  conditions  that 
any  given  set  of  points  may  be  an  inner  limiting  set  has  now  been  reduced 
to  the  problem  of  determining  the  requisite  criteria  in  the  case  of  a  set 
which  is  dense  in  itself  and  all  the  points  of  which  are  of  degree  c  in 
the  set.  The  case  in  which  such  a  set  is  non-dense  may  be  reduced  by 
the  method  of  correspondence  to  the  case  in  which  such  a  set  is  every- 
where dense ;  thus  the  question  is  reducible  to  that  of  the  determination 
of  the  conditions  under  which  a  given  everywhere  dense  set  of  points  of 
degree  c  in  the  set  may  be  a  set  of  the  second  category. 

It  is  possible  to  find  sets  which  are  everywhere  dense  and  of  cardinal 
number  c  in  every  interval,  which  are  of  the  first  category.  As  an  example, 
let  a  perfect  set  Gi,  of  which  0(6— a)  is  the  greatest  complementary 
interval,  be  constructed  in  (a,  b) ;  in  each  of  the  complementary  intervals 
of  Gi  place  a  set  similar  to  Gi ;  we  then  have  a  new  perfect  set  G^,  of 
which  the  greatest  complementary  interval  is  0^(&— a);  proceeding  in 
this  way,  we  form  a  sequence  [Gn]  of  perfect  sets  such  that  ^(6— a) 
is  the  greatest  complementary  interval  of  Gn*     The  limit  G  of  G»  is  a 
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set  of  the  first  category ;  in  every  interval  contained  in  (a,  b)  there  is, 
for  a  sufficiently  great  value  of  n,  some  interval  complementary  to  Gn, 
lying  inside  the  interval ;  therefore  G  is  everywhere  dense  and  has  points 
of  cardinal  number  c  in  every  interval. 

It  thus  appears  that  there  exist  sets  which  are  everywhere  dense  and 
are  of  cardinal  number  c  in  every  interval  in  (a,  6),  which  are  of  the  first 
category,  and  there  are  others  which  are  of  the  second  category.  The 
question  has  been  raised  by  Schonfiies*  whether  every  such  set  is 
necessarily  either  of  the  first  or  else  of  the  second  category.  This  question 
must  certainly  be  answered  in  the  negative,  for,  if  we  divide  (a,  b)  into  any 
finite  number  of  parts,  and  place  in  some  of  them  sets  of  the  type  indicated 
which  are  of  the  first  category,  and  in  the  other  parts  sets  which  are  of 
the  second  category,  it  is  clear  that  the  whole  set  so  constituted  cannot  be 
either  of  the  first  or  of  the  second  category. 

It  is  well  known  that  the  points  which  are  common  to  two  sets  of  the 
second  category  form  a  set  which  is  also  of  the  second  category.  This  is 
true  also  for  non-dense  sets  contained  in  a  perfect  set  which  are  of 
the  second  category  relatively  to  the  perfect  set,  as  may  be  seen  by  the 
method  of  correspondence.  If  we  use  the  results  of  §  5,  we  can  deduce 
that  the  set  of  points  which  is  the  common  part  of  any  two  inner  limiting 
sets  is  also  an  inner  limiting  set.  The  theorem  is,  on  using  Theorem  II., 
clearly  true  for  inner  limiting  sets  which  are  enumerable,  and  the  analysis 
which  has  been  given  of  limiting  sets  in  general  shows  that  it  is  true  for 
such  limiting  sets  as  are  of  cardinal  number  c. 

*  Berieht  uber  die  Mengenlehref  p.  110. 
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NOTE  ON  THE  APPLICATION  OF  THE  METHOD  OF  IMAGES 

TO  PHOBLEMS  OF  VIBRATIONS 

By  VlTO  VOLTERRA. 
[Received  August  22nd,  1904.— Read  November  10th,  1904.] 

Lord  Kelvin's  method  of  images  has  yielded  the  solution  of  a  large 
number  of  problems  in  electrostatics,  in  the  theory  of  steady  electric  currents, 
in  hydrodynamics  (Stokes,  Hicks).  It  has  also  been  applied  with  success  to 
problems  of  elastic  equilibrium  by  Betti,  Gerruti,  Somigliana,  and  others. 
In  all  these  cases  the  partial  differential  equations  that  are  involved  are 
of  elliptic  type.  Applications  of  the  method  have  been  made  also  by  Betti 
to  problems  of  the  conduction  of  heat  involving  differential  equations  of 
parabolic  type.  I  propose  now  to  explain  an  application  of  the  method  to 
a  question  concerning  the  vibrations  of  elastic  bodies  in  which,  naturally, 
the  differential  equations  are  of  hyperbolic  type.* 

The  result  to  which  I  wish  to  call  especial  attention  is  that  in  this 
latter  case  the  application  of  the  method  of  successive  images  leads  to 
solutions  containing  a  finite  number  of  terms — ^not  to  infinite  series — even 
in  the  case  where  the  number  of  images  is  infinite.  This  result  may  seem 
somewhat  paradoxical,  but  it  will  be  shown  to  depend  upon  the  fact  that 
it  is  not  necessary  to  use  all  the  images  of  the  infinite  train,  but  only,  in 
each  case,  a  finite  number  of  them.  The  reason  for  this  simplification  is 
to  be  sought  in  the  fact  that  the  characteristic  surfaces  of  the  partial 
differential  equations  of  hyperbolic  type  are  real,  and  thus  the  property  in 
question  is  bound  up  with  the  hyperbolic  character  of  the  equations,  and 
is,  consequently,  capable  of  a  very  wide  application. 

In  my  paper  in  the  Acta  Mathematical  t.  xviii.,  there  was  given  the 
solution  of  the  following  problem  among  others : — 

In  the  differential  equation  of  vibrating  membranes,  viz., 

*  M.  Hadamard  in  a  very  intereeting  paper  published  in  the  Bulletin  de  la  SoeUti  Maths- 
fnatique  ds  Francs ^  haa  aL«o  utilised  the  method  of  images  in  a  problem  of  vibrations,  but  he  has 
not  oalled  attention  to  the  point  which  is  chiefly  emphasised  in  the  present  note. 
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consider  x,  y^  t  as  Cartesian  coordinates  of  a  point  in  a  space  of  three 
dimensions,  and  let  the  values  of  w  and  its  normal  derivative  dw/dn  be 
given  on  a  surface  <r  in  this  space.  It  is  required  to  determine,  whenever 
possible,  the  value  of  w. 

The  solution  is  as  follows  : — ^With  any  point  A^  (ajj,  y^,  t^  of  the  space 
as  vertex  draw  a  right  circular  cone  of 
vertical  angle  90^  with  its  axis  parallel  to 
the  axis  of  t.  Let  that  sheet  of  the  cone 
— the  "  inferior "  sheet,  say — in  which 
t  <  L  cut  out  on  the  surface  <r  a  polKon 
(Ta,  aoAi  Fig.  1.     Let  a  positive  quantity 

Then  w  i^^pressed  by  the  formula 


Pig.  1. 


w 


^*^'  y^''^=t  s^xkvi«x-V-^t  H^"'  ^" 


-1 —  COB  (n,  r)  r  %o  da-. 


+ 


1  f  1         rdw      ,    „ 


3t(7 


—  I -^ cosK x)+  -g-cosK  y) I jefora.    (A) 


If  the  surface  <t  is  the  plane  of  (a;,  y),  this  formula  reduces  to  that  of 
Foisson. 

Now  suppose  that  the  surface  <t  is  formed  by  that  portion  of  the  plane 
of  (x,  y)  which  is  defined  by  a:  >  0  and  that  portion  of  the  plane  of  (^,  y) 
which  is  defined  by  ^  >  0.  Then  rr^  may  be  bounded  by  a  circle  in  the 
plane  of  (a;,  y),  or  it  may  be  bounded  partly  by  ^  arc  of  a  circle  in  the 
plane  of  (a;,  y)  and  partly  by  an 
arc  of  an  hyperbola  in  the  plane  of 
(^,  y).  The  latter  case  is  repre- 
sented in  Fig.  2,  which  shows  the 
trace  of  the  cone  and  planes  upon 
the  plane  of  (a;,  Q.  The  surface  o- 
consists  of  a  portion  o-^  bounded  by 

a  circle,  and  a  portion  (r^  bounded  " 

by  an  hyperbola.     The  formula  (A) 
becomes 


Fqi.  2. 


1904.]     Method  of  images  applied  to  problems  of  vibrations. 


829 


_J_f  1  3to 


dff^. 


(B) 


The  values  of  w  and  dt<7/d^  on  (Ta, are  arbitrary,  but  those  of  w  and 
dw/dx  on  (Ta  cannot  be  given  arbiftarily ;  if  the  values  of  either  w  or 
dw/dx  on  (To  are  given,  those  of  the  other  are  determined  thereby. '  We 
must  therefore  seek  to  eliminate  from  the  formula  (B)  either  the  values 
of  w  or  those  of  dwidx  on  the  surface  Cat  as  is  done  in  analogous  cases 
where  the  methods  of  Green  are  employed.  For  this  purpose  we  may 
have  recourse  to  the  method  of  images.  Suppose,  in  fact,  that,  as  shown 
in  Fig.  3,  A*  is  the  optical  image  of  the  point  A  in  the  plane  of  (y,  (). 


Fio.  3. 

The  inferior  sheet  of  a  cone  drawn  from  A*  in  the  same  way  as  the 
former  cone  was  drawn  from  A  will  cut  out  on  the  plane  of  (y,  t)  an  area 
(To  bounded  by  an  arc  of  an  hyperbola,  and  it  it  will  cut  out  on  the  plane 
of  (x,  y)  an  area  a^  bounded  by  an  arc  of  a  circle,  and  we  shall  have  the 
formula 


,  1   a  f  1  ti-t    ,    ,   , . 


a 


i_  r    1 dw  -J  tf 

27r  J<  V|(«i-<)*-r"i  a* 


af 


(O 


where 


r"  =  (a! +«,)«+ (y-y,)». 
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t 
A 

/ 

/ 


By  adding  the  formulaB  (B)  and  (C)  we  eliminate  w ;  by  subtracting  (C)  from 
(B)  we  eliminate  dwidx.  Thus  the  method  of  images  leads  easily  to  the 
desired  result. 

We  proceed  to  consider  successive 
images.  Suppose  that  the  surface  c 
is  formed  by  the  strip  or*  of  the  plane 
of  (x,  y)  defined  by  a  >  a:  >  0,  and  by 
the  two  half  planes  (a;  =  0,  ^  >  0) 
and  {ay  =  a,  ^  >  0),  denoted  respect- 
ively by  tr"  and  tr"'.  It  is  clear  that, 
if  the  cone  with  its  vertex  at  A  cuts 
out  on  or'  the  area  o-^,  and  on  (/'  and 

<7^'  the  areas  al  and  o-^  bounded  by  arcs  of  hyperbolas,  the  formula  (A) 
becomes 

l9f  1  ti — t      /     \     J  It 

—  77-  ^nt-  I      -rm Ai     ^i   -^ C0B(n,r)wcUr^ 

2^  <^h  ia:  Vm-^r-n    r 


<^<i 


Fio.  4. 


27r  J, 


1 ^/7    " 


i9r  1  ti — i       /       \     J  m 


+ 


2^  Jc 


1 ^'*/7   '" 


V 


In  this  formula  the  values  of  w  and  dw/dx  on  <rl  and  cr^  are  not  inde- 
pendent, and  the  method  of  images  can  be  used  to  eliminate  either  of 
them.  For  this  purpose  we  must  take  the  images  of  A  with  respect  to 
the  planes  cr"  and  <r"',  the  images  of  these  images  with  respect  to  the 
same  planes,  and  so  on  indefinitely.  The  number  of  images  which  are 
obtained  in  this  way  is,  of  course,  infinite,  but  it  is  important  to  observe 
that  it  is  not  necessary  to  use  them  all.  A  finite  number  of  them  suffices 
for  the  solution  of  the  problem. 

With  each  of  the  images  as  vertex  draw  a  cone  of  vertical  angle  90° 
and  with  its  axis  parallel  to  the  axis  of  t,  and  take  the  inferior  sheets  of 
these  cones.  If  the  vertex  of  any  one  is  at  a  distance  from  cr"  or  o-'"  which 
exceeds  t,  that  one  does  not  cut  these  half  planes,  and  it  may  be  omitted. 
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It  is  clear  that  the  values  of  w  or  of  dwidx  on  a-'^  and  a-^  can  be  eliminated 
from  the  preceding  formulae  by  taking  account  of  those  images  only  which 
are  at  a  less  distance  than  t  from  (/'  and  a-'". 

We  conclude  from  this  argument  that  the  method  of  images  does  not 
in  this  case  lead  to  infinite  series,  but  to  solutions  with  a  finite  number  of 
terms.  In  place  of  the  three  planes  (/',  <r\  and  tr"'  we  might  have  five,  of 
which  four  are  perpendicular  to  <r  and  cut  it  in  a  rectangle.  If  w  vanishes 
on  the  toxtr  planes  perpendicular  to  (r,  we  have  the  well  known  problem  of 
the  vibrations  of  a  rectangular  membrane,  and  we  have  a  solution  of  this 
problem  by  means  of  definite  integrals  without  having  to  introduce  any 
infijiite  series. 
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ON  THE  ZEROES  OF  CERTAIN  CLASSES  OF  INTEGRAL  TAYLOR 
SERIES.     PART  I.— ON  THE  INTEGRAL  FUNCTION 

By  G.  H.  Hardy. 

[Keoeived  August  20th,  1904.— ReviHed  October,  1904.— Bead  NoTember  10th,  1904,] 

1.  This  paper  and  another  which  I  hope  to  publish  before  long  are 
intended  as  a  contribution  to  the  solution  of  the  following  problem : — "  To 
find  particular  (but  as  large  as  possible)  classes  of  integral  Taylor  series, 
such  that  the  nature  of  the  zeroes  associated  with  the  essential 
singularity  at  infinity  can  be  determined  with  precision^' 

This  problem  is  somewhat  different  from  and  less  ambitious  than  the 
classical  problem  of  the  theory  of  integral  functions,  the  object  of  the 
works  of  Poincar6,  Hadamard,  and  their  successors  in  this  field. 
The  degree  of  precision  attained  by  the  results  proved  in  these  papers 
is,  as  will  be  seen  clearly  later  on,  wholly  incompatible  with  initial 
hypotheses  of  the  same  degree  of  generality  as  those  adopted  by  the 
writers  referred  to.  If  we  start,  as  they  do,  by  supposing  known  merely 
certain  limits  for  the  increase  (croissance)  of  the  moduli  of  the  reciprocals 
of  the  coefficients,  all  that  is  generally  possible  is  to  determine  corre- 
sponding limits  for  the  increase  of  the  roots.  This  problem  has,  of 
course,  up  to  a  certain  point,  been  studied  with  conspicuous  success ;  and 
it  seems  as  if  all  that  can  be  done  further  in  this  direction  is  to  impart 
some  additional  precision  to  the  known  results.* 

*  The  original  memoirs  of  Poincare  and  Hadamard  were:  Poinoare,  ''Sur  lee  fonctions 
enti^res  '*  {Bull,  dela  Soe,  Math,  de  France^  1883) ;  Hadamard,  **  Etude  sur  les  propri^tes  des 
fonctions  enti^res  *'  (Journal  de  Math,,  1893,  p.  171). 

NumerouH  references  to  further  writings  on  the  subject  up  to  1900  will  be  found  in 
M.  Borel's  Lemons  sur  Un  fonctions  »>ntiiresy  1900. 

Among  later  publications  I  may  mention  :  P.  Bontroux,  **  Sur  quelqnes  propri^t^  des 
fonctions  entidres"  (Ada  Math.,  Vol.  zxTni.,  p.  97) ;  E.  Lindelof,  **M6moire  sur  les  fonctions 
entieres  de  genre  fini**  (Acta  Soc.  Fcnnieae,  Vol.  xxxi.,  p.  1);  E.  W.  Barnes,  **A  Memoir  on 
Integral  Functions"  (Phil.  Trans. ^  A,  Vol.  199,  p.  411);  A.  Wiman,  **Sur  le  cas  d'exoep- 
tion  dans  latheorie  des  fonctions  enti^res"  (Arkivfor  Mat.  Ast.  och  Fysik^  Vol.  i.,  p.  327) ;  Edm. 
Maillet,  **  Sur  les  fonctions  entieres  et  quasi-enti^res'*  (Journal  de  Math,,  1902,  p.  •i29) ; 
J.-L.-W.-V.  Jensen,  *'  Sur  im  nouvel  et  important  theor^e  de  la  theorie  des  fonctions,"  Acta 
Math.,  Vol.  xxn. 

There  are  other  writings,  too  numerous  to  mention,  by  MM.  Lindelof,  Wiman,  and  others. 
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My  object  in  these  and  in  some  earlier  papers*  on  particular  integral 
functions  has  been  to  "  find  asymptotically  '*  the  zeroes  of  the  function 
under  consideration  ;  that  is  to  say,  to  determine  an  enumerable  sequence 
of  points  such  that,  if  c  be  an  arbitrarily  small  positive  quantity,  and 
circles  of  radius  c  be  described  with  the  points  as  centres,  we  can  choose 
22  so  that  all  the  zeroes  whose  distance  from  the  origin  is  greater  than  22 
lie  within  the  circles,  each  circle  containing  one  and  only  one.t 

It  is  evident  that  to  have  any  hope  of  obtaining  results  as  precise  as 
this  we  must  confine  ourselves  to  '*  particular  cases."  In  the  case  of  a 
Taylor  series,  for  instance,  we  must  in  general  suppose  known  not  merely 
the  increase  of  the  reciprocals  of  the  coefficients,  but  also  their  analytical 
nature.  At  the  same  time  what  is,  from  the  point  of  view  of  the 
general  theory,  an  altogether  special  case  may  still  include  a  considerable 
variety  of  interesting  functions ;  and,  for  this  reason,  I  hope  that  the 
analysis  contained  in  this  and  the  following  paper  may  be  of  some  interest 
to  those  who  are  engaged  in  the  study  of  the  general  theory  of  integral 
functions. 

The  first  step  in  all  such  investigations  must  necessarily  be  the 
determination  of  asymptotic  representations  of  the  function  some  one  of 
which  is  valid  in  every  region  of  the  plane.  When  this  has  been  done 
the  asymptotic  determination  of  the  zeroes  is  generally  easy  enough ;  at 
any  rate,  it  is  generally  easy  enough  to  find  a  series  of  points  in  whose 
neighbourhood  the  zeroes  must  be  sought  for.  To  find  a  precise  proof  that 
one  and  only  one  zero  is  associated  with  each  point  is  sometimes  a  matter 
of  greater  difficulty. 

It  will  be  generally  found,  with  functions  such  as  we  are  naturally  led 
to  consider,  that  the  whole  plane  with  the  exception  of  certain  "  barrier 
regions  "  E  can  be  divided  into  a  number  of  regions  D,  within  which  the 
function  is  given  asymptotically  by  an  equation  of  the  form 

f(x)  =  0D(a:)(H-/t>,), 

px  being  a  function  of  x  which  tends  uniformly  to  zero  with  Ijx,  and  <f>D{x) 
a  function  which  has  no  zeroes  in  D.     It  then  follows  that  f{x)  has  no 


•  **  On  the  Zeroes  of  the  Integral  Function  a:— siniP  "  (Meuefiger^  Vol.  zzzi.,  p.  161) ;  **  On 
the  Zeroes  of  certain  Integral  Functions*'  (Mettenger,  Vol.  zxxn.,  p.  36)  ;  «  The  Asymptotic 
Solution  of  certain  Transcendental  Equations  "  {Quarterly  Journal^  Vol.  xzxv.,  p.  261) ;  "  On  the 

Roots  of  the  Equation   — -  <?"   IProe,  London  Math.  Soc,,  Ser.  2,  Vol.  2,  p.  1):    *•  Note 

r(«+l)  ^  '  '  »  r     /» 

cto  an  Integral  Function  "  {Messenger,  Vol.  xzxiv.,  p.  1). 

t  The  approximation  is  not  always  quite  as  precise  as  this. 
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zeroes  except  perhaps  in  the  barrier  regions  E.  Suppose,  for  instance, 
that  there  are  two  regions  D  separated  by  a  single  region  E.  Then  the 
asymptotic  determination  of  the  zeroes  will  be  fomid  to  rest  upon  a  proof 
that  within  the  region  E 

fix)  =  ^D(a:)(.H-/t>.)  +  ^iy(a:)(H-M 
and  that  the  zeroes  are  to  be  found  near  the  points  for  which 

0  =  4>D{x)+4>iy{x\ 
at  any  rate  asymptotically. 

In  these  two  papers  I  deal  with  two  classes  of  functions  closely  con- 
nected with  the  ordinary  exponential  function.  I  have  no  doubt  that 
similar  investigations  might  be  carried  out  for  classes  of  functions 
similarly  formed  from  other  standard  functions — from  Prof.  Mittag- 
Leffler's  function 


EAx)  =  2 


x* 


0  T{an+iy 

for  example.  I  have  not  attempted  to  carry  out  such  investigations  for 
the  reason  that  Prof.  Mittag-Leffler's  long  promised  memoir  on  the 
function  EAx)  has  not  yet  appeared.! 

Of  the  two  classes  of  functions  which  I  consider  the  second  I  seems  to 
me  the  more  interesting  in  itself.  Theoretically,  however,  the  first  is 
perhaps  more  so,  on  account  of  the  extreme  simplicity  of  the  method 
employed,  which  proceeds  directly  from  the  Taylor  series,  depending 
merely  on  a  development  of  the  idea,  originally  due  to  M.  Borel,  of  the 
preponderant  importance  for  certain  functions  of  the  numerically  greatest 
term  in  the  expansion.  In  dealing  with  the  second  class  a  preliminary 
transformation  of  the  series  into  the  more  easily  manipulated  form  of  a 
definite  integral  seems  to  be  essential.  § 

2.  The  first  class  of  functions  is  that  formed  by  a  suitable  selection  of 
terms  from  the  exponential  series  itself,  that  is  to  say  the  class  of  func- 
tions defined  by  a  series  of  the  form 

♦  Mittag-Leffler,  Comptes  Bendiis  (2  Mars,  1903). 

t  I  do  not  know  whether  Prof.  Mittag-LefBer  has  asjrmptoticaUy  determined  the  zeroee 
of  ^.  (x). 

t  The  functions  2 r- »   ^  -. ; 7  ^Jre  typical  members  of  this  class. 

*  ra  +  «  +  l)  {n  +  a)"u\ 

§  A  third  class  of  functions  whose  zeroes  may  be  investigated  by  very  elementary  methods 
is  the  class  defined  by  series  of  the  type  2  r—r r-  ,  when  the  increase  of  I  A„  I  is  rapid. 
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where  <f>  (n)  is  a  function  of  n  which  is  positive  and  integral  for  all  positive 
integral  values  of  w,  and  increases  steadily  with  n.  It  is  very  easy  to  see 
that  the  increase  of  such  a  function  cannot  be  very  far  removed  from  that 
of  e^.  In  the  first  place,  if  the  maximum  of  the  modulus  of  the  function 
is  denoted  by  M(r),  it  is  obvious  that 

But,  on  the  other  hand,  we  obtain  an  inferior  limit  for  M{r)  by  considering 

the  increase  of  the  greatest  term  in  the  expansion  of  e^.     Now  this  term 

is  the  one  for  which 

r/n  >  1  >  r/(n+l), 

i.e.,  the  [r]-th.     The  value  of  this  is 

Hence  it  follows  that  the  increase  of  all  the  functions  with  which  we  are 
concerned  lies  between  that  of  e^  and  that  of  e^l^r.  In  M.  Borel's  nota- 
tion! we  may  say  that,  if  i  is  the  order  of  infinity  of  M{r)  f or  r  =  oo ,  then 

w— i  <  ^  ^  ft). 

It  is,  of  course,  only  for  certain  forms  of  the  function  0,  which  we  may 
call  normal  forms,  that  the  precise  determination  which  is  desired  can  be 
made.  Moreover,  for  it  to  be  practicable  it  is  essential  (in  general)  that 
the  increase  of  <f>{n)  should  be  sufficiently  rapid.  I  shall  first  work  out 
in  detail  what  appears  to  be  the  simplest  case,  that  in  which 

0(n)  =  n\ 

(2)  m=  2  ^, 

n=0   ^   ! 

and  then  indicate  the  various  generalisations  which  can  be  made. 


»    /-«> 


The  Function  f(x)  =   2   -bt  . 
8.  It  follows  from  Stirling's  theorem  that 


*  Bj  /(a)  f^  ^  (a)  I  mean,  in  this  paper,  limf/ip  »  1 ;  the  Hymbol  was  introdooed  by  Da 
Bois-Beymond. 

t  See  his  Lemons  tur  let  »$riet  d  termet  potitift,  chap.  iii. 
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where  \p\<  Kln\* 

Suppose  that  x  =  re^,    v^  =  |  x^'^jn^ !  |  . 

Then  we  find  by  an  easy  calculation  that 

If  r  =  ^,  where  iV^  is  a  large  integer, 

(8)  v^lv^^^  =  6t  <^+^>  (l+p)     {\p\<  K/Nh 

while,  if  n^  N, 

(3')  VnlVn^i  >  VslVs^i  >  e*<^+^>  (1  +/>). 

We  can  fix  a  large  integer  Nq,  and  then  take  N  large  in  comparison 
with  No.     Then,  it  No<n  <  N,  r  =  N^"^  (n+l)»,  and 

(8")  -H=-  <  £■  (-^)  ««(•+')  <  Zc-«". 

»«+i  \n+l/ 

From  (8),  (8'),  and  (8")  it  follows  that 

No    »'! 

And  thus  it  is  evident  that,  if  N  is  sufficiently  large  in  comparison  with  N^, 
(4)  nx)  =  fg  =  ^(l+,). 


I  ^^  =  m^^+p^  (\p\<Kim. 


when  r=N^.     Now    ^^  =  ^exp  {me) 


Thus  along  the  circle  of  radius  r  =  N^ 

(5)  f{x)={2irr)-^e^^^a+p), 

where  |  /o  |  <  K/r^,  We  have  thus  defined  a  series  of  circles  round  each 
of  which  the  modulus  of  f{x)  is  large,  being  substantially  of  the  order 
of  e^l^r. 

4.  From  this  formula  it  is  evident  that  when  x  travels  round  the  circle 
of  radius  N^  the  amplitude  of  /  {x)  is  increased  by  iirN^.     Hence  it  follows 


*  In  this  paper  I  use  K  to  denote  a  number  not  the  same  in  different  inequalities,  but  always 
lying  between  certain  fixed  limits,  say  1,000,000  and  1/1,000,000.  I  need  hardly  say  that  p  also 
is  not  the  same  in  different  inequalities  or  equations. 
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that,  if  N  is  sufficiently  large,  there  are  exactly  N^  zeroes  of  f{x)  within  a 
circle  whose  centre  is  the  origin  and  whose  radius  is  N^. 

I  shsJl  now  proceed  to  determine  more  precisely  the  positions  of  the 
8^+3^+1  zeroes  which  lie  between  the  circles  r  =  ^,  r  =  (^+1)^ 

5.  Suppose  then  that     N^<r<{N+l)\ 
lin^N+h  Vnlvn+i>e^, 

while,  if  2^0  <  ^  <  -N"—  1,    t?n/t?n+i  <  Ke^^. 

Hence  it  follows  that 

x^  a^2^+i)»  .      . 

(6)  fi^)  =  ^^a+p)+j^:p^a+p)  {\p\<KiN). 

As  r  increases  from  JV®  to  (^+1)®  the  importance  of  the  second  term 
grows  at  the  expense  of  the  first,  and,  if  x  is  situated  at  one  of  the  zeroes, 
it  is  evident  that 

(7)  a^'"+»^+'  =  _(^W)l!(i^^) 

or 

(8)  r^^»s^^  =  iE±^(l+p) 

and 

k  being  an  integer.     From  these  two  equations  we  easily  deduce 

(10)  r  =  lP(l+3l2N+...), 
and 

(11)  e  =  3jy?^|y^^^+/)     (A:  =  0,  1,  ...,8iV^+8N). 

It  would  be  easy  to  carry  the  approximation  further,  but  the  above 
formulae  give  as  much  information  as  is  necessary  for  my  present  purpose. 
I  may  remark  in  passing  that  we  can  always  find  a  lower  as  well  as  an 
upper  limit  for  the  number  of  zeroes  of  a  function  f{x)  lying  within  a 
circle  of  radius  r,  if  \f{x)\  is  large  for  all  points  on  the  circle.  These 
limits  may  be  at  once  deduced  from  M.  Jensen's  well  known  formula 

expressing  \    log  \f{x)\d6  in  terms  of  the  zeroes. 

I.  2.    TOL.  2.    iro.  872.  Z 
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Thus  the  3^+3^+1  zeroes  of  f{x)  which  lie  between  the  circles 
r  =  N^  and  r  =  (N+lf  are  given  approximately  by  some  or  all  of  the 
3^+3^+1  points  defined  by  the  eqtcations  (10)  and  (11). 

It  is  natural  to  suppose  that  one  and  only  one  root  of  /  (x)  is  thus 
associated  with  each  of  these  points ;  and  this  is,  in  fact,  the  case.  I 
have  not  thought  it  worth  while  to  set  out  the  proof  of  this  in  detail,  as 
I  have  given  formal  proofs  of  similar  points  with  respect  to  other  functions 
on  several  occasions,*  and  the  present  case  is  not  one  in  which  any  point 
of  particular  interest  or  difficulty  arises. 

The  function  f{x)  is  therefore  (roughly  speaking)  what  Mr.  Barnes  f 
has  called  a  ring  function ;  its  zeroes  lie  (roughly  speaking)  on  circles, 
separated  by  circles  along  which  its  modulus  is  everywhere  large. 

It  is  easy  to  see  that,  if  we  exclude  the  zeroes  of  f{x)  from  the  plane 
by  a  series  of  circles  with  their  centres  at  the  zeroes  and  of  fixed,  but 
arbitrarily  small,  radius,  then  throughout  the  rest  of  the  plane 

\f(x)\>Kr-^e\ 

The  function  has  therefore  the  property  that  its  modulus  tends  {in  general) 
to  infinity  when  x  approaches  infinity  in  any  direction. 

Generalisations. 

6.  The  preceding  analysis  at  once  suggests  various  genersJisations. 
For  it  clearly  depends  only  on  the  fact  that  a  series  of  circles  can  be 
defined  on  which  the  behaviour  of  /  (x)  is  completely  dominated  by  the 
behaviour  of  one  of  its  terms,  while  between  any  two  circles  it  is  com- 
pletely dominated  by  the  behaviour  of  two.  The  analysis  would  therefore 
be  equally  practicable  for  any  function  of  the  form 


f(x)  = 


.=0  {i>{n)\V 


provided  the  increase  of  <p{n)  is  regular  and  sufficiently  rapid;  for  in- 
stance, if  </>{n)  were 

n*,  n^  ...,  [/i^logn]  (^^3),  [e^],  

In  general  we  find  that  the  value  otf{x)  on  the  circle  r  =  ^(n)  is  given  by 
the  formula  (5),  just  as  in  the  special  case  when  <f>in)  =  n^  so  that  the 
number  of  zeroes  within  the  circle  is  exactly  ^(w).     Moreover,  the  form 


*  See  the  papers  referred  to  aboye  (p.  383). 
t  L.c,  p.  424. 
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of  f{x)  may  be  altered  in  another  way,  as  the  argument  applies  equally 

provided  that  yfr  (n)  satisfies  certain  conditions  easily  defined.  In  this  case 
the  form  of  (5)  is  of  course  slightly  modified.  Or,  again,  we  might  con- 
sider the  function  ^    ylrifCSX^^^^ 

but  the  principle  will  have  been  suflSciently  illustrated  by  what  precedes. 
I  may,  however,  remark  that  the  argument  will  not  apply  in  its  present 
form  to  ^ 

/(x)=  2  ^,. 

n=0  W-  I 

the  increase  of  n^  not  being  sufficiently  rapid,  as  is  easily  seen  on  working 
out  the  necessary  approximations. 

[As  a  matter  of  fact  asymptotic  formulae  for  f{x)  and  for  its  zeroes, 
analogous  to  those  found  in  the  case  when  ^(n)  =  n^  may  be  determined  ; 
but  the  investigation  is  more  difficult,  and  involves  the  theory  of  elliptic 
functions,  and  it  is  no  longer  true  that  the  behaviour  of  f{x)  is  dominated 
by  that  of  one  or  two  terms.     I  find  that,  for  r  =  N^, 

where  ^(0)  =  2  «•*(*•-«+ s-^*. 

—  00 

In  particular,  if  0  =  0,  f(x)  =  -ttt — : , 

j^i^lirx) 

OD 

where  A  =  1+2  2  e 

1 

There  are  N^  zeroes  of  f{x)  within  a  large  circle  of  radius  N^,  and  the 
2^+ 1  which  lie  between  the  circles  r  =  N^,  r  =  (N+  If  are  given 
approximately  by 

r  =  N^+N,         e=^^ir     (g  =  l,2,  ...,2J^+1). 
— Added  November  4thf  1904.] 


OD 


z  2 
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ON  THE  EXPANSIONS  OF    THE    ELLIPTIC   AND    ZETA 
FUNCTIONS  OF  %K  IN  POWERS  OF  q 

By  3.  W.  L.  Glaishbb. 

[Beodyed  October  13th,  1904.— Bead  Noyember  10th,  1904.] 

1.  In  a  paper  in  Vol.  xxi.  of  the  Proceedings,*  I  have  given  the 
expansions  of  the  twelve  elliptic  and  four  zeta  functions  of  ^K  in  powers 
of  q,  the  coefficients  in  the  expansions  being  expressed  by  means  of  certain 
arithmetical  functions.  Since  the  publication  of  that  paper  I  have  reduced 
the  number  of  these  arithmetical  functions,  which  are  required  for  the 
expansions,  to  two.  The  new  forms  may  be  deduced  from  those  contained 
in  the  previous  paper,  but  it  seems  preferable  to  give  an  independent 
investigation,  deriving  them  from  the  general  expansions  of  the  elliptic 
and  zeta  functions.  In  the  previous  paper  the  results  were  stated  without 
proof,  the  methods  by  which  they  were  obtained  being  merely  indicated. 

2.  The  expansions  in  powers  of  q  of  the  general  elliptic  and  zeta 
functions  may  be  written! 

kp  sn  px  =  42r  A  (sin  mx)  q^, 
kVp  sd  px  =  42;r  (-l)*^'^-'>A(sin  mx)q^, 
kp  cd  px  =  42^  E  (cos  mx)  g*~, 
kpcnpx  =  42r(-l)*^'"-^>JS(cosmx)?*"; 

pznpx  =        42r  A'  (sin  2nx)q'', 
pzdpx=        42r  (-ir  A'(sin  2na;)  j«, 
pdnpx  =  l+ 42r  E'  (cos  2nx)  q\ 
k'p  nd  px  =  1  +  421*  (-ir^'(cos  2na;)g^  ; 


♦  "  On  the  ^-Series  derived  from  the  Elliptic  and  Zeta  Functions  of  ^JTand  ^JT,"  Froeeedin^t, 
Vol.  XXII.,  1890,  pp.  143-171. 

t  MesHtnger  of  Mathematics,  Vol.  xvm.,  1888,  p.  8, 
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pn&px  =  co8ecx-\-4t^i  A(Qmnx)q^, 

pdspx  =  cosec  X + 42^  (—  1)  **  A  (sin  nx)  q^, 

p  dcpx  =      sec  X + 42r  E  (cos  nx)  g*, 
k'p  ncpx  =      sec  a; + 42r  ( — 1)"*  E  (cos  nx)  q* ; 

pZB  px  =      cot  ajH-42r(r(sm  2na;)  q^, 

pes  px  =      cot  a; — 42^  f '  (sin  2??a;)  g^**, 

pzc  px  =  —  tan  X— 425°^  (sin  2nx)  g^*, 
A'p  sc  px  =      tan  a: — 42]° ^(sin  2nx)  q^  ; 

where  p  =  ZK/tt,  n  is  any  number,  m  any  uneven  number,  and  the 
arithmetical  functions  A,  £,  ...  are  defined  as  follows. 

Let  ^1,  ^2*  •••  be  all  the  uneven  divisors  of  any  number  n,  and  let 
^,  <^,  ...  be  their  conjugates  {i.e.,  so  that  ^i^i  =  ^2^2  =  ...  =  n).  Let 
e2i,  eZj,  ...  be  all  the  divisors  of  n  and  dl,  di,  ...  their  conjugates. 

Let     A0(w)  =  2n0((S),  AXn)  =  2,0(n 

£0(71)  =  2n(-l)i<*-^>0((J),  £'0(n)  =  2n(-l)i(*-^>0(^O, 
(r0(n)  =  2n0(d),  ii>in)  =  2«(-l)^+^>(d), 

f0(n)  =  2,(-l)^-^0(d),  f'0(n)  =  2„(-l)^'-i0(d), 

where  </>  is  any  function  and  n  is  the  number  to  which  the  divisors 
^1,  82,  ...,  diy  dj,  ...  relate.*     For  example, 

A0(n)  =0(^i)  +  0(^2)+..M         ^^W  =  ±</>(Si)±<f>(S^  ±..., 

where  in  the  second  equation  the  sign  of  the  term  involving  Sr  is  positive 
or  negative  according  as  Sr  is  of  the  form  4A;+1  or  44+3. 

These  definitions  are  also  supposed  to  hold  good  when  n  is  replaced 
by  any  uneven  number  m.     In  this  case  the  <2's  and  ^'s  are  the  same. 

For  the  expression  of  the  coeflBcients  the  functions  -B(n),  ff  (n),  H^in) 
will  be  used,  where 

Ein)  =     the  number  of  divisors  of  n  of  the  form  4i+l 

99  9f  »  4/^-7-0,1 

H{n)  =      the  number  of  divisors  of  n  of  the  form  8i+l 

—  »  9>  »  3&+2, 

Hiin)  =      the  number  of  divisors  of  n  of  the  form  6i+l 

6A;+5. 


>>  >>  >» 


*  ThoB,  when  the  argument  is  2nXf  it  is  with  the  divisors  of  n,  not  2n,  that  we  are  concerned. 
For  example,  <r(sin  2nx)  »  sin 2^1^;  +  sin 2<^ -i- ...,  where  <fi,  d^^  ...  are  the  divisors  of  if. 

t  This  definition  of  JS(n)  is  inconsistent  with  the  general  definition  of  B^{n)y  but,  as 
X» (—  1)A('~^)8  does  not  occur,  it  is  convenient  to  use  B{n)  to  denote  2h  (—1)' ^'~^^. 
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3.  Putting  X  =  ^T,  the  first  group  of  expansions  becomes 

hp  sn  \K  =  425° .  2^  sin  J^ir .  g**, 
Wp  sd  IK  =  42r  (-  l)4<"»-i>.  2,^  sin  J<Jx .  g*~, 
tp  cd  §X  =  42i  .  2«(-l)i<*-^>cos  i^TT .  g**, 
ip  en  §iiC  =  42r  (- 1)*<'*-^>.  2,, (- 1)4<«-^>  cos  JcJtt  .  q^. 

Now  sin  J^ir  =  Jy'S  if  5  is  of  the  form  6A;+1,  and   =  —  i\/3  if  5  is  of 
the  form  6A;+5.     If  8  is  divisible  by  8,  it  is  zero.     Therefore 

2«  sin  )^Tr  =  iVS  Bi  (m). 

To  calculate  the  value  of  2,»(— l)*^*"^^cos^57r  we  notice  that,  if  5  is  not 
divisible  by  8,  cos  ^ir  =  J,  and  that,  if  S  is  divisible  by  8, 

cos  J^-TT  =  —  1  =  i— f . 

Thus  2«(-l)i<^-^)  cos  ISir  =  i2,,(-l)i<*-^>-f  2«(-l)i<-i>, 

where  the  second  term  occurs  only  when  m  is  divisible  by  8,  in  which 
case  €  is  any  divisor  of  m  which  is  divisible  by  8. 

The  first  term   =  ^E{m).     To  express  the  second  term,  let  m  =  8/a  ; 
then  €r  =  8i7r,  where  fjr  is  any  divisor  of  fi ;  therefore 

2,,(-l)*<-^>  =  2^(-l)4<«^-i)  =  -2,(-l)4<'»-i>  =  -^Ox)  =  -^(Jm). 

We  thus  find 

2„ (-!)»<«-'>  cos  J<J7r  =  iEim)+^E{^). 

This  equation  also  holds  good  when  m  is  not  divisible  by  8,  if  we  define 
E(r)  to  be  zero  when  r  is  fractional. 

The  group  of  expansions  therefore  becomes 

kp  sn  f  X  =  2^8  SfHi  (m)  g*", 
A;AV  sd  %K  =  2^3  Sf  (-  D^^^-^ff,  (to)?*", 
;fc/3  cd  ^Z  =  22r  |S(to)+£(Jto)  }g»". 
A;/j  en  §£■  =  22r  (-1)*<"'-"  |£(to)+^(Jw)}  ?**. 

4.  Putting  X  =  Jtt,  the  second  group  is 

p  zn  §Z^  =        42r  .  2„  sin  f  ^'tt  .  g'", 
/ozd  §£■  =        42r.(-ir2„8in§<5V.g*, 
/)  dn  f^  =  H-42r .  2„(-l)*<'-') cos  §^'x.?», 
AVndfZ=  H-42r.(-ir2»(-l)»<»-^>co8§^'T.g«. 
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Consider  the  value  of       ^  =  2^  sin  f^V. 

If  n  is  uneven,  the  system  of  numbers  S*  consists  of  ^i,  ^2»  •••>  ^^^ 
A  =  Jv^8  Hi  (n).  If  n  =  2m  (m  being  uneven),  the  system  J'  consists  of 
2^1,  2^2>  •  •  •  ^^^  A  =-  —  Jv^S  Hj  {n)  ;  if  n  =  4m,  the  system  &*  consists 
of  4^1,  4^2>  •••  ^^^  ^  =  W3  fi^i(w) ;  and  so  on.     Thus  we  find,  if  n  =  2*m, 

2^  sin  f^V  =  (-1)*  J>v/3  H^{n). 

Consider  now  the  value  of 

^  =  2n(-l)*<*-^>cos§<5'7r. 

We  have  cos  f^V  =  —  J,  except  when  &  is  divisible  by  8, 

and  =  ~"  i+f  when  J  is  divisible  by  3. 

Therefore  A  =  -  i2n(-l)4<*-'>+f  2n(-l)*^-'>, 

where  in  the  second  term  (which  occurs  only  when  n  is  divisible  by  3)  €  is 
any  uneven  divisor  of  n  whose  conjugate  is  divisible  by  3. 

The  first  term  =  —  i£(n) ;  and  to  evaluate  the  second  term  we  notice 
that,  if  n  =  2*.  3/i,  where  fi  is  uneven,  then  e  is  any  divisor  of  /i.  Thus 
the  second  term  =  §J?  (^n),  and  we  find 

2^(-.l)i(«-i)  cos  §<SV  =  -  i£(n)+f  J?  (jTi). 
The  second  group  of  expansions  therefore  becomes 
p  zn  fZ  =  2>v/3  Sr  (-l)*Hl(n)g^ 
/>  zd  §Z  =  2^8  Sr  (-ir (-l)*Hl(n)g^ 
pdn§Z=  l-22r  |S(n)-3^(in)}g% 
;fc>  nd  §Z  =  l-22r (-ir  i-B  (n)-8£(Jn)}  q\ 

5.  The  third  group  is 

pns  %K  =  cosec  J'7rH-42r  .Snsin  JJir.g^ 
p  ds  fiC  =  cosec  ^-^4-  42r .  (— 1)"  2,  sin  J^-tt  .  g**, 
pdcfif  =     sec  J7r+42r.2n(-l)*<*-'>c08i57r.g% 
k'p  nc  §if  =     sec  J^+42:r  .(-l)*2n(-l)*^*-'^  cos  J<J7r.g\ 

If  n  =  2*m, 

Snsin^x  =  S^sin^TT  =  \^^H^{m)  =  WS^iW     (§  3), 
2n(-l)*^*-'>  cos  J^Jtt  =  2n(-l)*^*-'>  cos  JcJtt  =  i^  (m)+f-B  (Jm) 

=  i^(n)+f^(Jn)     (§8); 
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and  therefore 

pnsfX  =  2/>v/8+2>v/8  2rHi(n)g", 

p  ds  §Z  =  2/V8+2V8  2r  (-1)*  ^l(n)?^ 

pdc^K  =  2+22r  {E{n)+SE  {^)}  q\ 

k'puG  ^K  =  2+21^ i-ir  {E(n)+SE{^)}  q\ 

6.  In  the  fourth  group  the  four  coefficients  are  all  different  in  form 
and  depend  upon  all  the  divisors,  instead  of  only  upon  the  uneven  divisors, 
of  n. 

The  expansions  are 

p  zs  ^K  =      cot  J'7r+42r .  2n  sin  ^dw .  g**, 
/>  cs  fZ  =      cot  J'7r+42r.  2„  (-l)*^  sin  fd^r .  g^, 
/>  zc  fJC  =  -  tan  J^+42r.  2^  (-l)**  sin  fd^r  .  g«". 
i>  sc  fZ  =      tan  J7r-42r.  2n(-l)^+^  sin  §<Z7r .  g**. 

It  is  evident  that 

sin  fd-TT  =  JV8  when  d  is  of  the  form  8i+l, 
and  =— Jv'8  „  „  8A;+2. 

Therefore  2„  sin  ^tt  =  Jy^S  JTCn), 

and  p  zs  §Z  =  1/^/8+2^/3  i:tH{n)q^\ 

7.  A  different  form  of  the  value  of  2n  sin  ^dir  will  now  be  obtained  in 
connection  with  the  evaluation  of 

2^(-l)*  sin  fd-TT,         ^ni-lf  sin  §d7r,         2n(-l)^+^  sin  fd-Tr. 

Let  7i  =  2*w(i>0),  and  let  ^1,^2,  ...  be  the  divisors  of  m  (which  of 
course  are  all  uneven).  The  system  of  divisors  of  n  is  therefore  5i,  S^y  ..., 
2^1,  2^2,  ...,  ...,  2*^1,  2*^2»  •••  •     Now 

sinf^TT  =  JV8  or  —  J\/3  according  as  S  is  of  the  form  6k +1  or  6i+5, 

sin  l^-TT  =  —  JV8  or  J^S  „  „  „  „ 

and,  in  general, 

sin  §2''J7r  =  (-lY  W^  or  -  (-If  W^ 

according  as  S  is  of  the  form  6A;+1  or  6k +5. 
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Thus 


2^,  sin  fix  =  Jiv/8  Hi  (n), 
2,  sin  f  257r  =  —  JV8  ^li^h 


•  •  •  •  •  • 


2n  sin  §  2fSir  =  (- 1)*  W^  ^i  (n) . 

The  even  or  uneven  characters  of  d,  d\  d+d\  according  to  the  different 
forms  of  d,  are  shown  in  the  following  table,  in  which  n  =  2*m  and  i  >  0. 


d 

<f 

d^d' 

Si,  ^2,  ...  (uneven)       even 

2^1,  2^2>  •••    (even)     1     even 

2%,  2%,  . . .    (even)     '     even 

i 

•••                 •••                   •••                   •••                   •••             ••• 

2^^i,  2*^2»  •••    (even)       uneven 

1 
1 

uneven 
even 

even 

« .  •     ■ « . 

uneven 

It  follows  therefore  that,  if  i  >  0, 

InBin  %dir  =  W3  i H-(-l)+(-l)'+. ..+(-!)*}  Hi (») 

2»(-l)*Bm  §dx  =  W»  il+(-l)4-(-l)'4-...-(-l)*}  Hi(n) 

2,(-l)''Bm  fdx  =  W9  {-l+(-l)  +  (-l)'+. ..+(-!)«}  Hiin) 

When  n  is  uneven,  i.e.  when  i  =  0,  the  first  three  formnlflB  still  hold 
good,  but  in  place  of  the  last  we  have 

2^(-l)^+^  sin  idir  =  JV8  Hi(n). 
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The  four  expansion  f ormuln  therefore  become,  if  n  =  2*m, 

pzs%K  =  1/V8+  V8  2r  \  i+(-i)n  Hl(»)?^ 

/>  C8  §Z  =  W84-  -s/S  Sr  { l-8(-l)*}  Hi(n)5*", 
pzc§£:  =  -V3-  V8  2i  ^8-(-l)*^Hl(n)g^ 
*V  8C  §Z  =     V8+8V8  ST  { l+(-l)*}  ffi(n)g»»    (if  ♦  >  0 
=     V8-2V8  2r-ffi(«)g*"    (if»  =  0). 

8.  The  coefficients  in  the  expansions  of  the  sixteen  functions  have 
therefore  been  expressed  by  means  of  two  arithmetical  functions  E  (n)  and 
Hiin),  but  in  connection  with  the  latter  the  factor  (— 1)S  depending  upon 
the  structure  of  n,  occurs.  It  will  now  be  shown  that  this  factor  may  be 
got  rid  of,  and  that  all  the  coefficients  can  be  expressed  by  means  of  the 
two  functions  E{n)  and  H{n). 

It  was  shown  in  §  6  that 

2,^  sin  Jdir  =  JV8  Hin), 
und  in  §  7  that,  if  n  =  2*w, 

2n  sin  fdTT  =  JV3  ^-^=^=^*  ^1 W. 
Comparing  these  two  results,  we  see  that 

Now,  if  n  is  even, 

n{n)  —     the  number  of  divisors  of  n  of  the  forms  6k+l  and  6A;+4 
—  „  „  „  6A;+6  and  6k+2 

for  the  divisors  of  n  of  the  forms  6Z:+4,  6i+2  are  the  doubles  of  the 
divisors  of  ^  of  the  forms  8A;+2,  3ft+l  respectively. 
We  have  thus  obtained  the  formulas 

(-l)*fli(n)  =  2fl'(n)-Hi(n)  =  fl'(n)-fl(in),* 

which  still  hold  good  when  n  is  uneven  if  we  define  H  (r)  to  be  zero  when 
r  is  fractional. 

*   These  equations  show  that  Hi  {n)  »  H  (n)  or  H  {^n)  according  as  i  is  even  or  uneven. 
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9.  Expressing  in  terms  of  H  the    coefScients    which  have    been 
obtained  in  terms  of  Hi{n),  we  have 

2,  sin  §<JV  =  W^  (-  D*  ffi  («)  =  W8  { ff(n) -fl-(in)  [     (§  4), 

2„  sin  J<57r  =  W^ ^M  =  iV3  |fi (»)+ff (i«)}     (§  5), 

2,  sin  %dir  =  ^  ^+^~^^' Hi («)  =  iv/8 fl" (n), 
ln(-ir  sin  §<i^  =  ^  l-3^-l)'g^(^)  ^  -i^{H{n)-2Hm}, 
Sj-D-'sin  |dx  =  ^  -3+^(-l)*H^(^)  =  _:^  |fl-(„)+2fl-(i7t)}. 

2„(-l)''+* sin  fdTT  =  -:^  §±^li:llWi(«)=  -  ^  fr(n)     (if  t  >  0), 
and  =W9H{n)     (ifi  =  0). 

10.  Collecting  the  expansions,  the  six  which  depend  upon  E  are 

kp  cd  fZ  =  22r  {E{m)+SE{^)}  g*", 

A;/)  en  fir  =  2I,T{-l)*^*-^^E(m)+SE{^)}qi% 

pin%K  =  l-22r  I £:(«)- 8^ (Jn)}  g», 
k'pnd^K  =  1-21.1  {-!)'' {E{n)-SE{in)\  q\ 

pdciE  =  2+22r  {E(n)+9E%n)}  g», 
A'/)  nc  f  a:  =  2+22r(-l)"i^(«)+8J^(i^)f  9". 
and  the  ten  which  depend  upon  H  are 

kp  sn  fir  =  2^3  lTH{m)qi*, 
kk'p  sd  %K  =  2^3  ST  (-Di^'-^HCm)?**, 
/J  zn  §£■  =  2^/3  Sr  iH(n)-fl'(iTO)}  g», 
/>  zd  f iiC  =  2V3  Sr  (- D"  ; H{:n)-H{in) \  ?", 
/>  ns  §A'  =  2/V3+2V3  2,"  \H{n)+H{^)}q*, 
pdB%K  =  2/V3+2V3  Sr  (-1)"  {H(n)+mhii\q\ 
pz8%K  =  1/^8+2^/8  Sr  JffW ?*", 
pc8%K  =  1/^3-2^/3  2i"  {fl'(w)-2fl'(i«)}  g»", 
/) zc f A  =  - ^8-2^/8  Sr  {ir(70+2H (iw)t  g«», 
k'pae^K  =      V3+2V32r  {l+2(-l)»}fl-(n)g»». 
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11.  The  formulsB  in  the  £-group,  which  contains  the  expansions  of  the 
six  even  functions  of  f  JC,  are  the  same  as  those  given  on  p.  144  of  the 
previous  paper,  except  that  by  the  use  of  the  symbol  E(^n)  two  series  are 
combined  into  one,  e.g.,  in  the  previous  paper  the  first  series  was  written 

kp  cd  ^K  =  2J:TE(m)q^+6I,iE{m)q^\ 

The  coefficients  in  the  ten  expansions  forming  the  J7-group,  which 
represent  the  uneven  functions  of  §-ff,  were  originally  expressed  in  the 
previous  paper  (pp.  144,  145)  by  means  of  six  arithmetical  functions  Hin), 
H'{n)y  fl"(n),  Hi(n)*  I(n),  i{n).  These  six  functions  were  subsequently 
(p.  148)  expressed  in  terms  of  H{m)  and  (— l)*fZ'(m),  where  n  =  2*w ;  and 
it  was  pointed  out  (p.  150)  that  the  six  functions  could  also  be  expressed 
in  terms  of  H  and  H^  so  that  the  expansions  of  the  sixteen  functions  in- 
volved only  the  three  arithmetical  functions  E,  H,  Hi. 

At  that  time  I  failed  to  notice  the  very  simple  formula 

H,{n)  =  H{n)+H{^\ 

by  means  of  which  Hi  can  be  expressed  in  terms  of  ff,  so  that  (as  shown 
in  this  paper)  the  ten  expansions  involve  only  a  single  function  JET,  and 
can  be  expressed  each  by  a  single  series  if  we  adopt  the  convention  that 
H(r)  is  zero  when  r  is  fractional. 

12.  The  following  equations  express  in  terms  of  the  function  H  the 

arithmetical  functions  which  were  defined  and  used  in  the  previous  paper, 

and  which  on  p.  148  of  that  paper  were  expressed  in  terms  of  H(m)  and 

i-lYHim), 

HM  =  H{n)+H{in), 

H'{n)  =  H{n)-H{in\ 

H"{n)  =  H(in), 
h(n)  =  fl'(n)-2Jg'(in), 
I(n)=H(n)+2H{^\ 
r{n)  =  (-ir''H{n)+Hi^), 
F{n)=  |l+(-l)-}H(n)+H(j7i), 
i(n)=-|l+2(-l)*}fl'(n). 


♦  In  the  previous  paper  Hi  (n)  was  denoted  by  /(n).  I  have  changed  the.  notation  because 
in  subsequent  papers  I  have  used  /  (;i)  to  denote  the  excess  of  the  number  of  divisors  of  n  of  the 
forms  Sk  +  l  and  8^*  +  3  over  the  number  of  those  of  the  forms  Sk  +  5  and  8A  +  7.  This  function  in 
the  previous  paper  (p.  163)  was  denoted  by  7'(ti). 
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18.  The  quantity  H(^)  may  be  replaced  by  H{2n)  in  all  the  formule, 
for,  if  »  is  uneven,  both  are  zero,  and,  if  n  is  even, 

H(in)  =  H{2'.  Jn)  =  H{2n). 

The  last  eight  of  the  JJ-expansions  may  therefore  be  written 

/)  zn  fZ  =  2V3  Sr  {ir(n)-fr(2n) \  q\ 

pzd%K  =  2^8  2r(-l)»  {H(n)-fr(2n)}  g", 

/o  ns  §Z  =  2/^8+2^3  Sf  {H(n)+ff  (2»)}  g», 

pdB%K  =  2/^84-2^8  Sr (-1)»  {H(n)4-fl'(2n)}  q*, 

/o  zs  §£■  =  1/^3+2^/8  ST  H(n)g*", 
/J  cs  f^  =  1/^/3—2^8  ST  I  JI(n)— 2J5r(2»)}  g*», 
/)  zc  |i:  =  -^3-2^8  ST  { JI(n)+2ir(2»i)[  g'", 
A'/jscfii  =      V8+2V3  2x"'  {H-2(-l)"}  H(n)q^\ 

Whatever  the  value  of  w,  either  H(n)  or  H{2n)  must  be  zero.     Of  course 
both  may  be  zero. 

Similarly,  EQ^)  may  be  replaced  by  E{Sn),  for,  if  n  is  not  divisible  by 
8,  both  are  zero,  and,  if  n  is  divisible  by  8, 

E(^)  =  E  (3» .  Jh)  =  E  (3«). 

Thus  the  J^-expansions  may  be  written 

kp  cd  §£■  =  22r  {jE?(TO)+8^(8m)}  g»~, 

ArpcnfiT  =  22r(- !)»<"-»  |£(m)+8^(8m)}  g**, 

/)  dn  fX  =  l-22r  {£?(n)-8^(8n)}  g", 

k'pnd^K=  l-22r(-l)"{-E(n)-8^(8n)}g», 

pdeiK  =  2+22r  |£?(w)+8£r(8n)}  g", 

k'pnc^K  =  2+22r  (-1)"  {E(n)+SE{3n)\  q\ 

Whatever  the  value  of  n,  either  E{n)  or  E(9n)  must  be  zero.     Of  course 
both  may  be  zero. 

14.  If  only  H(n)  be  used,  i.e.  not  H{^)  or  J7(2n),  the  last  eight  of  the 
H-expansions  may  be  expressed  as  follows : — 

pzniK  =  2^8  2rJ?(n)g»-2v'8  Sr-ffWg"*, 

pzdiK  =  2-v/8  2r  (-l)»fr(»)g"-2V8  2rff(n)g*», 

/o  ns  §Z  =  2/^8+2^3  2rH(n.)g"+2v/3  2?H(»)g*», 

/)  ds  fZ  =  2/V8+2V8  2i" (-l)»H(n)g"4-2v'8  2rfl"(n)g*», 
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pzQ%K=  1/-V/8+2V8  Sr J3'(n)?2«, 
pcB  §JC  =  1/V8-2V3  2rfl'(n)g2'*+4>v/8  ^H{n)q'\ 
/>  zc  §Z  =  -  V8-2V8  2r-H'(n)g2«-4>v/8  STHW?**, 
A;>  8C  §JC  =      V3+6V8  SrS'Wg^'^-SVS  Sri^Mg^^ 

The  last  formula  may  also  be  written 

The  following  mode  of  expressing  the  first  group  may  be  noticed,  as  the 
even  and  uneven  powers  of  q  are  separated  : 

pzuiK=  2>v/3  Sr  {H(2n)-H(n)\  q^^'+^^S  J:TH{m)q'^, 

pzd^K=  2V8  Sr  {H{2n)-H{n)]  q^'^-^^/S  I^H(m)  3^ 

pns^K  =  2/V8+2V8 Sf  {H(2n)+H(n)\  g2»+2>v/8  SrJBTCw)?"*, 

/>  ds  SZ  =  2/V8+2V3  2r  {H(2n)+fl'(n)}  32n_2V8  SrSCm)?"*. 

15.  The  values  of  the  elliptic  and  zeta  functions  for  the  argument  ^K 
are  deducible  at  once  from  those  for  the  argument  ^K  by  the  formula 

cd  ^K  =  sn  JZ,     en  f Z  =  k'  sd  JJC,     zc  fiC  =  -  zs  ^K,     ..., 

but  in  this  paper  I  have  preferred  to  express  the  results  by  means  of  the 
argument  ^K,  instead  of  ^K  as  in  the  previous  paper,  because  with  the 
former  argument  the  groups  of  formulae  are  more  regular,  e.g.,  when  so 
expressed  the  six  ^-formulae  represent  the  even  functions  and  the  ten 
fi'-formulae  the  uneven  functions. 

Many  of  the  formulae  in  the  previous  paper  are  improved  by  the 
change  from  ^K  to  ^K,  e.g.,  the  last  three  relations  in   §  22  (p.   152) 

^^"^^"  cd§£:+cnSZ=l, 

nc  fZ-nd  fZ  =  1, 
dc  Sir-dn  fZ  =  1, 

and  the  six  formulae  in  §  28  (pp.  152, 158)  represent  the  six  even  functions 
of  fir.  Also  the  three  formulae  at  the  top  of  p.  151  represent  sn^  f jBl, 
&'«  sd^  §Z,  k'^  Bc*  §Z. 

16.  By  extending  the  convention  that  the  function  is  zero  when  the 
argument  is  fractional  from  E  and  H  to  the  arithmetical  functions 
A',  f,  (T,  ...  we  may  combine  into  one  the  two  series  which  occur  in  the 
expansions  of  the  squared  elliptic  and  zeta  functions  on  p.  158  of  the 
previous  paper. 
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Selecting  from  each  of  the  first  three  groups  the  expansions  in  which 
the  constant  term  can  be  combined  with  the  first  of  the  two  series,  we  have 

^p^  sn«  ^K  =  122r  { A'  (n)-8A'  (Jw) }  ?^ 
^^fc'V  sd^  §Z  =  122r(-ir-M  A'(n)-8A'(^)}  g^ 
tV  8C^  IK  =  3-122r  {f  (n)-8f  (Jn)}  q\ 
In  the  fourth  group  a  term  in  p^  occurs  in  each  of  the  expansions,  e.g., 
pMs«|iir+J(^-ft'^p^  =  l  +  122r  {(r(n)-3(r(in)}g«\ 

17.  A  table  of  the  values  of  E  (n)  up  to  n  =  1000  was  given  in  the 
Proceedings  of  this  Society,  Vol.  xv.,  1884,  p.  106,*  and  tables  of  the  same 
extent  of  H{n),  and  of  J  in),  i.e.,  of  the  T(n)  of  the  previous  paper,  have 
been  given  in  the  Messenger,  Vol.  xxxi.,  1901,  pp.  64-72  and  82-91. 
The  introductions  prefixed  to  the  latter  two  tables  contain  references  to 
other  papers  in  which  the  functions  H(n)  and  J(n)  are  considered. 


*  Two  errors  in  this  table  are  pointed  out  in  the  Me$9enger,  VoL  xxxi.,  p.  66,  viz.,  the  argu- 
ments  802  and  922  should  not  be  omitted,  for  the  values  of  E  (802)  and  E  (922)  are  each  2. 
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ON  THE  BEDUCIBILITY  OF  COVARIANTS  OF  BINARY 

QVANTICS  OF  INFINITE  ORDER 

By  P.  W.  Wood. 

[Beoeiyed  October  28th,  1904.— Bead  Noyember  10th,  1904.] 

Thb  present  paper  deals  with  the  reducibility  of  covariants  of  unit 
degree  in  the  coefficients  of  each  of  any  number  of  binary  quantics  of 
infinite  order :  here  the  word  **  reducibility "  is  used,  not  in  any  con- 
ventional sense,  but  to  imply  the  possibility  of  expressing  the  covariant 
as  a  sum  of  products  of  covariants  of  lower  total  degrees.  The  forms 
considered  are,  of  course,  all  of  weight  at  least  equal  to  the  minimum 
weight  for  irreducibility. 

The  problem  for  any  covariant  of  degree  (^+1)  is  made  to  depend  on 
the  evaluation  of  an  algebraical  expression,  which  is  the  product  of  (2^—1) 
linear  factors,  and  the  investigation  is  ultimately  independent  of  any 
considerations  connected  with  invariant  algebra  :  theoretically  it  is  possible 
to  determine,  by  the  expansion  of  this  product  of  order  (2*— 1),  if  any 
covariant  is  reducible ;  practically  the  expansion  involves  considerable 
labour.  The  method  employed  depends  on  the  use  of  the  linear  partial 
differential  operators  introduced  by  the  author  in  a  previous  paper.* 

A  complete  investigation  is  given  of  all  covariants  of  degree  4  and  of 
all  Jacobians  of  degree  5,  the  covariants  being  written  in  the  form 

and  certain  reducible  covariants  of  this  form  of  degree  (^+1)  B.nd  weight 
^  (2*— 1),  the  maximum  weight  for  irreducibility,  are  also  determined. 
The  reducibility  of  individual  covariants  such  as 

{Oid^^'iaia^^^ ...  (Ojaa+i)^* 

is  completely  investigated :  it  is  shown  that  the  necessary  and  sufficient 
condition  that  any  such  covariant  is  reducible  is  that  the  sum  of  k  of  the 
indices  Xi,  Xj,  ...,  X«  is  less  than  (2*— 1),  k  being  any  one  of  the  numbers 

1,  Af  Of  ...|  0. 

A  list  of  certain  reducible  forms  is  given  at  the  end  of  the  paper. 

♦  Wood,  "  On  the  Irreducibility  of  Perpetuant  Types,"  Froe.  London  Math,  Soe,^  8er.  2,  Vol.  1, 
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1. 

All  the  results  in  the  present  paper  depend  on  the  following  known 
theorem  in  partial  differential  equations : — 

Let  Oi,  Os,  . . . ,  Oa  be  X  distinct  linear  partial  differential  operators 
in  S  variables  with  constant  coefficients,  and  let  the  most  general 
solution  of  the  equation  Or(u)  =  0  be  given  by  «  =/r(Wr),  where 
r  =  1,  2,  8y  ...,  X;  then  the  most  general  solution  of  the  equation 

is  given  by  w  =  2  frM- 

r=l 

If  two  of  the  operators,  say  Ok  and  Ok-u  ^e  identical  (so  that  they 
differ  only  by  a  constant  multiplier),  then  the  most  general  solution  of 

{OiOa...  o!-i}tt  =  0 

r=A-l 

is  given  by  u  =    1    frM+VK-i/x--i  (ux-i), 

where  u  =yi_i(tiA-i)  is  a  solution  of  Ok^i{u)  =  0  and  i/^-i  is  any  linear 
function  of  the  S  variables  which  is  not  itself  a  solution  of  Oa-i  (u)  =  0. 

If  any  number  of  operators  become  identical  in  sets,  the  result  requires 
modification  in  a  similar  way. 

2. 

This  result  has  an  immediate  application  to  covariants  of  binary 
forms  of  infinite  order.  It  is  known^  that  any  quantic  in  the  variables 
Xi,  a^a,  . . . ,  aja  which  is  annihilated  by  the  operator 


dXfO)        dXr(i)        '"  dXr(*. 


is,    on  substituting  Xg  =         '^^^11  (5  =  1,  2,  ...,  ^,     equal  to  a   linear 

function  of  terms  each   of  which    is  a  product  of  covariants  involving 
symbolical  letters  with  the  suffixes  of  the  two  sets 

1,  2,  8,  ...,  r^\   7^»>+l,  ...,  /<«>,    7^*)+l,  ...,  7^'\      t<^+l,  ....  t<«*+^>,  ... ; 


•  Wood,  he.  eit. 
2.     YOL,  2.    KO.  873*  2    A 


364  Mr.  p.  W.  Wood  [Nov.  10, 

respectively.  Here  r^\'i^^\  ...,  r^'^  are  any  €  of  the  suflSxes  1,  2,  8,  ...,  ^, 
such  that  /^^  <  r^^^  <  ...  <  /'^ ;  11  =  Oi^Og, ...  ^a+i,,  Oi,  aa»  •••»  ^«+i  being 
the  symbols  of  (5+1)  binary  quantics  of  infinite  order  in  the  variables 
Zi,  Z2 ;  and  the  dotted  lines  ...  in  the  two  sets  above  are  to  be  replaced  by 
consecutive  numbers,  so  that  there  is  a  break  in  the  sequence  whenever  we 
arrive  at  a  suflBx  number  r^*^  involved  in  the  operator  0.  The  operator  O 
is  completely  determined  by  the  suflSxes  r^^\  r^^\  ...,  r^'^  involved;  the 
number  of  such  operators  is  therefore  (2*— 1),  and  corresponding  to  each 
operator  the  suflSxes  of  the  symbols  are  divided  into  two  sets  as  above. 

From  the  result  of  §  1»  it  follows  that  any  quantic  in  a;i,a;2, ...,  Xi,  which 
is  annihilated  by  the  successive  application  of  the  (2^—1)  operators  like 

0  =  J J- +...+(-)->    3 


is  expressible  as  a  sum  of  quantics  every  term  of  which,  on  substituting 
^  ^  ""      n  for  Xr  (r  =  1,  2,  ...,  S)f  represents  a  covariant  of  total  degree 

(i+1),  which  is  a  product  of  covariants  of  lower  total  degrees.     We  there- 
fore deduce  that — 

The    necessary    and    suflScient    condition    that    any    covariant 

(aia^^H(i2^^*  •••  («8«3+i)^  of  total  degree  iS+1)  is  reducible  {i.e.,  is 
expressible  as  a  sum  of  covariants,  each  of  which  is  a  product 
of    covariants    of    lower    total     degrees)    is     that    the    expression 

xJ^Xg* ...  Xj*  should  be  annihilated  by  the  successive  application 
of  the  (2*— 1)  operators  like 

0  =  5 3— h  •.•  +  ( — )'"  \       f 

r^^\  r^^\  ...,  /'^  being  any   €  of  the   suflSxes  1,  2,  ...,  S,    such    that 


8. 

A  necessary  consequence  of  this  is  that,  since  any  quantic  in 
Xi,  Xg,  ...,  x«  of  order  less  than  (2*— 1)  is  annihilated  by  the  successive 
application  of  these  operators,  any  covariant  of  degree  (5+1)  and  weight 
less  than  (2* — 1)  is  reducible. 

More  generally,  if  any  expression  is  to  be  regarded  as  '*  reducible," 
when  it  can  be  expressed  in  terms   of  forms  of  X   other  classes,    such 
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that  to  each  of  these  X  classes  corresponds  a  single  linear  differential 
operator  (in  the  sense  that  any  form  annihilated  by  an  operator  necessarily 
belongs  to  the  corresponding  class,  and  conversely),  then  X  is  the  minimum 
weight  of  the  expression  for  irreducibility.  This  point  of  view  simplifies 
considerably  much  of  the  work  involved  in  an  earlier  paper  "  On  Per- 
petuant  Syzygies."*     The  following  example  may  be  cited  : — 

We  use  the  symbol  [a^  Or,  . . .  ^r J  to  denote  any  covariant  involving 
all  the  symbolical  letters  a^,  ar^y  . . . ,  ar^j  and  the  symbol  [ar^  ar^  ...  aj' 
to  denote  any  covariant  involving  all  the  symbolical  letters  o^,  a^,  ..., 
aa+i  except  0^,  Or,,  ...,  arji   and  we  define  any  transvectant 

as  reducible,  if  X  <  /Xr„  r„  ...  r^,  where  /in,  r,, ....  r,  is  a  number  depending  on 
our  definition  of  reducibility :  further,  we  suppose  that  %  always  occurs 
in  the  covariant  [onOr, ...  arj'>  and  that  rj  <  rj  <  ...  <  n.  It  is  clear 
that  the  number  of  quantities  jul  is  (2*— 1).  If  we  use  <rr  to  denote  the 
sum  of  all  the  /x's  whose  first  suflBx  is  r,  r  being  any  one  of  the 
suflBxes  2,  8,  ...,  J  (so  that  o-a+i  =  /xa+i,  cri  =  m«+M«, 3+i)>  then  an  ex- 
tension of  Grace's  perpetuant  type  theorem!  was  there  obtained  in  the 
following  form  : — 

The   conditions   that    {OiO^^^ {a^a^^*  ...  (««««+ 1)^'    is   irreducible, 
according  to  the  definition  which  determines  the  quantities  m,  are 

X«  ^  o"«+ii     X«-i  ^  o"«>     ...»     Xj  ^  (Ta. 

By  means  of  §  1  we  proceed  to  find  a  single  condition  for  the  irreducibility  of 

(Oi Oj)^* (a, Ob)^*  ...  {ai a«+i)^* 
in  the  less  general  form 

^i+^+-"+^  >  2/x. 


*  Young  and  Wood,  tupra. 

It  is  shown,  for  instance,  at  some  length  that,  in  oonsidering  the  minimnm  weight  of  a 
product  C^  Cm^  which  is  to  be  irreducible  as  there  defined,  corresponding  to  erery  product  C^/  Cm' 
following  CgCmintk  certain  sequence,  the  minimum  weight  of  C^  Cm  for  irreducibility  is  increased 
by  unity ;  this  follows  at  once  from  the  statement  above,  since  to  every  such  product  C^f  C^f 
corresponds  a  definite  operator  such  as  0, 

The  method  used  in  the  earlier  paper  consisted  in  the  actual  application  of  Stroh's 
syzygies  of  degree  4,  and  required  a  demonstration  that  such  syzygies  as  were  applied  were  all 
independent. 

t  I^roc,  LontUm  Math,  Soe,,  Vol.  xxxv. 
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For  let  the  operator  ^ ^A-  + . . . +(— )-^  ^ —   be  denoted  by 

the  reason  for  this  notation  being  that  any  quantic  in  Xi,  Xj,  ...,  x^ 
annihilated  by  this  operator  is  (by  §  2)  a  product  of  covariants  (writing 
the  suffixes  in  place  of  the  symbols  a) 

[1,  2,  ...,  r^'\  r<^>+l,  ...,  r^»>,   ...]  and   [1,  2,  ...,  f^'\  r^'^+h  ...,  r^'\  ...]'• 

Any  quantic  in  Xj,  ajj,  ..,,  x^  of  order  less  than  2 pi  is  annihilated  by 
repeated  application  of  the  (2*— 1)  operators  0  in  such  a  way  that  the 

operator  0(/^^+l..y^^"*'^^  is  applied  exactly  ^1,2 rf»), r^')^.!^     ,^s.^     times, 

and  the  other  (2*— 2)  operators  are  each  applied  the  corresponding 
number  of  times,  so  that  in  all  Syu  linear  operators  are  successively 
applied.     Any  such  quantic  is  therefore  expressible  in  the  form 


m-» 


where  the  second  S  refers  to  the  values 

0,  1,  2,  8,  ...,Otx,  2      ji)    (2)      ^8)     — 1) 

of  m,  u  =  f(u')  is  the  most  general  solution  of  the  equation 

|O(7^-^)+l...r^2e+^))|^^0, 

p"^  is  any  quantic  of  order  m  in  Xj,  ajj,  ...,  Xi,  which  is  not  itself  a  solution 

of  this  equation,  and  the  first  Z  refers  to  the  summation  of  terms  derived 
similarly  from  each  of  the  (2*— 1)  operators  such  as  O. 

It  is  clear  that  p"^  f{u')    can,  on  substituting  for  the  variables  x,  be 

replaced  by  transvectants 

([1,  2,  ....  r^'\  »<«+l,  ....  i^\  ...],   [1,  2,  ....  7^').  7^*)+l,  ...,  r<»>,  ...]')"'. 

fn/  ^  7n, 

and  that  therefore  all  the  terms  included  under  the  second  Z  above  are, 
in  accordance  with  definition,  reducible.  The  same  argument  applies 
to  the  terms  corresponding  to  each  of  the  other  operators,  and  therefore 
any  co variant  of  weight  less  than  2/x  is  expressible  in  terms  of  forms 
defined  as  reducible. 

The  present  method  gives  no  information  as  to  the  actual  mode  of 
expressing  any  reducible  form,  and  only  indicates  the  minimum  weight 
of  the  whole  covariant  without  any  reference  to  restrictions  on  individual 
indices ;  in  a  large  number  of  cases,  however,  it  is  the  determination  of 
the  total  weight  which  is  important. 
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4. 

An  immediate  consequence  of  the  result  of  §  2  is  a  short  proof 
of  the  irreducibility  of  the  type  form 

(»!  aa)^'  (Oa  Os)^ . . .  {as  as + 1)^'  =  a;^^  a;  J« . . .  ar  J', 
where  \  >  2^-\  \  >  2«-^  ...,  X«  >  1. 

If  we  apply  the  (2*— 1)  operators  successively  to  x^~\'^'^_^xl^i^Sf  ^^^ 
result  is  (2*"^)!  (2*"^!... 2!  1!,  as  we  can  see  by  operating  first  with  d/dx^y 
then  with  dldxs-.\  and  3/9a;«-i— 3/3a55,  that  is,  with  S^/dxl^^,  next  with 

dldxB-2,  3/9iC«_2— 9/9a^8-i,  3/3ic«_2— 3/9a:8  and  3/3a:5«2— 9/3a;j_i+8/3a5«,  that 
is,  with  9*/3a;J_2,  and  so  on.     The  result  of  operating  on 

Ai-2*"*     A,-2'~*  ^4-1      2«-l      2*"' 

Xj  •*'2  •  •  •  •*'*  X,  Xa         •  •  •   fl/j 

successively  in  this  way  must  therefore  be  different  from  zero,  for  a 
linear  partial  differential  operator  with  constant  coefficients  annihilates 
the  product  of  two  quantics  only  if  it  annihilates  each  of  these  quantics. 
It  follows  therefore  that  all  type  forms  are  actually  irreducible. 

5. 

In  general,  the  determination  of  the  reducibility  of  any  form  of 
degree  (5+1)  requires  the  evaluation  of  the  product  of  operators 

p,=  n  \J — ^ +...+(_)'-» ^^ 

(a*- 1)  ^  ^^/' *      0x^2)  OT^.) , 

any  form  {aia^^^{a^a^^^.,.asas+i)^  is  clearly  reducible  if,  and  only  if, 
Ps  contains  no  term 


\dxj    \dxj    '*'  \dxj 


for  which  all  the  following  inequalities  hold : — 

^1  ^  Mi>     ^  ^  Ma*      •••>     ^  ^  Ma- 

The  direct  evaluation  of  Ps  for  large  values  of  S  involves  considerable 
labour.  The  important  point  for  our  purpose  is  to  determine  what  terms 
of  the  expression  are  absent. 

Certain  special  cases  of  reducible  forms  are  easily  found.  Thus  the 
number  of  operators  involving  KL-of  the  variables  a^i,  Xj,  ...,  xs  and  no 
others  is  (2*— 1),  and  therefore: — 

If  in  the  form  {aia<,)^^(a^a^^*...  (a^aa+i)^*  the  sum  of  any  k  indices 
is  less  than  (2*— 1)  for  any  value  of  k,  then  the  form  is  reducible. 

This  result  has  been  previously  given  by  Grace,*  whose  proof  depends 
on  the  use  of  generalized  transvectants. 


• «( 


Extensioxi  of  Two  Theorems  on  GoTarianto/*  Proc,  London  Math.  Soc.j  Ser.  2,  Vol.  1. 


S58 


Mr.  p.  W.  Wood 


[Nov.  10, 


6.  Covariants  of  Degree  4. 
We  have,  putting  z,  =  3/3a:„  «  =  1,  2,  8, 

Ps  =  n  f^^  -  T^+-+(-)'"'5^ 

7     WXril)        OXrW  OXr^')) 

=  z^^Z  —Z^Z  S^  —  il^}^Z  -^t^Z^Z^-V^Z^Z  —^^Z^!^-\-^Z  ^ 
12    3  12    8       ^*1*2    3   "^       1    2    8   "^    1    2    3       **   1    2    8   "^    1    2    t 

— z  z*z^-\-2z  S^S? — Z  S?S^. 

1    2    3   '^12    8         12    8 

Hence  the  only  reducible  covariants  of  degree  4,  excluding  those  found 
in  §  5,  are  the  following:  — 

(Oi  Oj)®  (^2  Og)  (og  a4)^ 

each  of  which  is  of  weight  7,  the  minimum  weight  for  irreducibility. 

7. 

We  shall  next  discuss  completely  Jacobians  of  degree  5.  The  general 
case  of  degree  5,  involving  as  it  does  the  evaluation  of  the  continued 
product  of  15  linear  factors,  requires  considerable  labour  for  a  complete 
discussion.     The  Jacobians  to  be  considered  are 

(i.)  {(iia^^{a^(i^^{a^a^''{a^a^,  (iii.)  {a^a^^{a^a^{a^a^^{a^a^\ 

(ii.)  (»!  a^^  (aa  o^*"  (%  ^4)  (»4  «6)^  (iv.)  (a^  cQ  (a^  a^^  (og  a^T  {a^  a^ " ; 

and  the  forms  (i.)  and  (iv.),  (ii.)  and  (iii.)  are  for  our  purpose  indistinguish- 
able. 

8.  Jacobians  {aia^^(a^a^*^{a^a^''{a^a^  =  x^x*^x\.x. 

1     «    s    4 

Operate  first  with  djdx^ ;  then  the  form  is  or  is  not  reducible  according 
as  x^x^^x''^  is  or  is  not  annihilated  by 

{ZIZ.^Z^(Z^  —  Z^{Z^'-Z^{Z^'-Z^{Z^'-Z^'\-Z^]^\ 

for  the  variable  z^  may  be  omitted,  since  x^  is  absent. 

The  expansion  of  this  expression  is  given  by  the  scheme : — 


Indices    

8.4.28.3.38.2.4 

7.6.27.4.3 

7.3.4 

7.2.5 

6.6.2 

6.5.36.4.4 

1 

6.3.6 

6.2.6 

Goeffioients... 

1 

-2 
5.6.3 

1 

-4       8 

-4 

0 

6 

-10      0 

6 

-2 

Indices    6.7.2 

1 

5.6.4 

6.4.6 

5.3.6 

5.2.7 

4.8.2 

4.7.3 

4.6.4 

4.5.5 

4.4.6 

4.3.7 

Coefficients... 

-4 

2 
3.8.3 

14 
3.7.4 

-18 
3.6.6 

6 

3.5.6 
-10 

0 

1 
3.3.8 

4 

-16 
2.7.5 

14 

0 

-4 

Indices    

4.2.8 

3.4.7 

2.8.4 

2.6.62.6.72.4.8 

1 

Coefficients... 

1 

-2 

4 

2 

8 

-2 

1 

-4 

6        -4 

1 

1 
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Here  the  upper  rows  give  the  indices  of  Zi,  z^,  z^  respectively,  and  the 
lower  rows  give  the  corresponding  coefficients. 

From  this  expansion  we  see  that  the  only  reducible  Jacobians 

((ai^a)^  (Oaag)'*  (aQa^j^  a  J 
are,  excluding  those  found  in  §  5,  the  four  following  : — 


X  = 

M  = 
V  = 

7 
2 

1 

5 
2 

6 

4 

4 

4 

5 

7 

4 

6 

These  are  all  of  weight  15,  the  minimum  weight  for  irreducibility  :  re- 
ducible Jacobian  forms  of  this  nature  of  higher  weight  are  included  among 
those  of  §  5. 


9.  Jacobians  {a^a^^ {a^a^*^ {a^a^{a^a^'' =:  x^x^x^x^. 

Operate  first  with  djhx^  ;  then  the  form  is  or  is  not  reducible  according 
as  X\X2x\  is  or  is  not  annihilated  by 

z\z\z\{zi—z^^(z\'-z'^^{z\'-z^^  {{z^— z^^ — z\] . 
The  expansion  of  this  expression  is  given  by  the  scheme : — 


Indices    


8.4.28.3.3 


Coefficients...      1 


0 


8.2.47.5.2 


-1      -4 


7.4.3 

7.3.47.2.66.6.2 

0 

4 

0 

6 

6.5.3'6.4.4!6.3.66.2.6 


-8 


0 


Indices    '5. 7. 25. 6. 3 5. 5. 4,5. 4. 5 5. 3. 6 


Coefficients...    —  4  ;    0 


Indices    4.2.8 

Coefficients...    -1 


3.8.3 


0 


10 


3.7.4 


0     ,   -6 


5.2.7 


3.6.513.6.6 


0 


0 
3.4.7 


4.8.2 


4.7.3 


4.6.44.5.5 


-a 


4.4.6 


2     ' 
4.3.7 


8 


0 


3.3.82.8.42.7.6 


2        -1 


2.6.6|2.6.72.4.8 
0        -1 


Here  the  upper  rows  give  the  indices  of  -?i,  z^,  z^  respectively,  and  the  lower 
rows  give  the  corresponding  coefficients. 

From  this  expansion  we  see  that  the  only  reducible  Jacobians 

{{fha^^{a^a^,    (a^ag)") 
are,  excluding  those  defined  in  §  5,  those  for  which  the  total  weight  is  15 
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For  in  this  case  the  expression 

is  annihilated  by  the  successive  application  of  the  (2*— 1)  operators 
involving  only  the  letters  x/i),  x^%)y  ...,  x^o,  and  therefore  the  expression 

rf/j  rf/g  •••  ••'a 

must   be    annihilated   by    the  successive  application  of  all   the   (2^—1) 

operators.     This  result  enables  us  to  construct  any  number  of  reducible 

forms  of  any  degree,  which  are  not  included  among  the  forms  of  §§  5,  11. 

Thus  we  know  that  (0x03)^(0303)^  (aga^)^  is  reducible,  and  therefore  each 

of  the  forms  o  «  « 

(Oi  Oa)^  (Oj  Og)*  (Os  04)*  (04  06)^ 

(Oi  02)*  (02  Oa)^  (Og  04)^  (04  05)  * 

of  degree  5  is  reducible  whatever  value  X  may  have :  and  from  any  re- 
ducible form  given  in  §  11  we  can  construct  reducible  forms  of  higher 
degrees  by  interpolating  symbolical  determinants. 


18. 

IV.  We  shall  next  consider  covariants  (Oi02)^*(o2  08)^* ...  (ojo^+i)^  of 
degree  (<S+1)  and  weight  (2*— 1),  which  are  such  that  the  sum  of  k  of  the 
indices  is  equal  to  (2*--l). 

Take  first  the  case  where  k  is  unity,  and  the  single  index  X,  is  also 
unity.  Operation  with  djdx^  removes  the  variable  x^  from  x^^ ,,.x^... x^*. 
We  are  therefore  only  concerned  with  the  effect  of  the  remaining  operators 

on  A  A  X 

Denoting  by  O  any  operator  involving  only  the  variables  x^,  x^, ...,  ^e-i, 
and  by  0'  any  operator  involving  only  the  variables  x^+i,  x^^2,  ...,  x^,  we 
are  concerned  with  operators  of  the  types 

wherein  we  may  put  djdx,  zero,  since  the  variable  x,  is  absent  from  the 
expression  we  are  operating  upon  ;  the  remaining  operators  therefore 
combine  in  pairs,  and  their  product  is 

n{0^0''(0^-0'^}; 
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Since  there  are  (2'"^  — 1)  operators  0,  and  (2'"*— 1)  operators  0',  the  order 
of  this  product  is 

2{2-^-l+2'-'-H-(2-^-l)(2«--l)}  =  2{2'-\2'--l}  =  2^-2, 

as  it  should  be. 

Now      (Xi+Xj+...+X._i)+(X,+i+X.+2+...+X«)  =  (2«-2), 

•  •  •  -  •  •  . 

and  it  is  at  once  obvious  that,  if  either,  and  therefore  each,  of 
(Xi+Xa+...+X,_i)  and  (X,+i+X«+2+.-.+Xa)  is  odd,  then,  since  the 
operators  0  and  0'  affecting  the  respective  portions  occur  only  in  the 

forms  0^  and  0'^  x^^ ,..x^'^^x^'^^,..x^  is  annihilated  by  the  operators, 

and  therefore  the  original  form  is  reducible.     Hence* 

Any  Jacobian  (C,,  (7«_,)  of  degree  8  and  weight  (2*"^— 1)  is 
reducible,  if  either  of  C„  C^-,,  and  therefore  the  other,  is  of  odd 
weight. 

The  reducible  Jacobians  of  degree  5,  found  in  §  9,  are  a  special  case 
of  this  more  general  result. 

14. 

V.  Covariants  (aia2)^^(a2a8)^»...(a5aa+i)^  of  degree  (5+1)  and  weight 
(2*— 1)  having  the  sum  of  k  indices  equal  to  (2*— 1)  may  be  treated  similarly. 
We  first  operate  with  the  (2*— 1)  operators  involving  only  those  variables 
the  sum  of  whose  indices  is  equal  to  (2"— 1) ;  if  the  result  vanishes  then, 
as  in  §  12,  the  whole  covariant  is  reducible.  If  the  result  does  not  vanish, 
let  the  remaining  variables  consist  of  (0+1)  sets  of  consecutive  variables 
(where  6  ^e),  and  suppose  Oi,  Oj,  ...,  O^+i  are  typical  operators  involving 
the  variables  of  those  sets  alone,  respectively ;  thus,  any  operator  Oi 
involves  only  the  variables  preceding  the  first  of  the  variables  already 
removed.  Any  operator  may,  since  we  may  neglect  the  variables  already 
removed,  be  written  in  the  form 

where  i^^\  i^^\  ...,  r^*^  are  any  e  of  the  sufl&xes  1,  2,  ...,  (6+1).  Now 
between  the  sets  of  variables  corresponding  to  the  operators  O^o  and  0/2) 
suppose  the  variables  Xu,  Xu+i,  ...,  ar^-i,  Xv  have  been  removed.      The 


♦  The  Jacobian  (C,,  t?,'),  where  each  of  C,,  C*  is  of  weight  2**"^— 1,  mentioned  by  Young 
and  Wood  {loe.  eit.f  {26),  is  a  special  case  of  the  abore,  and  is,  as  was  supposed,  actually 
reducible. 
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original  operators  were  all  of  the  nature 

O/D—  5 h  5 Or^»f  O/D—  X — h  5 3 f-0/»), 


Hence,  in  this  way  we  get  the  operator  O/d— 0^)  occurring  (2""*—!) 
times,  and  also  the  operator  O/d+O/v  occurring  (2*"*— 1)  times;  in  the 
same  way  it  is  easily  seen  that  each  of  the  2'~^  operators 

0/1)  +  0/2)  ±  0/»)  ±  ...  ±  0/.J 

occurs  the  same  number  of  times,  whatever  be  the  arrangement  of  the 
signs  +  and  —  ;  also  the  product 

n(0/i)  ±  0/-')  ±  ...  ±  0,...), 

where  we  take  all  the  2'"'^  possible  arrangements  of  sign,  involves  only 

Hence  in  general  the  product  of  operators  operating  on  the  (d+1)  sets  of 
letters  remaining  involves  only  Oj,  0*,  ...,  O]^^ :  the  order  of  this  product 
is  of  course  the  same  as  the  sum  of  the  indices  remaining ;  if  therefore 
the  sum  of  the  indices  in  any  set  is  odd,  then  the  original  form  is 
annihilated  by  the  successive  application  of  the  (2*— 1)  operators,  and 
must  therefore  be  reducible.     Hence 

If  in  the  co variant  (oiaj)^^  {d^^^^^ ...  {a^a^^^  '  of  degree  (^+1)  and 
weight  (2*— 1)  the  sum  of  k  of  the  indices  is  (2*— 1)  and  the  removal 
of  the  K  corresponding  determinantal  factors  leaves  us  with  groups  of 
consecutive  letters,  then,  if  the  weight  of  the  factors  involving  the 
letters  of  any  single  group  is  odd,  the  covariant  is  reducible  :  this 
condition  is  suflBcient  but  not  necessary. 

Thus  the  covariant  (a^a^^  {a^a^}^  ictsdi)^  idid^'^  (^s^e)  ^^  reducible  ;  for  the 
removal  of  the  three  factors  (agOg)*,  (a^a^^,  {cu^d^,  the  sum  of  whose  indices 
is  7,  leaves  us  with  the  groups  d^a^  and  a^d^  of  weights  9  and  7 
respectively. 

The  determination  of  the  necessary  and  suflBcient  conditions  for  the 
reducibility  of  forms  of  this  kind  {i.e.,  those  for  which  the  sum  of  k  indices 
is  equal  to  2*— 1)  requires  the  evaluation  of  products,  which  are  much 
simpler  than  the  corresponding  products  Pa,  but,  nevertheless,  offer  con- 
siderable difficulty. 
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15. 

The  criteria  hitherto  found  for  the  reducibility  of  any  form  all  apply, 
with  the  exception  of  those  of  §§  5,  12,  only  to  forms  of  degree  (^+1) 
and  of  weight  (2*— 1),  the  minimum  weight  for  irreducibility,  the 
covariant  being  always  written  in  the  form 

It  should  be  remarked  that  (by  §  5)  a  form  {a^a^^^^a^a^^-  ...  (asas+i)^'  is 
certainly  irreducible  if  there  is  any  irreducible  covariant 

(»!  a^"^  (Oa  agV** . . .  (aa  a« + it* 

such  that  \i  ^  yui,    Xg  ^  yug,    . . . ,    Xa  ^  fxi. 

If  we  are  given  any  covariant  {a^a^^^ {a^a^^*  ...  (a«a6+i)^'  of  degree 
(5+1)  and  of  weight  (2*— 1+^),  which  is  irreducible,  we  can  theoretically 
determine  the  linear  function  of  type  forms,  to  which  the  covariant  is, 
neglecting  product  forms,  equivalent.     The  number  of  type  forms  of  this 

weight  is    (^T_7  )• 

We  assume     x^^xf^^ ...  x\*  =  x^'  x^'* ...  xl^^x^.p^+R, 

where  p^  is  a  quantic  of  order  <f>  in  the  variables    Xi,  x^,  ...»  x^,   and  22 

is  a  sum  of  terms  giving  rise  to  product  forms.  Operate  on  both  sides 
with  the  (2*— 1)  operators  like 

dx/i)      dx^v      '"  dx^,) ' 

the  terms  B  disappear,  and  in  the  resulting  expression  of  order  0  we  can,  by 

equating  coefficients,  obtain  the  l^'l  j  equations  necessary  to  deter- 

mine the  coefficients  of  p*,  and  so  find  the  type  forms  in  terms  of  which 

the  covariant  is  expressible :  these  equations  for  determining  the  constants 
cannot  be  inconsistent,  since  we  know  by  Grace's  perpetuant  type  theorem 
that  all  covariant s  admit  of  expression  in  this  way;   if,  conversely,  we 

could  prove  in  any  manner  that  these  equations  for  the  i^~l  )  con- 

stants are  not  inconsistent,  we  should  have  an  alternative  proof  of  Grace's 
theorem. 

Thus  consider  the  covariant  of  degree  4  {aiO^^ {a^a^^  (a^a^)^ ;   assume 

xlxlxl  =  x\xlx^(piXi+p2X2+PsX^+B ; 
operating  on  both  sido^  by  means  of  the  expansion  of  §  6,  we  have  on 
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reduction    SCxg— aii)  =  5piXi+p2{Sx2—6x^+p^{2x^—2x2+4:Xi), 

which  gives  us  Pi  =  —  f ,      Pi  =  1»       Ps  =  f  • 

Hence 

(aiOa)*  (ajOa)*  (Oga/  =  —  f  (aiOa)*^  (flaOs)^  (flt8«4)+(^«a)*  (Oa^a)"  (<h^d 

+  f  (^^*(aaa8)^(»8^4)*+  product  forms. 

16. 

The  remainder  of    the    paper   is   devoted   to   the    discussion   of   the 
reducibility  of  covariants 

(Oi  Oa)^*  (oi  Og)^*  . . .  (Oi  a«+ 1)^, 

wherein  a  particular  letter  a^  occurs  in  every  determinantal  factor.  The 
results,  though  simpler,  are  of  less  value,  since  the  previous  notation  is 
more  in  conformity  with  a  possible  treatment  of  forms  of  finite  order. 

Covariants   of   degree    (5+1)    written    in    the  form 

(Oi  Oa)^^  (ea^i  a^^* . . .  (ea^i  aA+i)^*. 

It  follows  from  §  2  that  {aiO^^^iaiO^^^.,.  (aia^+it'  is  reducible,  if,  and 

^^^^  '^'  <  {Xi+X^^^  . . .  {X,+X2+  . . .  +X,)''* 

is  annihilated  by  the  successive  application  of  the  (2*— 1)  operators  like 

^    —    ^    +...  +  (— )'-^    ^    • 

but  our  investigations  are  considerably  simplified  if  we  choose  new 
variables  y,  given  by 

yr  =  ^^^U,     r  =  l,2,...,S; 

so  that  yr  =  Xi+X^^ ..,+Xr, 

and  therefore     77—  =  « — [-  ^^ [-••.+  's— 

dxr      oyr      dyr+1  oya  , 

The  typical  operator    ^ ^r 1- . . . + (— )*"^  -^ —     becomes 

ox^})      dx^{2)  dx^i.) 

=      2,   3 — h      2     ^ — h...+      2    -fr—,  if  e  is  even, 


r=  1,  2,  ...,  S. 


or  2    5 — h     2     5 — h  • . .  +      2      ^^ — h   2   ^    ,    if  e  is  odd. 
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Hence  the  (2*— 1)  operators  are  all  transformed  into  operators  like 

9     I     9    +...+   ^ 

dy^)      Sy/2)     "'     oy^)* 

where  7^\  7^^\  ...,  /*^  are  any  e  of  the  suffixes  1,  2,  8,  ...,  5.     Therefore 

The  necessary  and  sufficient  condition  that  the  covariant 
(ea^i  Oa)^^  (aj  a^^ . . .  (oj  a«+i)^'  should  be  reducible  is  that  x^^  ar^* . . .  x^' 
should  be  annihilated  by  the  successive  application  of  the  (2*— 1) 
operators  like  3  3  3 

OXfH)        dx/2)  OX^)  * 

i^^\  i^^\  ...,  r^*>  being  any  e  of  the  suffixes  1,  2,  ...,  5. 

The  continued  product  of  the  operators  is  symmetrical  in  each  of 
9/3x1,  9/9^2>  •••»  9/9^i>  as  we  should  expect,  since  the  sequence  of  the 
letters  Oj,  Oj,  ...,  a«+i  is  €w:bitr€w:y. 

17. 
It  follows  at  once  that 

(1)  Any  perpetuant  of  degree  (^+1)  and  weight  less  than  (2*— 1) 
is  reducible ; 

(2)  The  type  form  {aiO^^^iOia^^...  (aia^+i)^,  where 

Aj  ^  2  "*  ,       Aj  ^  2        ,        ..«,       A3  ^  1| 

is  irreducible ; 

(8)  The  form  iOiO^^^ (OiO^^*  ...  (Oiai+i)^  is  reducible,  if  the 
sum  of  K  indices  is  less  than  (2"— 1)  for  any  value  of  k. 

(4)  In  general  a  form  (aiaa)^^((a^ia8)^* ...  (Oiaa+i)^    is   reducible  if, 

and  only  if,     IE   ( x h  5 h  •  •  •  +  ^ — )  contains  no  term 

\cxi/     \cxj         Xox^l 
for  which  the  following  inequalities  hold  : — 

^1  ^  Mi>   \^  Ma>    •••  >   ^  ^  M«  f 

and  a  form  {(ii(i^^^{aia^^  ...  (ai^«+i)^***  is  certainly  irreducible,  if 
there  is  any  irreducible  covariant  {aia^^{aia^  ...  (aiaa+ir*,  such 
that  ^    , 
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18. 

To  detennine  if  the  expression  Xi^x^  ■••  x^*  is  annihilated  by 

5 h  5 h . . .  +  ^ — )  =  n  (-^^i)+2f^(s)+ . . . + V))» 

_^       0X^.(1  C/2/y(J)  OXf(t)/        (2*— 1) 

it  is  only  necessary  to  find  the  indices  of  the  variables  Zi,  z^,  ...»  ^s  ui  the 
terms  of  this  expansion :  the  coefficients  of  the  terms  will  not  affect  the 
result  if  we  are  investigating  the  reducibility  of  a  single  covariant :  since 
Pi  is  symmetrical  in  Zi,  z^, ...,  z^,  it  is  obvious  that,  if  Pi  contains  any 

term  ^e^^'S^^...^',  then  it  also  contains  all  terms  derived  from  this  by 

permuting  the  indices  /ai,  pia,  ...»  pia-     It  is  easily  verified  that 

contains  the  terms  z^z^z^^  z^z^z^,  ^i^2^3>  ^^^  therefore  contains  all  possible 
terms  of  order  7,  such  that  the  sum  of  k  indices  ^(2*— 1),  where 
ic  =  1,  2.     We  proceed  to  show  that  in  general 

Pi  contains  all  terms  of  order  (2*— 1),  stich  that  the  sum  of  any  k 
indices  ^  (2* — l),/or  tfie  values  1,  2,  ...,  5  q^ic. 

To  prove  this  we  assume  the  result  for  P^,  and  thence  prove  it  for  Pi+i  : 
the  indices  of  the  terms  arising  in  Pi+i  may  be  found  from  those  arising 
n  Pfi  by  the  following  considerations.     If  0  is  a  typical  operator  of  Pa,  we 
b»ve  Pa  =    n  (0) 

(2*-!) 

and  P«+i  =  ^a+i.Pa.   11   (O+Zs+i); 

(2*-!) 

now,  since  we  are  not  concerned  with  the  numerical  coefficients,  the  terms 
in  n(0+-?8+i)  are  the  same  as  those  which  will  arise  by  increasing  by 
zi+i  each  of  the  variables  Zi,  z^,  ...,  zi  in  the  expression  for  P« :  of  course, 
since  all  the  variables  z  occur  with  positive  signs,  there  can  be  no  can- 
celling of  terms. 

We  assume  that,  neglecting  numerical  coefficients, 


I  ——   ^  Z-\    ^2     *  *  *  Z 


6  * 


where  the  X's  are  chosen  in  all  possible  ways,  such  that  their  sum  is 
(2^—1)  and  the  sum  of  any  k  of  them  ^  (2*— 1).  A  typical  set  of  terms 
of  the  product  ll{0+zi^i)  will  be,  on  expanding  by  Taylor's  theorem, 

^^^^  (?!  ai;)  ^'' 

where  r  =  0,  1,  2,  ...,  (2*— 1); 


Zm 
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hence  z^+i  H{0-\-Zi+i)  will,  by  hypothesis,  contain  all  possible  terms 

where  the  quantities  X'  are  any  positive  integers  or  zeros,  such  that  their 
sum  is  (2*— r),  and  the  sum  of  any  k  of  them  ^  (2*— r). 

The  terms  of  P^+i  are  therefore  found  by  multiplying  together  every 
term  z^^z^*  ...z^'  with  every  term  z\^Z2^ ..,  z^^zl^^,  where  the  quantities 
X  and  X'  are  any  integers  whatever  satisfying  these  respective  conditions  : 
the  resulting  product  will  therefore  contain  all  terms 

Zi  Z2  ...  z^  ^8  +  i>       ^  ^  A,  z,  ...,  z  , 

where  the  yu's  are  any  positive  integers  whatever  whose  sum  is 
{2*'^^r-(r+l)},  such  that  the  sum  of  any  k  of  them  X2*— 1),  and 
also  >  {2*+^— (r+1)} :  that  is  Pz+i  contains  all  possible  terms 

where  the  fx'a  are  such  that  the  sum  of  any  k  of  them  ^  (2*— 1). 

Hence,  if  the  result  is  true  for  Pa,  it  is  also  true  for  P^+u  but  it  is 
known  to  be  true  when  ^  =  2,  8,  and  it  is  therefore  true  in  general. 


19. 

From  this  result  it  follows  that 

The  necessary  and  sufficient  condition  that  the  covariant 

should  be  reducible  is  that,  for  some  value  of  k,  the  sum  of  k  of  the 
indices  Xj,  Xj,  ...,  X5  is  less  than  (2*— 1). 

Any  reducible  covariant  must  satisfy  these  conditions,  and  this  result 
determines    completely  the  reducibility  of  any  covariant  written  in  the 

form  (Oj 03)^^01  Oa)^* ...  (aia8+i)\  The  investigation  of  the  reducibility 
of  a  transvectant  or  of  the  sum  of  any  number  of  such  covariants  requires 
the  determination  of  the  numerical  coefficients  in  the  expansion  of  Pa. 

20.  Bedtudble  Forms. 

I.  Any  covariant  (aiOa)^'  (OaOa)^*  •••  (»aa«+i)^'  is  reducible,  if 

(i.)  The  sum  of  k  of  the  indices  X^,  Xq,  ...,  X^  is  less  than  (2*— 1) 
for  any  value  of  k.     (§  5.) 

•BR.  2.     TOL.  2.     iro.  874.  2   B 
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(ii.)  The    covariant    (iii/'^'^Cfcai/^'  ...  (i.i.+i)^^*'    is    reducible, 
where  /^\  /^\  ...,  r^*^  are  any  e  of  the  sufiBxes  1,  2,  ...,  5,  such  that 

/l)<.;/2)^         ^^0        (§12.) 

[This  includes  (i.)  as  a  special  case.] 

II.  Any  covariant  {oid^^^  (aza^^* . . ,  {a^as+i)^*  of  weight  (2*— 1)    is   re- 
ducible, if 

(i.)  S  =  26—1,  and  Xi  =  \u-u  \  =  Xj«-i,  ...,  K-i  =  K+i-  (§  H-) 

(ii.)  The  sum  of  k  indices  is  (2"— 1),  and  the  sum  of  the  indices  is 
odd  in  any  of  the  groups  into  which  the  S  indices  are  divided  by 
removing  the  k  indices  whose  sum  is  (2*— 1).     (§  14.) 

III.  The  only  covariants  {aiO^^ {a^a^  {a^a^''  of  degree  4  which  are  re- 
ducible are  the  covariants  included  among  the  classes  I.  (i.)  and 
II.  (i.).     (§6.) 

IV.         (i.)  The   only  reducible  Jacobians    [(aiO^^ {a^a^ia^a^",  a^j    of 

degree  5,  other   than  those  forms  included  in  I.  (i.),  are  those  for 
which 


X  = 


M  = 


I'  =      5 


2 


6      4 

I 

4      4 


6 


.  (§  8.) 


(ii.)  The   07ily    reducible    Jacobians    Uaia^V (a2a^'^f  (^i^s)")     of 

degree  5  are  included  in  the    covariants  of   the  classes  I.   (i.)  and 
II.  (i.).     (§9.) 

V.  The  necessary  and  sufficient  condition  that  any  covariant 

(aiU^^'  (a^ag)^* ...  (aia«+i)^' 

is  reducible  is  that,  for  some  value  of  ic,  the  sum  of  k  of  the 
indices  X^,  X,,  ...,  X^  is  less  than  (2*— 1).     (§  19.) 

[Note  added  December  12th. — Reference  should  be  made  to  a  paper  "  On 
an  Integration  Theorem  as  to  Rational  Integral  Functions  with  bearing  on 
the  Theory  of  Forms,"  by  Professor  Elliott,  in  the  current  volume  of  the 
Messenger  of  Mathenmtics,  where  the  general  conditions  of  reducibility 
are  determined  from  a  different  point  of  view,  and  the  application  of 
dififerential  operators  similar  to  those  above  is  further  extended.] 
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ON    DEEP-WATER    WAVES. 

By  Horace  Lamb. 

Presidential  Address. 

[DeliTerod  at  the  Annual  General  Meeting,  November  lOth,  1904.] 

IntrodiLction. 
Mr.  President, 

The  records  of  the  Society  show  that  great  latitude  has  been  allowed 
to  the  retiring  President  as  to  the  manner  in  which  he  shall  discharge  the 
obligation  of  giving  a  valedictory  address.  It  is  unnecessary,  therefore, 
and  might  even  be  improper,  to  offer  any  apology  for  inviting  attention  on 
this  occasion  to  a  somewhat  special  problem.  I  propose  to  review  the 
theory  of  the  waves  produced  on  deep  water  by  a  local  disturbance  of  the 
surface.  In  spite  of  its  special  character,  the  subject  is,  I  think,  in  many 
ways  an  attractive  one.  Apart  from  its  great  intrinsic  interest,  the 
problem  is  important  historically.  It  was  the  first,  or  all  but  the  first, 
hydrodynamical  question  to  be  attacked  systematically  from  the  basis 
of  the  general  equations ;  and  it  offered  to  Poisson  and  Gauchy  a  field  in 
which  they  could  test  the  efficiency  of  analytical  methods  which  were 
at  that  time  new  and  unfamiliar.  From  another,  and  a  more  general, 
point  of  view,  the  problem  has  an  interest  in  that  it  deals  with  the 
most  conspicuous  mechanical  analogue  of  a  dispersive  medium,  i.e.,  one  in 
which  wave-velocity  varies  with  wave-length.  It  shows,  for  example,  how 
widely  the  effects  of  a  single  initial  impulse  may  differ  from  what  takes  place 
in  the  case  of  sound,  or  of  the  vibrations  of  an  elastic  solid.  Again,  the 
theory  of  group-velocity,  which  has  so  many  interesting  applications,  had 
its  origin  in  the  present  connection. 

The  problem  in  question  was  proposed  as  a  prize  subject  by  the  French 
Academy  for  the  year  1816.  At  the  expiry  of  the  statutory  period,  Poisson, 
who  as  a  member  of  the  Academy  could  not  compete,  handed  in  the  first 
part  of  a  memoir^  on  the  subject,  in  order  to  secure  the  independent 
character  of  the  results  which  he  had  already  obtained.     This  was  read  on 


•  «Mteoire  but  la  throne  des  ondee,"  Mim,  de  VAead,  Roy,  d.  Se.,  1. 1.,  1816.    This  ii 
qaoted  as  *'  P."  in  the  sequel,  with  a  reference  to  the  pag^. 
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October  2nd,  1815,  and  was  followed  by  a  second  part  on  December  18th 
of  the  same  year ;  and  the  memoir  as  a  whole  was  published  in  the  volume 
dated  1818.  Meantime,  the  prize  was  awarded  to  Cauchy,  whose  essay 
had  been  presented  in  September,  1815.  For  some  reason  which  does 
not  appear,  this  essay  was  not  published  until  1827.* 

Cauchy's  memoir  begins  with  a  general  hydrodynamical  introduction, 
which  contains  his  well-known  proof  that  rotational  motion  cannot  be 
generated  in  a  liquid  by  the  action  of  ordinary  forces.  When  he  comes 
to  the  special  problem,  only  the  principal  steps  in  the  calculation  are 
indicated  in  the  text,  but  the  memoir  is  equipped  with  an  elaborate 
apparatus  of  notes,  in  which  the  missing  details  are  supplied,  and  many 
cognate  analytical  points  are  discussed.  Considerable  additions  to  the 
notes  were  made  when  the  paper  was  at  length  published  in  1827 ;  these 
were  prompted  in  some  measure  by  a  study  of  Poisson*s  investigation, 
which,  as  already  mentioned,  had  appeared  in  1818. 

Poisson's  investigation  is  much  shorter,  and,  on  the  whole,  more  to 
the  immediate  point.  In  the  main  results  both  writers  agree  very  closely, 
although  their  methods,  involving  elaborate  processes  of  approximation, 
are  often  different.  + 

It  is  not  possible  to  examine  the  work  of  these  writers  at  all  carefully 
without  a  feeling  of  deep  admiration  for  the  analytical  skill  which  was 
brought  to  bear  on  a  problem  which  is  even  now  difficult  in  some  of  its 
branches,  and  for  the  success  with  which  they  attained  a  solution  for  most 
purposes  practically  complete.  Yet,  notwithstanding  the  labour  and  skill 
bestowed  upon  it,  this  solution  has  generally  been  regarded  as  obscure,  if 
not  doubtful,  and  it  has  certainly  never  been  quite  adequately  interpreted. 
At  the  present  date  there  should,  I  think,  be  no  difficulty  in  disengaging 
the  essential  results  from  the  clouds  of  analysis  in  which  they  have  been 
involved,  and  in  putting  the  whole  matter,  so  far  at  least  as  the  two- 
dimensional  form  of  the  problem  is  concerned,  into  a  simple  and  easily 
intelligible  shape. 

This  is,  at  all  events,  what  I  have  ventured  to  attempt  in  §§  1-5  of 
this  communication.  In  the  remaining  §§  6,  7,  I  have  discussed  the 
waves  produced  by  a  periodic  application  of  force  to  the  surface ;  the 
results  are  simple,  and  may  present,  I  hope,  some  features  of  interest. 

♦  "  Theorie  d«  la  propagation  dee  ondes  u  la  surface  d'un  fluide  pesant  d'une  profondeur 
indefinie,''  Mcin,  pr&s,  par  div.  Sarans  a  VAcad,  Roy.  d.  Sc.,  t.  i.,  1827  ;  reprinted  in  Cauchy, 
(EuvreSf  1. 1.    The  memoir  is  cited  in  the  sequel  as  **  C,"  with  a  reference  to  the  original  paging. 

t  An  analysis  of  the  two  memoirs  from  the  mathematical  point  of  view  is  given  by 
H.  Burkhardt  in  his  valuable  report  on  '*  Entwickelungen  naoh  osciUirenden  Funcdonen/* 
Leipzig,  1901  ...,  pp.  429,  439. 
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Two-Dimensional  Problems. 

1.  If  the  origin   be  in  the  undisturbed  surface,  and  the  axis  of  y  be 
drawn  vertically  upwai'ds,  we  have,  as  usual, 

where  p  is  the  pressure,  p  the  density,  and  <p  must  satisfy 

The  elevation  fj  of  the  disturbed  surface,   supi)osed  free,  is  accordingly 

where  the  zero  suffix  indicates  surf  ace- value   (y  =  0).     We  have  also  the 
kinematical  condition  ^  ,^ ,, 


The  typical  solution  of  our  equations,  for  the  case  of  initial  rest,  is 

rj  =  cos  <r^  cos  Aa;,  (6) 

i>  =  g e^  cos  kx,  (6) 

provided  a^  =  gk;  (7) 

this   is  of  course  the  ordinary  theory  of  "  standing  '*  waves  of  simple- 
harmonic  profile.* 

If  we  generalize  this  by  Fourier's  theorem,  then,  corresponding  to  the 

initial  conditions  .,  ,         .        ^  ,^. 

n  =/W,       ^0  =  0»  W 

1  r  f* 

we  have  >/  =  —  I    cos  artdk  \     /(a)  cos  k{x—d)da,  (9) 

"T  Jo  J-« 

^_^r  8inor^^,^^^r    y(a)co8*(x-a)da.  (10) 

TT  Jo  <r  J -00 

If  the  initial  elevation  be  confined  to  the  immediate  neighbourhood  of 


*  Lamb,  Hydrodytusmies,  \2\1, 
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the  origin,  so  that  /(a)  vanishes  for  all  but  infinitesimal  values  of  a,  we 

have,  assuming  poo 

^J{a)da=h  (11) 

_g^  r  sino^^ ^^g  j^ ^^  ^^2^ 

TT  Jo         O- 


This  may  be  expanded  in  the  form 


TT  Jo    [  o!  5!  ) 


(18) 


where  use  is  made  of  (7).     If  we  write* 

—y  =  r  cos  6,       X  =  r  sin  6,  (14) 

we  have,  y  being  negative, 


1 


n! 


c*»  COB  ftx  A;"  dA;  =  -^,  COB  (n+ 1)  d,  (16) 

0  ^ 

so  that  (IS)  becomes 

^^^|co^_|(j^^co5|0^_1_(j^^.cob80_     J^        (16) 

a  result  which  is  easily  verified.  From  this  the  value  of  17  is  obtained 
by  (8),  putting  6  =  ^ir.     Hence + 

^        7rx{2x       3.5  V2x/  ^3.5.7.9  V2x/       "'J'  ^'' 

It  may  be  noted  that  the  value  of  17  as  given  by  (9)  is  in  the  present  case 
indeterminate. 

It  is  evident  at  once  that  any  particular  phase  of  the  surface  dis- 
turbance, e,g,,  a  zero  or  a  maximum  or  a  minimum  of  17,  is  associated 
with  a  definite  value  of  gt^l2x,  and  therefore  that  the  phase  in  question 
travels  over  the  surface  with  a  constant  acceleration.  The  meaning  of 
this  somewhat  remarkable  result  will  appear  later  (§  3). 

For  purposes  of  actual  numerical  computation,  the  series  in  (17)  is  con- 
venient only  when  we  are  dealing  with  the  first  stages  of  the  disturbance 
at  any  point ;  it  converges  very  slowly  when  g^l2x  is  no  longer  small. 


*  The  investdgation  might  be  simplified  still  further.  It  is  only  necessary  to  calculate  the 
value  of  ^  for  points  on  the  axis  of  y,  which  is  a  line  of  symmetry.  Its  value  at  other  points  can 
then  be  written  down  at  once,  by  a  property  of  harmonic  functions.     Gf .  Thomson  and  Tait,  §  498. 

t  **  C./'  p.  93  ;  **  P.,*'  p.  112  (with  some  clerical  errors  in  the  numerical  denominators). 
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The  methods  employed  by  Cauchy  and  Poisson  respectively  for  meeting 
this  diflficulty  are  historically  very  interesting.  The  series  is  virtually 
the  same  as  one  (usually  designated  by  M*)  which  occurs  in  the  theory  of 
Presnel's  diffraction  integrals ;  and,  in  fact,  the  memoirs  under  review 
contain  implicitly  a  good  deal  relating  to  this  theory  which  is  commonly 
assigned  to  other  writers  and  to  a  much  later  date. 

For  the  present  purpose  we  may  establish  the  connection  by  summing 
the  series  as  follows.  Writing,  with  a  slight  change  from  the  usual 
convention,  + 


8  5 

nr  to    _,        ur 

M  =  CO—  -T-z-T 


U  uO  0.d.7*«7 


T^r  (i?  ft)*  ,  ft)* 


1.3      1.3.5.7   '   1.3.5.7.9.11 


(18) 


and  x-^^     ^1^1.3^1.3.6^1.3.5.7^-'  ^^^^ 

we  find  2ft)  ^  =  x+i«  (1  +x)> 

dft)  \^co/  \\/ft)/        2\/ft) 

The   solution   of  this    equation,   subject  to  the  condition  that   x   ix^ust 
ultimately  vary  as  od,  when  od  is  small,  is 

X  =  ^y/we^^     ^—r-  du.  (21) 

Jo  V^ 

Hence,  equating  separately  imaginary  and  real  parts. 


M  =  i\/co  \  cos  ift)     cos  iu-^  +  sin  ^      sin  ^u  -7-   ,  I 

I  Jo  V^  Jo  v^M 

N  =  i\/a)  i  sin  iw  \   cos  hi—, cos  ico      sin  iu  —7-  \ . 

(  Jo  V^  Jo  V^f 


(22): 


Hence  (17)  may  be  written 


]  cos  ift)  I  COS  ^  —7-  +sin  ^co  I   sin  ^u—j-    ,  (23) 

i  Jo  V  ^  Jo  V  ^ ' 


•  Cf.  Rayleigh,  Seimtifte  Papers,  Vol.  in.,  p.  129. 

t  Gf.  Rayleigh,  lot.  eit.    The  functious  JTand  dM/dct  are  tabulated  on  pp.  393-6,  infra. 

J  Cf .  Rayleigh,  loc.  eit. 
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where 


CO  = 


g± 

2x 


(24) 


This  is  equivalent  to  a  result  given  by  Poisson.*  The  definite  integrals 
are  practically  of  Fresnel's  forms,  and  may  be  considered  as  known  func- 
tions ;  so  that  the  present  problem  may  be  regarded  as  completely  solved. 
Moreover,  Lommel,  in  his  researches  on  Diffraction,  has  given  a  table  of 
the  function  f 


1- 


a> 


+ 


ft) 


3.5  '  3.5.7.9 


or  M/w  in  our  notation ;  from  this  the  values  of  M  in  Table  I.  at  the  end 
of  this  paper  are  derived.  We  are  thus  enabled  to  delineate  the  first  nine 
or  ten  waves  with  great  ease.  Fig.  1  shows  the  variation  of  ti  with  the 
time,  at  a  particular  place;  for  different  places  the  intervals  between 
assigned  phases  vary  as  \/^,  whilst  the  corresponding  elevations  vary 
inversely  as  x.  Figs.  2a  and  2b,  on  the  other  hand,  show  the  wave-profile 
at  a  particular  instant ;  at  different  times,  the  horizontal  distances  between 
corresponding  points  vary  as  the  square  of  the  time  that  has  elapsed 
since  the  beginning  of  the  disturbance,  whilst  corresponding  elevations 
vary  inversely  as  the  square  of  this  time.t 

When  gt^l2x  is  large,  the  definite  integrals  in  (22)  approximate  to  the 
limit  v'x,  and  we  then  have 


'  =  2mhfx+'^^^ 


(25) 


in  agreement  with  the  result  of  Poisson  and  Gauchy. 

Expressions  for  the  remainder  are  also  given  by  these  writers.     Thus 
Poisson  obtains  (virtually)  the  semi-convergent  expansion  § 


M  =  iv'(xft))(cos  ift)+sin  ^w)  — 


(JO 


1.3.5  ,1^3.5.7.9 


ft) 


w 


(fi 


,  (26) 


•  **P.,"p.  no. 

t  Denoted  by  \/:^  ^i(«»  0)  in  his  paper,  Abh.  d.  k.  Bayer,  Akad.  d.  Visa.,  u.  CI.,  xv.  Bd., 

2.  Ablh.,  p.  124  (1886). 

X  In  Fig.  1  the  abscissae  are  proportional  to  x^u,,  and  the  ordinates  to  if.     In  Fig^.  2a,  2b 
the  abscissae  are  proportional  to  l/w,  and  the  ordinates  to  vM.    See  Table  I. 

§  '*  P.,*'  p.  1 16,  where,  however,  there  are  some  miittakes  of  sign. 
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whilst  Cauchy's  formula*  is  equivalent  to 

M=i ^{ireo) (cos Jcd+ sin ia>)  —  ]    e' ^<'-''> cos v dv.  (27) 

These  expressions  are  readily  identified. 

2.  In  the  case  of   initial  impulses  applied  to  the  surface,   supposed 
horizontal,  the  typical  solution  is 

p0  =  cos  crte^  cos  kx,  (28) 

fj  = a- sin  ort  cos  kx,  (29) 

9 

with  (7^  =  gfA  as  before.     Hence,  if  the  initial  conditions  be 

P0O  =  Fix),      n  =  0,  (80) 


we  have         4>  =  —  I    cos  cr^  e^^dk  I    F{a)  cos  k{x—a)da, 

Trp  Jo  Jo 


(31) 


j;  = I    cr  sin  <rt  dk  \    F(a)  cos  k(x—a)da.  (82) 

Trgp  Jo  Jo 

For  a  concentrated  impulse  acting  at  the  point  x  =  0  of  the  surface, 
we  have,  putting  ^» 

I       F{a)(da)  =  h  (33) 

d>  =  —  \    cos  <rt^  cos  kxdk.  (84) 

irp  Jo 

This  integral  may  be  treated  in  the  same  manner  as  (12) ;  but  it  is  evident 
that  the  results  may  be  obtained  immediately  by  performing  the  operation 
l/gp.d/dt  upon  those  of  §  1.     Thus,  from  (16)  and  (17),  we  derive 

.        1    (cos 6      1  ^ cos  26  ,     1    .,   ^a cos 80  )  /q^x 


irp 


irpx 


^  1  1       1.8.5  V2a?/  ^1.8.5.7.9\2a;/  ) 


*  ''C,"  pp.  93,  129.    In  the  ooone  of  a  long  additional  note  (xyi.)  appended  in  1827, 
Oanohy  traiisf onns  the  latter  integral  into 


2»Jo       W^»     ' 


thus  virtoaUj  anticipating  Gilbert,  Mhn.  d$  PAad,  d$  BnuulUs,  t.  xzzx.,  1862. 
t  Cf.  "C.^pp.  IOC.  108. 
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The  latter  formula  may  also  be  written 

,  =  _i^^='      (1+^-2^).  (87) 

where  3f  and  N  are  defined  by  (18),  and    o  =  g^^/2a:,  as  before.     The 
function  .  s 

O)     ft)  J ftT 

1T3      1.3.5.7"^1.3.5.7.9.11      "*' 


which  is  equivalent  to  N/u)  in  oui*  notation,  has  also  been  tabulated*  by 
Lommel,  so  that  the  forms  of  the  first  few  waves  can  be  traced  without 
difficulty.  Fig.  3  shows  the  rise  and  fall  of  the  surface  at  a  particular 
place ;  for  different  places  the  intervals  between  assigned  phases  vary  as 
y/x,  as  in  the  former  case,  but  the  corresponding  elevations  now  vary 
inversely  as  «*.  In  Figs.  4a  and  4b,  which  give  an  instantaneous  view 
of  the  wave-profile,  the  horizontal  distances  between  corresponding  points 
vary  as  the  square  of  the  time,  whilst  corresponding  ordinates  vary  in- 
versely as  the  cube  of  the  time.t 

For  large  values  of  g^l^Xy  we  find,  performing  the  operation  llgp.d/dt 
upon  (25).  ^^  ^ 

approximately. 

3.  It  remains  to  examine  the  meaning  and  the  consequences  of  the 
results  above  obtained.  It  will  be  sufficient  to  consider,  chiefly,  the  case 
of  §  1,  where  an  initial  elevation  is  supposed  to  be  concentrated  in  a  line 
of  the  surface. 

At  any  subsequent  time  t  the  surface  is  occupied  by  a  wave-system 
whose  advanced  portions  are  delineated  in  Figs.  2a,  2b.  For  sufficiently  small 
values  of  x  the  form  of  the  waves  is  given  by  (25) ;  hence  as  we  approach 
the  origin  the  waves  are  found  to  diminish  continually  in  length,  and  to 
increase  continually  in  height,  in  both  respects  without  limit. 

As  t  increases,  the  wave-system  is  stretched  out  horizontally,  propor- 


*  Under  the  name 


yjl  t^,  (-.  0). 


t  In  Fig.  3  the  abscisBse  are  proportional  to  \/«,  and  the  ordinates  to  \^wdM/dco,  In 
Figs.  4a,  4b  the  absoissee  are  proportional  to  l/w,  and  the  ordinates  to  (J^dM/dw.  See  Table  II. 
Both  tables  have  been  constructed  by  Mr.  H.  J.  Woodall. 

X  Cf.  **  C,"  p.  108.  The  case  of  a  primitive  impulse  is  passed  over  by  Poisson  :  "  pour 
eyiter  quelques  difficult^s  que  pr^sente  le  cas  des  vitesses  initiales,  nous  nous  bomerons  a  con- 
lid^rer  oelui  oCk  le  fluide  part  du  repos.** 
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tionally  to  the  square  of  the  time,  whilst  the  vertical  ordinates  are  corre- 
spondingly diminished,  so  that  the  area 

J  ridx 

included  between  the  wave-profile,  the  axis  of  x,  and  the  ordinates  corre- 
sponding to  any  two  assigned  phases  {i.e.,  two  assigned  values  of  co)  is 
constant.*  The  latter  statement  may  be  verified  immediately  from  the 
mere  form  of  (17)  or  (23). 

The  oscillations  of  level,  on  the  other  hand,  at  any  particular  place, 
are  represented  in  Fig.  1.  These  follow  one  another  more  and  more 
rapidly,  with  ever  increasing  amplitude.  For  sufficiently  great  values  of  t, 
the  course  of  these  oscillations  is  given  by  (25). 

In  the  region  where  this  formula  holds,  at  any  assigned  epoch,  the 
changes  in  length  and  height  from  wave  to  wave  are  very  gradual,  so  that 
a  considerable  number  of  consecutive  waves  may  be  represented  approxi- 
mately by  a  curve  of  sines.  The  circumstances  are,  in  fact,  all 
approximately  reproduced  when 

A  2^  =  27r.  (89) 

4a; 

Hence,  if  we  vary  t  alone,  we  have,  putting  A^  =  r,  the  period  of  oscilla- 

T  =  ^;  (40) 

whilst,  if  we  vary  x  alone,  putting  Ax  =  —  X,  where  \  is  the  wave-length, 

we  find  Q     2 

X  =  ^.  (41) 

The  wave-velocity  is  to  be  found  from 

A  2^  =  0  ;  (42) 

4x 

this  gives  tf  =  f=Vfe'  <^«>^ 


*  This  statement  does  not  apply  to  the  case  of  an  initial  impulse.    The  oorresponding  pro- 
position then  is  that  r      . 

taken  hetween  assigned  values  of  «,  is  constant.    This  appears  from  (35) . 

t  **  P.,"  p.  120,  gives  a  formula  equivalent  to  t  -  V{2ir\lff),  but  not  the  formula  for  the 
wave-velocity. 
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as  in  the  case  of  an  infinitely  long  train  of  simple  harmonic  waves  of 
length  X. 

We  can  now  see  something  of  a  reason  why  each  wave  should  be  con- 
tinually accelerated.  The  waves  in  front  are  longer  than  those  behind, 
and  are  accordingly  moving  faster.  The  consequence  is  that  all  the  waves 
are  continually  being  drawn  out  in  length,  so  that  their  velocities  of  pro- 
pagation continually  increase  as  they  advance.  But  the  higher  the  rank 
of  a  wave  in  the  sequence,  the  smaller  is  its  acceleration. 

So  far,  we  have  been  considering  the  progress  of  individual  waves. 
But,  if  we  fix  our  attention  on  a  group  of  waves,  characterized  as  having 
(approximately)  a  given  wave-length  X,  the  position  of  this  group  is 
regulated  according  to  (43)  by  the  formula 


f=W 


t-  <"> 


i.e.,  the  group  advances  with  a  constant  velocity  equal  to  AaZ/'that  of  the 
component  waves.*  The  group  does  not,  however,  maintain  a  constant 
amplitude  as  it  proceeds  ;  it  is  easily  seen  from  (25)  that  for  a  given  value 
of  X  the  amplitude  varies  inversely  as  \/^. 

It  appears  that  the  region  in  the  immediate  neighbourhood  of  the 
origin  may  be  regarded  as  a  kind  of  source,  emitting  on  each  side  an 
endless  succession  of  waves  of  continually  increasing  amplitude  and 
frequency,  whose  subsequent  careers  are  governed  by  the  laws  above 
explained.  This  persistent  activity  of  the  source  is  not  paradoxical ;  for 
our  assumed  initial  accumulation  of  a  finite  volume  of  elevated  fluid  on 
an  infinitely  narrow  base  implies  an  unlimited  store  of  energy. 

In  any  practical  case,  however,  the  initial  elevation  is  distributed 
over  a  band  of  finite  breadth — we  will  denote  this  breadth  by  l.  The 
disturbance  at  any  j)oint  P  is  made  up  of  i)arts  due  to  the  various 
elements,  <5a,  say,  of  the  breadth  I ;  these  are  to  be  calculated  by  the 
preceding  formulae,  and  integrated  over  the  breadth  of  the  band.  In  the 
result  the  mathematical  infinity,  and  other  perplexing  peculiarities,  which 
we  meet  with  in  the  case  of  a  concentrated  line-source,  disappear.  It 
would  be  easy  to  write  down  the  requisite  formulae,!  but,  as  they  are  not 
very  tractable,  and  contain  nothing  not  implied  in  the  preceding  state- 


*  ''  C./*  p.  90,  remarks :  **  Puisque  le  mouvement  des  ondes  edt  uniformement  aoceler^,  la 
Vitesse  de  chaque  onde  (mcHuree  a  son  »ommet)  ^t  ndoessairement  eg^e  a  deux  fois  Tabscisse  de 
oe  sommet  divis^e  par  le  temps."  If  Cauchj  had  only  introduced  the  wave-length  explicitly  into 
his  formulse,  he  would  have  been  on  the  vergfe  of  the  theory  of  group  velocity. 

t  "C,"  pp.  99,  185. 
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ment,  they  may  be  passed  over.  It  is  more  instructive  to  examine,  in 
a  general  way,  how  the  previous  results  will  be  modified. 

The  initial  stages  of  the  disturbance  at  a  distance  x,  such  that  l/x 
is  small,  will  evidently  be  much  the  same  as  on  the  former  hypothesis ; 
the  parts  due  to  the  various  elements  Sa  will  simply  reinforce  one  another, 
and  the  result  will  be  sufficiently  expressed  by  (17)  or  (25)  provided  we 
multiply  by  - 

J_  /(a)  da, 

i.e.,  by  the  sectional  area  of  the  initially  elevated  fluid.  The  formula  (25), 
in  particular,  will  hold  when  gfj^x  is  large,  so  long  as  the  wave-length 
X  at  the  point  considered  is  large  compared  with  Z,  i.e.,  by  (41),  so  long 
as  g^l^x.ljx  is  small.  But  when,  as  t  increases,  the  length  of  the  waves 
at  X  becomes  comparable  with  or  smaller  than  Z,  the  contributions  from 
the  different  parts  of  I  are  no  longer  sensibly  in  the  same  phase,  and  we 
have  something  analogous  to  "  interference  "  in  the  optical  sense.  The 
result  will,  of  course,  depend  on  the  special  character  of  the  initial 
distribution  of  the  values  of  /(a)  over  the  space  Z,*  but  it  is  plain  that 
the  increase  of  amplitude  must  at  length  be  arrested,  and  that  ultimately 
we  shall  have  a  gradual  dying  out  of  the  disturbance. 

There  is  one  feature  generally  characteristic  of  the  later  stages  which 
must  be  more  particularly  adverted  to,  as  it  has  been  the  cause  of  some 
perplexity  :  I  mean  a  fluctuation  in  the  amplitude  of  the  waves.  This  is 
readily  accounted  for  on  "  interference  "  principles.  As  a  sufficient  illus- 
tration, let  us  suppose  that  the  initial  elevation  is  uniform  over  the 
breadth  2,  and  that  we  are  considering  a  stage  of  the  disturbance  so  late 
that  the  value  of  X  in  the  neighbourhood  of  the  point  x  under  considera- 
tion has  become  small  compared  with  I.  We  shall  evidently  have  a  series 
of  groups  of  waves  separated  by  bands  of  comparatively  smooth  water, 
the  centres  of  these  bands  occurring  whenever  I  is  an  exact  multiple  of 
X,  say  I  =  nX.     Substituting  in  (41),  we  find 


f=*V 


_2L, 

2n7r' 


(45) 


i.e.,  the  bands  in  question  move  forward  with  a  constant  velocity,  which 
is,  in  fact,  the  group-velocity  corresponding  to  the  average  wave-length 
in  the  neighbourhood. 

This  fluctuation  was  first  pointed  out  by  Foisson,  in  the  particular 


•  Cf.  Buroside,  **  On  Deep-water  WaveB  resulting  from  a  Limited  Original  DiBturbance/* 
Froe.  London  Math,  StfC,,  Vol.  xx.,  p.  22  (1888). 
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ease  where  the  initial  elevation  (or  rather,  depression)  has  a  parabolic 
outline ;  but  the  whole  matter  was,  I  think,  needlessly  confused  by  the 
distinction  which  he  draws  *  between  "  la  th^orie  des  ondes  qui  se  propagent 
d'un  mouvement  uniform^ment  acceler^  "  and  ''  la  th^orie  des  ondes  qui 
se  propagent  avec  une  vitesse  constante."  The  latter  phenomenon  is 
more  accurately  described  in  a  later  passage  +  : — **  Lorsque  on  a  if  =  0, 
Tamplitude  des  oscillations  verticales  est  nulle  ;  par  consequent  les 
racines  de  cette  Equation  d^termineront,  a  chaque  instant,  sur  la  surface 
fluide  des  points  qui  n'auront  aucun  mouvement  vertical,  et  qu'on  pourra 
regarder  comme  des  especes  de  noeuds,  mobiles  a  cette  surface :  I'espace 
compris  entre  deux  noeuds  cons^cutifs  forme  un  groupe  d'ondes,  que  Ton 
pent  consid^rer  comme  une  seule  onde,  dentelee  dans  toute  son  ^tendue, 
laquelle  parait  se  mouvoir  a  la  surface  en  s'^largissant  a  raison  de  la 
difference  de  vitesse  des  deux  noeuds  qui  la  terminent."  No  objection 
can  be  raised  to  this,  except  that  the  use  of  the  term  ''  onde  dentel6e," 
instead  of  "  un  groupe  d'ondes,"  when  used  apart  from  this  context,  is 
apt  to  be  misleading.  The  same  criticism  applies  to  Gauchy's  ''ondes 
sillonn6e8."t  Both  terms  rather  suggest  to  the  mind  the  idea  of  a  wave 
whose  profile  is  affected  with  a  large  number  of  relatively  slight  undulations, 
as  when  capillary  waves  are  superposed  on  waves  two  or  three  feet  in 
length.  In  the  long  note  (xvi.)  appended  to  his  paper  in  1827, §  Gauchy, 
referring  to  Poisson's  memoir,  states  that  he  had  been  led  independently 
to  the  discovery  of  the  same  circumstance,  which  he  also  unfortunately  de- 
scribes as  "  Texistence  d'une  s^rie  d'ondes  propag6es  avec  des  vitesses  con- 
stantes,"  and  proceeds  to  work  out  results  in  great,  and  even  excessive, 
detail  on  a  number  of  special  hypotheses  as  to  the  distribution  of  the 
initial  surface-elevation.  He  shows,  moreover,  by  examples,  that  in  some 
cases  the  minima  of  wave-amplitude  are  non-existent. 

One  or  two  remarks  may  be  added  before  we  leave  this  part  of  the 
subject.  The  ideal  solution  of  §  3  necessarily  fails  to  give  any  information 
as  to  what  takes  place  at  the  source  itself.  If,  to  elucidate  this  point  in  a 
special  case,  we  assume  q       l 


X 


¥+^' 


the  formula  (9)  gives 


0  =  2S  r  512^  e'^y-'^  cos  kx  dk.  (47) 

X   Jo       o- 


*  "P./' p.  76.  t  **P.,"p.  120. 

t  "C.,"p.  193.  **C.,"p.  188. 
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Hence  the  surface-elevation  at  the  origin  is 

COB  (rte-^dk  =  ^  f    cos  <rte-'^^^<r da.  (48) 

'^9  Jo 

The  definite  integral  cannot  be  expressed  in  finite  terms,  but  the  form 
shows  that  fj  is  always  less  than  its  initial  value  Q/irby  and  that  it  tends 
with  increasing  t  to  the  limit  0.  It  may  be  proved  without  difficulty  that 
rj  passes  once  only  through  the  value  zero,  and  that  its  asymptotic  value  is 


•^  Jo 


9^' 
approximately. 

Finally,  it  is  to  be  recalled  that  Lord  Kelvin  has  recently  obtained,  by 
a  most  ingenious  method,  a  number  of  special  cases  of  free  water-waves.* 
In  the  one  most  fully  examined,  the  initial  elevation  of  the  free  surface  is 

Since  this  makes  I  rjdx  increase  indefinitely  with  x,  the  circumstances 

Jo 
are  not  those  of  a  localized  initial  disturbance,  and  the  consequent  motion 

accordingly  does  not  come  under  the  general  description  above  given. 

Three-Dimensional  Problems, 
4.  If  the  axis  of  z  be  drawn  vertically  upwards,  we  have 


where  ^  satisfies  ^  +  ^  +  -^  =  0,  (50) 

or,  in  the  case  of  synmietry  about  Ozy 

where  vt  =  V(«''+jr^-  (62) 

The  surface-elevation  ^  is  given  by 

and  is  subject  to  the  condition 

i-a- ^ 

*  Froc.  M,8.  Bdin.y  Vol.  xx?.,  p.  186  (1»04) ;   Fhil.  Map.  (6),  Vol.  m.,  p.  609. 
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The  typical  solution  for  the  case  of  initial  rest  is 

0  =  ^5i5^V/o(fct!r),  (66) 

(T 

^  =  COS  crt  jQikm),  (66) 

provided  a^  =  gk,  as  before. 

To  generalize  this,  subject  to  the  condition  of  symmetry,  we  have 
recourse  to  the  theorem 

/(tsr)  =  rjQ{km)kdk  {" f{a)Jo{ka)ada,  (67) 

which  may  be  recognized  as  a  degenerate  form  of  the  expansion  of  an 
arbitrary  function  of  latitude  on  a  sphere  in  a  series  of  zonal  harmonics.* 
Thus,  corresponding  to  the  initial  conditions, 

f=/(t!r),         00  =  0,  (68) 
—  ^^  «^o  (^^)  kdk\   f  (a)  eTo  (Aa)  a  da,                    (69) 

(T  Jo 


^=r 


/■GO 


COS  (TtJ^  {Jtm)  kdk\   f  (a)  J^  (Aa)  a  da,  (60) 

Jo 

If  the  initial  elevation  be  concentrated  in  the  immediate  neighbourhood 
of  the  origin,  then,  assuming 


i: 


/(a)2xa(Za  =  l,  (61) 

0 


♦  Viz.,  if  /u  —  oofi  6,  we  have 

i^M  =  2  (n  +  J)  P«  (m)  I'  ^  -P(m')  Pm  (/)  e//*', 

where  i'„(/i)  =  1 ^         '  8iii«Je+  ^ '    j^  ^., '^ 8m*Je-.... 

Denoting  by  vr  the  lengrth  of  the  chord  drawn  to  the  variable  point  from  the  pole  (0  »  0)  of  the 
sphere,  we  have  w  -  2a  sin  Je,        trrftr  =  -aV/u, 

where  a  is  the  radius  ;  so  that  the  formula  may  be  written 

/(w)  =  ij  2(r*  + J)  J,.(tr)  r/(w')^«(w)trWV, 
a^  Jo 

where  ff.W  =  i_  !L(2^lL)^\  ("-M«(»^l)(>i±l)g?  .... . 

Putting  A  =  *•-,       U  =  -i, 

a  a 

and  finally  making  a  infinite,  we  obtain 

Jo  Jo 

[January^  1905. — The  remark  in  the  text  is  not  new  ;    for  the  history  of  the  theorem  see 
Heine,  Kugelfunktionm,  Bd.  i.,  p.  442,  and  Nielsen,  Cylinderfunktumen  (Leipzig,  1904),  p.  360.] 
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we  have  <!>  =  &  [ ^^^^e'^J^{km)kdk.  (62) 

2xJo      cr 
Expanding,  and  making  use  of  (7),  we  get 


'i>=t\y-^.^+'^^-]'^'^^^^''- 


(68) 


If  we  put  z  =  — r  cos  6,         bt  =  r  sin  0,  (64) 

« 

we  have*  (   e^J^{kTj)k''dk  =  n\?4^,  (65) 

Jo  T 

where  n  =  cos  6.    Hence 

From  this  the  value  of  f  is  to  be  obtained  by  (53).     Since 

P2n+i(o)  =  0,     p,AO)  =  (-r  ^'l':^^''J'^\  (67). 

2.4...2n 
this  gives 

^-2;;^"i2!^"-6riy +-Tor  ly  ~-r  ^^^^^ 

It  appears  that  any  particular  phase  of  the  motion  is  associated  with 
a  particular  value  of  g^JTs,  and  thence  that  the  various  phases  travel 
radially  outwards  from  the  origin,  each  with  a  constant  acceleration. 

No  exact  equivalent  for  (68),  analogous  to  (23)  in  the  two-dimensional 
form  of  the  problem,  and  accordingly  suitable  for  discussion  in  the  case  where 
gfjvf  is  large,  has  as  yet  been  discovered.  Cauchyt  and  Poissong  have, 
however,  given  processes  of  approximation.  The  method  of  the  latter 
writer  is  substantially  as  follows.     Since 

jQ{hm)  =  —  I     cos  (/ptT  cos /8) d/8,  (69) 

TT  Jo 

the  formula  (60)  may  be  written,  under  the  present  circumstances, 

f  =  Urn  [-  -^  ^  r  cos  a-t^  dk  [*'  cos(Art!r  cos  /3)  d/sl .       (70)|| 
It  may  be  shown,  exactly  as  in  §  1  above,  that  when  gfj^m,  and  therefore, 

*  Hobson,  Froc.  Londoti  Math.  Soe.,  Vol.  xxv.,  pp.  72,  73.  This  formula  may,  howeyer,  be 
dispensed  with ;  see  the  first  foot-note  on  p.  374,  ante. 

t  Cf.  "P.,"  p.  153;  "C.,"p.  118. 

t  '*C.,'*  pp.  119,  237  ;  there  is  a  weak  point  in  the  method,  which  might  ptobablj,  howerer, 
be  fortified. 

t  "P.,*»p.  166. 

H  Where  z  is,  of  course,  supposed  to  be  negative  before  the  limit. 

•u.  2.    TOL.  2.    NO.  S76.  2  C 
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a  fortiori^  gr^/(2tir  cos /8)  is  large, 

Km  I    cos  (rt  cos  {km  cos  I3)e^dk  =    y  y^^ )   (^^  ^^t  ^  gjjj  ^^*j^     ^  jj 
«-o  Jq  2tir  cos  p 

where  o)'  =  g^j&or  cos  )3).    Hence 

where  o>  =  2— .  (78) 

2tsr 


The  definite  integral  in  (72)  is  equivalent  to 

{ cos  (^co  cosh  u) + sin  (\w  cosh  t^) }  ^(cosh  u)  du,  (74) 

JQ 

or 

I    { cos  (Ja>+ w  sinh*  Jtt) + sin  (J«+ w  sinh*  Ji^) } 


X  |2d(smh^)+  2toDhj«'f(8inh'i«)  |. 
I  \/(coshu)+coshiw  ) 

Since 

I  cos  (ctf  sinh'  ^){2(8inh  ^)  =  I  sin  (co  sinh^  i^){2(sinh  ^)  =  ^  V  ?^ '  ^"^^^ 
the  first  part  of  the  integral  (75)  reduces  to 

x/ —  cos  J^o.  (77) 

V   ft) 

The  coefficient  of  d  (sinh^  ^t^),  in  the  second  part,  vanishes  f or  t^  =  0  and 
j^  =  00 ;  and  Poisson  proceeds  to  show  by  a  series  of  partial  integrations 
that,  when  ft)  is  large,  this  second  part  may  be  neglected.  Hence,  sub- 
stituting the  form  (77)  in  (72),  we  find 

^  =  -2i^5?^^^4^'  <^®> 

or  keeping,  for  consistency,  only  the  most  important  term, 

It  is  not  necessary  to  dwell  on  the  interpretation  of  this  result,  which 
will  be  readily  understood  from  what  has  been  said  in  §  3  with  respect 
to  the  two-dimensional  case.  The  consequences  were  worked  out  in  some 
detail  by  Poisson  on  the  hypothesis  of  an  initial  paraboloidal  depression.^ 

•  •*€.,»'?.  242;    **P.,*'p.  168. 
t  ♦*  p.,"  p.  166  ft  $tq. 
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5.  When  the  initial  data  are  of  impulse,  the  typical  solution  is 

0  =  coscr^e'^^'eToCitsr),  (80) 

f  = <r  sin<r^Jo(^^)»  (81) 

which,  being  generalized,  gives,  for  the  initial  conditions 

/O0O  =  Fi^l         f  =  0,  (82) 

the  solution 


</>  =  —  I     cos  a-te^'^  Jq  (km)  kdk  \    F  (a)  Jq  (ka)  a  da, 
P  Jo  Jo 


1     f* 
<i>  =  r —  I    COS (rte^jQ(km) kdk. 

^Trp  Jo 


Since  this  may  be  written 


2xp  I    r^  2!         ?•»       ^    4! 

^  "  W^t^        6!     \m)    "^       9!       \m)        '" 


(83) 


f  =  -  —  r  <r  sin a-tJoikm) kdk  \    F{a)JAka)ada.  (84) 

fl'P  Jo  Jo 

In  particular,  for  a  concentrated  impulse  at  the  origin,  such  that 

(    F{a)2irada=  1,  (85) 

Jo 

we  find 


(86) 


^  "^  2^  ^  r  ^^  ^J^iJcm)kdk,  (87) 

we  find,  performing  Ijgp.djdt  on  the  results  of  §  4, 

^-.     1     \PM      g^^lPqim)  ,   07^^3!P8Cu)_ 

^  ~  S-Trn  I     r2  ^!  .^        "^     4!  ;^^  •• 


^irpTsr 
Again,  when  gfil2m  is  large,  we  have,  in  place  of  (79), 


J 


(88) 


(89) 


f  =  -5f2^,sin2^.  (90) 

2*  irpm         %m 


Waves  due  to  a  Periodic  Surface-Disturbance. 

6.  From  the  effects  of  an  instantaneous  impulse  we  might,  by  super- 
position, pass  to  the  case  of  a  surface-pressure  varying  with  the  time 
according  to  any  assigned  law.     The  only  case  of  special  interest,  however, 

♦  Of.  **C.,"p.  122. 

2  0  2 
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is  that  of  a  periodic  (simple-harmonic)  pressure ;   and  this  is  most  easily 
treated  independently. 

To  avoid  indeterminateness,*  we  introduce  a  small  frictional  force 
proportional  to  the  velocity.    Hence  (1)  is  replaced  by 

V  =  pt^-gy+f^i),  (91) 

where  fx  now  denotes  the  frictional  coefficient,  t     This  gives 

,  =  19S&P  +  A^-^,  (92) 

g    ct        g   ^      gp 

where  the  suffixes  indicate  surface-values,  as  before.      The  kinematical 
relation  (4)  holds  as  always. 

Hence,  corresponding  to  an  applied  surface-pressure 

p^  =  e*<^'  cos  A  (x — a),  (93) 

we  find  gpn  = ; — ^a  ,  . —  e^  cos  k  («— a),  (94) 

gk—ar'{-%fjL(r 

or,  writing  /c  =  — ,       mi  =  — ,  (95) 

9  9 

k 
gpf!  =  —  T — } r—  e^  cos  k  (x—a).  (96) 

It  will  be  noticed  that  2'7r/ir  would  be  the  length  of  free  waves  having 
the  imposed  period  2x/(r. 

Generalizing  (96)  by  Fourier's  method,  we  find  that  a  surface-pressure 

Po=f{x)e'^  (97) 

produces  a  surface-elevation  given  by 

gpn=-  —  e^'  r  ,      Y^-    ^  r    /(«)  co«  *  {x-a)da,  (98) 

TT        Jo  A; — (k — iMi)J-« 

or,  as  it  may  conveniently  be  written. 

We  shall  suppose,  for  the  most  part,  that  /(a)  is  sensible  only  for 
values  of  a  lying  between  certain  finite  limits.  At  points  of  the  surface 
beyond  these  limits,  to  the  right  of  the  origin,  x— a  will  be  positive,  and 
we  then  havel 

*  Gf.  Hydrodynamietf  \  226. 

t  The  Bymbol  fi  wiU  no  longer  be  required  in  its  former  sense. 

X  Sydrodynnmietf  ^227. 
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Jo  A:— (ir— tMi)  Jo  m—iK—fii 

Jo  A;— (/c—i/iii)       Jo  w+i/c+/xi' 

Substituting  in  (99),  and  putting  /xi  =  0,  since  the  frictional  term  in  (91) 
has  now  served  its  purpose,  we  find 

At  distances  from  the  seat  of  the  applied  pressure  which  are  great 
compared  with  27r/ic,  the  definite  integral  with  respect  to  m  is  negligible, 
and  we  have 

fjp,f  =  Ik  [     e»L<r«-'^^'"-^>J/(a)d^  =  i{A  +iB)e^^^'-'''\  (103) 

provided 

yl  =  /f  I      /(a)  cos  KG  da,         B  =  k\      /(a)  sin  Kuda.  (104) 

Hence,  taking  the  real  parts  of  our  expressions,  we  find  that  the  waves 
produced  by  an  applied  surface-pressure 

Po —/ (x)  COB  a-t  (105) 

are  represented,  at  a  sufficiently  great  distance  on  the  positive  side  of  the 
origin,  by  ^^^  _  _^  ^^  (^^_^j.)_jb  c^g  (^t^^x).  (106)* 

This  represents  a  train  of  progressive  waves  whose  wave-length  and  wave- 
velocity  are  related  in  the  usual  way  to  the  imposed  period.  If  the 
pressure  Pq  be  symmetrical  with  respect  to  the  origin,  B  =  0. 

When  the  surface-pressure  (105)  is  concentrated  at  the  origin,  so  that 
/(a)  vanishes  for  all  but  infinitesimal  values  of  a,  we  write 

r^/(a)da  =  P,  (107) 

and  obtain  from  (102) 

TT     Jo     mr+i^ 

where  the  series  in  {  [  is  semi-convergent. 

In  the  case  of  an  integral  pressure  Pe^  uniformly  distributed  over  the 


*  Cambridge  Mathematical  Tripos,  Fart  II.,  1901. 
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space  between  x  =  ±a,  we  should  obtain 

.  T.  sin  /ca   uat-Kxs     f^P  iat  f *  ^"*"  si^ih  ma  ,  .^  ^^v 

gpfl  =  ^p 6*^*^'  '"^ e^^  \    a  I  J —  ^^*  (109) 


a  -Tra 


Jo       m^+/^ 


This  is  on  the  supposition  that  ;r  is  positive  and  greater  than  a.     If  x  lie 
between  ^a,  the  details  of  the  work  require  some  modification ;  I  find 

-P   i(<rt-Ka)  I  '^-P  ,vt  r  ^"""*coshww;  ,  ,--^ 

a  7ra       Jo        w  +ir^ 

At  the  point  x  =  a  the  values  of  fj  given  by  (109)  and  (110)  differ  by 


2gpa 

the  amplitude  of  this  discontinuity  being  exactly  that  which  would  be 
caused  by  a  statical  difference  of  pressure  P/2a. 
Again,  if 

Po-  —  irr-a «'''  =  —  «'''  r  ^"'^  cos  kxdk,  (111) 

TT    0   +X  -TT  Jo 

we  should  find 

•    -n    -Kb    Ka-t-Kx)         -P     i<rt(     'C  COS /?l6+m  Sin7/li      _,-,         ,_         /-urtx 

flfpi;  =  i/cPe  "^'e*^*^'  *'' e**^'  1    r-j — g e  """mam.     (112) 

TT       Jo  wr+tr 

It  may  be  of  interest  to  calculate  the  mean  rate  at  which  an  integral 
pressure  P  cos  a-t  does  work  in  generating  waves.  In  the  case  of  a  con- 
centrated pressure,  taking  the  real  part  of  (108),  we  have,  at  the  origin 

(^  =  0),  g         ^^p 

~  ^  =  ^^^  cos  0-^+a  term  in  sin  a-t  (118) 

dt        gp 

The  required  mean  rate  is  therefore 

varying  as  the  cube  of  the  frequency.  The  circumstance  that  the 
ineffectual  term  involving  sin  o-^  in  (113),  is  infinite  need  not  dismay  us. 
The  difficulty  does  not  occur  when  the  pressure  is  diffused.  Thus,  in  the 
case  of  a  uniform  pressure  distributed  over  the  space  between  a;  =  +  a, 
we  easily  find  from  (110)  that  the  mean  rate  of  work  is 

ar^P  /sin  Ka\  ^  ,-  - '. 

This  agrees  with  (114)  when  a  is  infinitely  small. 
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7.  In  the  three-dimensional  form  of  the  problem,  we  have,  in  place 

P  =  p(ff-9^+/^<t>)'  (116) 


Thisgives  f  =  ±^  +  ^,„_^, 


(117) 


subject  to  the  kinematical  condition  (54). 

In  the  case  of  symmetry  about  the  axis  of  z,  assuming 

Po  =  JoikTsrye"',  (118) 

^  =  Ce^^*''=Jo(km),  (119) 

we  find  (gJc^-a^+ifi(r)  C  =  — ,  (120) 

P 

k 
and  thence  gp^  =  —  ■= — r— r  e7o(*^)«**''»  (121) 

where  the  definitions  of  k  and  ni  are  as  in  (95). 

Hence,  corresponding  to  a  symmetrical  surface-pressure 

Po=f(r^)e'^.  (122) 

we  have,  by  (67), 

"f = -  «"£  f^^'  i*  /<"'  ■'•*■>■"'"•      »^' 

Thus,  for  an  integral  pressure  Pe*^  distributed  uniformly  over  a  circle 
of  radius  a,  we  have 

(  /(a) Jo ika) ada=  ^^ Jo (ka) ada  =  -^ Jy {ka),  (1 24) 

Jo  ira  Jo  trka 

and  thence  gp^  =  -I. e^  f  'f^Ocrs)J^(ka)  ^ ^^.  ^jgg^ 

ira       Jo    «— (df— iMi) 

Returning  to  the  general  case,  since 


l^Jo(ktsf)  =  -  -^  ^w  ^  Jo^km),  (126) 


we  have 

1   d       d 


^^f  =  *'^i^-^i;)^^^l>)Waia.      (127) 
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(129) 


For  a  concentrated  pressure  Pe*^'  at  the  origin,  this  becomes 

,^^  =  ^il^^rA(M^         (128) 

2  f* 
Now,  since  «7o(*^)  =  —  I    sin  (icr  cosh  u)du, 

TT    Jo 

we  have* 

r "   J^{km)dk  ^  _  J_  f  rfi^  f "  e^*^^^^^-e-^^^~ ^^ 

Jo    A;  — (/C  — i/Lti)  TT    Jo  Jo  k—iK—i/ULi) 

TT  Jo    I  Jo  m^— (Mi+t/cr) 

We  may  now  put  Mi  =  (^  without  inconvenience  ;  thus 

hm^,=0         T-^^l^ ^-r-r  =   7rDo(i«Sr CZ/A         j-r— ^ — .        (131) 

Jo  A:— (/c— ^Ml)  tt  Jo        Jo        w-'+zc^ 

The  symbol  Dq  is  here  used  to  denote  that  particular  combination  of 
Bessel's  functions  of  the  first  and  second  kinds  which  is  appropriate  to 
the  expression  of  diverging  periodic  waves,  f  viz., 

Dq(/ot)  =  —  [    e-i«^«Mih«  ^^  «  KQ{Km)-iJo  (ktst). 

TT    Jo 

Hence  (128)  becomes 

gp^='-iK^Pe'^'.Do(Km)-'^e'^'\    diA    '- an-^^  (133): 

7r^         Jo         Jo  T/r  +  zC* 

2p  ,       i2  12    o2         i2    q2    ;r2  , 

=  _i^Pe^^i,^(^)_:^e'>'  .^-  ?^  +  ^-4#----     -    (184) 

where  the  series  in  |  [  is  of  the  semi-convergent  kind.  At  distances  tsr 
which  are  great  compared  with  2x//c,  the  first  term  only  is  sensible,  and 
we  have 

9pC  =  -  i^P6*-'i)o(^)  =  -  -7^^  e'<^"-"^\  (136) 

*  Cf.  equations  (100),  (101). 

t  Cf.   Hayleigh,   rhil.  May.,   Vol.  xi.ni..  p.    259,    1897;    ^Se.    Papers,   Vol.  iv.,  p.  283.     In 

H.  Weber' K  notation,  .,     x 

Kf^(K'ar)  =  -    I    COH  (icarcoshM)  </m. 

X  Use  is  here  inude  of  the  identity 

tr  (»tr      dtr  tr  an 


(182) 
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approximately.     This  gives  a  system  of  annular  waves  whose  amplitude 
varies  inversely  as  the  square  root  of  the  distance  from  the  origin. 
Taking  the  real  part  of  our  expressions,  we  find,  from  (134), 


0 


:^(rP 


?t         2gp 


Jq  (ktsf)  cos  0-^+ terms  in  sin  a-t. 


(186) 


Hence  the  mean  rate  at  which  the  concentrated  pressure  P  cos  a-t  does 
work  in  generating  waves  is 


a^pa 


K  (T 


4gp 


or 


(187) 


varying  as  the  fifth  power  of  the  frequency.  The  contrast  with  the  case 
of  a  periodic  force  acting  at  a  point  in  an  infinite  elastic  solid,"^  and  other 
similar  problems,  where  the  rate  of  work  varies  as  the  square  of  the 
frequency,  is  instructive  from  the  point  of  view  of  the  dynamics  of 
dispersive  media. 


Table  I. 


M  =  (0 — 


O) 


8 


+ 


(M) 


o.o       OaO.T.V/ 


u 

^„ 

0 

0 

1 

1- 

2 

1-4142 

3 

1-7321  • 

4 

2- 

5 

2-2361 

1 

6 

2-4496  ' 

7 

2-6468 

8 

2-8284 

9 

3- 

10 

3-1628 

11 

8-3166 

12 

3-4641 

13 

3-6066 

14 

3-7417 

16 

8-8730 

M 

1/w 

mM 

0 

00 

0 

+  0-93438 

1- 

+  0-93488 

1-4996 

•6 

2-9992 

1-4411 

•33333 

4-3288 

+  0-7030 

•25 

+  2-8120 

-0-6518 

•2 

-  2-7866 

1-9763 

•16667 

11-862 

3- 1370 

•14286 

21-969 

8-6427 

-126 

29142 

8-2571 

•11111 

29-314 

1-9821 

•1 

19-821 

-00736 

•090909 

-  0-809 

+  20131 

-088883 

+  24167 

3-7363 

-076923 

48-671 

4-6114 

-071429 

64-669 

4-3463 

-066667 

66-194 

*  See  Pkii.  Tram,,  VoL  can.  A,  p.  S2  (1904). 
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Table  L — contmued. 


" 

« 

-./« 

M 

1/a. 

mM 

16 

4- 

2-9819 

•0626 

46911 

17 

4-1281 

+  0-6617 

•068824 

+  11^248 

18 

4-2426 

-1-9296 

-065666 

-  34788 

19 

4-8589 

4-1982 

-052632 

79-670 

30 

4-4721 

5-6300 

•06 

110600 

21 

4-5826 

5-6600 

-047619 

116661 

22 

4*6904 

4-1825 

-046466 

92-016 

28 

4-7968 

-1-7091 

-048478 

-  39-809 

24 

4-8990 

(  +1*2934 

-041667 

+  31-042 

25 

5- 

4-0884 

-04 

102*209 

26 

5-0990 

6-9617 

•088462 

156-006 

27 

5-1962  1 

6*4047 

•037087 

172926 

28 

5*2915 

5-2616 

-036714 

147044 

29 

5-8852 

+  2-7340 

-034483 

+  79^286 

80 

5-4772 

-0*6639 

-083833 

-  16-916 

81 

5-6678 

8-8410 

-082258 

11907 

32 

5-6569 

6-2751 

-08126 

20080 

33 

5-7446 

7-2295 

•030303 

238-57 

34 

5-8310 

6-4190 

-029412 

218-26 

85 

5-9161 

3-9929 

-028671 

189-75 

36 

6- 

-0-5096 

-027778 

-  18-35 

87 

6-0828 

+  3-1917 

-027027 

+ 118-09 

88 

6-1644 

6-1941 

•026316 

235-88 

39 

6*2450 

7*7804 

•026641 

301-49 

40 

6-3246 

7-3796 

•026 

29518 

41 

6-4031 

5-1810 

•024390 

212-42  ' 

42 

6-4807 

+  1-6858 

•023810 

+  68-70 

48 

6-5574 

-2-4066 

•023256 

-103-48 

44 

6-6882 

6-9629 

•022727 

261-98 

45 

6-7082 

8-1101 

•022222 

864-96 

46 

6-7828 

8-8106 

•021739 

882-29 

47 

6-8657 

6-4613 

•021277 

808-68 

48 

6*9282 

-2-9766 

•020888 

-142-87 

49 

7- 

+  1-8138 

•020408 

+  64-88 

50 

7-0711 

5-3622 

•02 

268-11 

51 

7-1414 

8-1598 

-019608 

41616 

52 

7-2111 

8-9884 

-019281 

467-40 

53 

7-2801 

7-6040 

-018868 

408-01 

54 

7-3485 

+  4-3074 

-018619 

+  232-60 

55 

7-4162 

-0-1209 

•018182 

-  6-65 

56 

7-4833 

4-6050 

•017857 

257  88 

57 

7-6498 

80368 

■017644 

45804 

58 

-7-6158 

9-6451 

-017241 

56362 

59 

7-6811 

8-7267 

-016949 

61482 

60 

7-7460 

-6-7408 

•016667 

-344-42 

1904.] 


Deep-watbb  waves. 


895 


Table  II. 

dM  _ 

1    3 
1.3 

• 

0 

i 

n^  1 

S        4 

-- 

dw 

dM/dw 

.S^'  +  l.S. 

5.7.9 

"*  •  •  •  • 

Ctf 

^/w .  dMjdw 

1/- 

i 
m^.dMjd^         ' 

0 

+  1 

0 

00 

0 

1 

0-80524 

1- 

+  0-80524 

1* 

+    0-80524  1 

2 

+  0-28141 

1-4142 

+  0-39797 

-5 

+    1-1256 

3 

-  0-40761 

1-7321 

-  0-70600 

•33833 

3-6685 

4 

1-04137 

2- 

2-0827 

-25 

16^662 

5 

1-40790 

2-2361 

3-1482 

-2 

35^198 

6 

1-36594 

2-4495 

3*3459 

•16667 

49174 

7 

0-88966 

2-6458 

2*3538 

•14286 

43*594 

8 

-008127 

2-8284 

-  0-2299 

•125 

5-201 

9 

+  0-85247 

3- 

+  2-5574 

•11111 

+   69-050 

10 

1-65399 

31623 

5-2304 

•1 

165-40 

11 

208519 

3-3166 

6-9158 

•090909 

252-31 

12 

1-99538 

3-4641 

6-9122 

•083883 

287-33 

13 

1-36789 

3-6056 

4*9320 

•076923 

23117 

14 

+  0-33205 

8-7417 

+  1*2424 

-071429 

+   65-08 

15 

-0-86411 

3-8730 

-  3*3467 

-066667 

-  194-42 

16 

1-91461 

4- 

7*6584 

•0625 

490^14 

17 

2-53456 

4-1231 

10-4502 

•058824 

732-49 

18 

2-53704 

4-2426 

10-7637 

•055556 

822*00 

19 

1-88739 

4-3589 

8-2270 

•052632 

681-35 

20 

-0-71946 

4-4721 

-  3-2175 

•05 

-  287*78 

21 

+  0-69172 

4-5826 

+  31699 

•047619 

+  30505 

22 

1-99540 

4-6904 

9-3593 

-045455 

965-77 

23 

2-86299 

4-7958 

13-6825 

-043478 

1509-23 

24 

3-02604 

4-8990 

14-8245 

•041667 

1743-00    , 

25 

2-44168 

5- 

12-2064 

•04 

1526-05    1 

26 

+  1-21774 

5-0990 

+  6-2093 

•088462 

+  828-19 

27 

-0-36033 

5-1962 

-  1-8724 

•037087 

-  26268 

28 

1-90648 

5-2915 

10-0882 

•035714 

1494^7 

29 

3-02897 

5-3852 

16-3115 

-034483 

2547^4 

80 

3-42984 

6-4772 

18-7860 

•033338 

8066-9 

31 

2-98382 

6-5678 

16-6132 

-032258 

2867-5 

32 

1-77546 

5-6569 

100485 

•03125 

1818-1 

33 

-0-08431 

5-7446 

-  0*4848 

•030303 

-   91-8 

34 

+  1-67994 

5-8310 

4  9-7956 

-029412 

+  1942-0 

35 

3  07701 

5-91G1 

18-2038 

-028571 

3769-3 

36 

3-74626 

6- 

22-4776 

•027778 

4855-2 

37 

3-49965 

6-0828 

21-2876 

-027027 

4791-0 

38 

2-37381 

6-1644 

14-6331 

-026316 

3427-8 

39 

+  0-62660 

6-2450 

^   3-9131 

•025641 

+  9531 

40 

-1-32172 

6*3246 

-  8-3593 

-025 

-  2114-7 

41 

2-99002 

6-4031 

19-1455 

•024890 

5026-2 

42 

3-95525 

6-4807 

25-6329 

•028810 

69771 

43 

3*95984 

6-5574 

25-9664 

•023256 

7321^8 

44 

2-98005 

6-6832 

19-7674 

•022727 

5769^4 

46 

-1-28716 

6-7082 

-  8-2991 

•022222 

-  2505-2 
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Table  II. — continued. 


t 

dMjdM 

a/« 

\^w .  dM/dw 

l/« 
-021739 

• 
w\  dM/dw 

46 

+  0-85221 

6-7823 

+   5-7800 

^    1803-3 

47 

2-77588 

6-8557 

19-0305 

-021277 

6131-9 

48 

405196 

6-9282 

280728 

020833 

9335-7 

49 

4-34962 

7- 

30-4473 

-020406 

10443-4 

50 

3-57465 

70711 

25-2766 

•02 

8936*6 

51 

+  1-89779 

7-1414 

+ 18*5529 

•019606 

+    4936-1 

52 

-0-28252 

7-2111 

-  2-0373 

-019231 

-     763-9 

53 

2-43501 

7-2801 

17-7271 

-018868 

6889-9 

54 

4-02503 

7-3485 

29-5778 

-018519 

117370 

55 

4-64772 

7-4162 

34-4685 

•018182 

14059-4 

56 

4-13093 

7-4833 

30-9131 

-017857 

12954-6 

57 

2-58208 

7-5498 

19-4943 

-017544 

8389-2 

58 

-0-36674 

7-6158 

-  2-7930 

•017241 

-   1233-7 

59 

+ 1-97787 

7-6811 

+ 15-1923 

•016949 

+   68850 

60 

+  3-87327 

7-7460 

+  30-0023 

•016667 

139438 
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The  anit  of  the  horizontal  scale  is  y/(2xlg). 

The  nnit  of  the  vertical  scale  is  Qlvx,  if  Q  be  the  sectional  area  of  the 
initially  elevated  fluid. 
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Tlie  unit  of  the  horizontal  Buale  is  li/C'. 
The  anit  of  the  vertical  Buale  iB  '^(JiTrgt'. 
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Fig.  3. 
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The  unit  of  the  horizontal  scale  is  y/(2xfy), 

P 


t 


The  unit  of  the  vertical  scale  is 
initial  impulse. 


irpa; 


/A 


where  P  represents  the  total 
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ON  THE  ZEROES  OP  CERTAIN  CLASSES  OP  INTEGRAL 
TAYLOR   SERIES.   PART  II.  — ON  THE  INTEGRAL 


«     a;* 


PUNCTION 

2  — r^ % 

n=o(n+a)'n! 

AND   OTHER  SIMILAR  PUNCTIONS 


By  G.  H.  Hardy. 

[ReoeiYed  Augrost  20th,  1904— Revised*  Ootober-November,  1904- -Read  November  lOtfa,  1904.] 

1.  This  paper  is  a  continuation  of  one  recently  published  in  these 
Proceedings  A  The  general  object  of  the  two  papers  is  the  same,  but  the 
methods  used  and  the  results  obtained  are  of  entirely  different  types,  and 
I  have  therefore  judged  it  best  to  keep  the  two  distinct. 

Introductory  Bemarks. 

2.  The  principal  end  which  I  have  had  in  view  is  to  determine 
asymptotically  the  zeroes  of  the  function 


a;* 


[where  (n+a)*  =  ^•i*«(*+«),  the  imaginary  part  of  the  logarithm  being  be- 
tween —7ri  and  xi]  for  all  values  of  a  and  s,  real  or  complex,  except,  of 
course,  negative  integral  or  zero  values  of  a.  In  endeavouring  to  obtain  the 
complete  solution  of  this  problem  I  have  naturally  been  led  to  consider 
other  varieties  of  functions  of  similar  types,  some  of  which  include  the 
particular  function  (1)  as  a  special  case.  I  have  not  hesitated  to  include 
proofs  of  these  results  in  this  paper,  when  such  developments  do  not 
diverge  far  from  the  natural  course  of  the  analysis  required  for  the 
discussion  of  the  function  (1) ;  but,  when  this  course  would  have  led  to  a 
considerable  increase  in  the  length  and  complexity  of  the  paper,  I  have 
confined  myself  to  a  general  indication  of  the  results  and  of  the  methods 
by  which  they  can  be  proved. 


*  This  part  has  been  entirely  rewritten,  and  Home  of  the  reHultM  considerably  extended, 
t  Supra,  p,  332. 

.  2.    voh.  2.    NO.  876.  2   D 
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In  what  follows  I  consider  only  the  half  of  the  plane  of  the  complex 
variable 

(2)  x  =  i+iri  =  re'' 

for  which  i;  ^  0.  The  corresponding  results  for  the  lower  half  of  th'e 
plane  may  be  deduced  immediately.  By  drawing  a  semicircle  whose 
centre  is  the  origin  and  whose  radius  is  a  sufficiently  large  fixed  quantity 
Rq,  and  the  radii  vectores  6  =  ^'tt^^)  where  S  is  also  fixed,  but  arbitrarily 
small,  we  divide  the  distant  part  of  the  plane  into  three  regions 

(D)  r>i?o,         O<0<i7r-(J, 

(E)  r>iJo,         i^-(J<0<i^+(J, 

within  which  the  behaviour  of  the  functions  which  I  shall  consider  is 
entirely  different.  It  will  perhaps  be  convenient  if  I  state  at  once  the 
principal  results  which  I  obtain  concerning  the  function  (1). 

I.  Throughout  D 

(8)  i^a,.(a:)  =  4a+^^) 

where  e,  is  a  function  of  x  which  tends  uniformly  to  zero  witli  l/r.'*'  ' 

II.  Throughout  D' 

(4)  Fa,  six)  =  ^{-xr-{\og{-x)}'-'a+e,). 

In  these  equations  x%  (— x)~*,  |log  (— a;)[*~^  are  so  chosen  as  to  be  real 
when  X,  a,  s  are  real. 

III.  Throughout  E 

(5)  Fa,Ax)  =  ^  (l+e.)+  ^^  (-'xr<^{log{-x)y-\l+e,). 

In  these  results  a  and  5  may  have  any  values,  real  or  complex,  save 
zero  or  negative  integral  values.  From  III.  the  nature  of  the  zeroes  may 
be  very  precisely  determined.     Thus 

IV.  If  a  and  s  are  real,  the  zeroes  of  Fa,s(x)  are  given  asymptotically! 
by  the  equations 

^  =  (s-a)  log  (2^7r)  +  (5- 1)  log  log  *+logY^, 

i;  =  (2A+l)7r+J(5+a)7r, 
where  A;  is  a  large  positive  integer. 


(6) 


*  I  use  €i  genorally  in  this  sense,  sometimes  omitting  the  suffix.     Of  course  t,  is  not  the 
same  in  different  equations. 

t  For  a  precise  definition  of  whiit  is  meant  by  this  see  Part  I.,  mpra^  p.  333. 
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If  a  and  s  are  complex,  these  formulsB  require  a  slight  modification. 

So  far,  zero  or  negative  integral  values  of  a  and  s  have  been  excluded 
altogether.  If  a  is  zero  or  a  negative  integer,  Fa,$(x)  is  no  longer  defined. 
On  the  other  hand,  if  s  is  zero  or  a  negative  integer, 

V.  The  function  Fa^g{x)  reduces  to  the  product  of  e*  by  a  polynomial, 
and  has  but  a,  finite  number  of  zeroes.  It  will  be  seen  in  the  sequel  that 
greater  precision  can  be  given  to  some  of  these  results,  notably  to  I. 

The  paper  is  divided  into  four  sections.  In  Section  I.  (§§  8-18) 
I  consider  the  region  D,  in  which  the  functions  under  consideration  have 
no  zeroes  ;  and  in  Section  II.  (§§  14-22)  the  region  D',  of  which  the  same 
is  true.  I  have  in  Section  I.  considered  the  function  Fa^ « (x)  as  a  particular 
case  of  a  certain  class  of  functions,  and  I  have  endeavoured  to  make  my 
method  as  direct  and  elementary  as  possible,  avoiding  the  use  of  contour 
integrals  and  other  contrivances,  which,  although  very  powerful  aids  to  the 
obtaining  of  particular  results,  are  apt  to  obscure  the  basis  on  which  they 
rest.  In  Section  III.  (§§  28-81)  I  consider  the  region  E.  The  analysis  in 
this  Section  (as,  in  a  less  degree,  in  Section  II.)  is  more  difficult  and  in- 
direct, the  problem  being  inherently  less  simple,  and  I  have  not  attempted 
to  deal  with  more  than  a  few  special  functions  besides  the  function 
Fa,i{x).  Finally,  Section  IV.  (§§  82-87)  is  taken  up  with  a  brief  discussion 
of  several  matters  naturally  arising  out  of  the  previous  work. 

It  will  be  found  in  the  case  of  the  asymptotic  expansions  discussed  in 
Sections  I.  and  II.  that  to  each  of  the  regions  D  and  D'  corresponds  a 
special  function  whose  asymptotic  expansion  is  of  a  particularly  simple 
character,  reducing,  in  fact,  to  one  term.     For  D  the  function  is 

^s+l^(«+l)(s+2)^"" 
and  for  (DO  it  is  1+^.^-^  +  ^^-^^+.... 

The  results,  so  far  as  they  concern  these  functions,  are  particular  cases  of 
results  which  have  already  been  arrived  at  from  a  different  point  of  view 
— that  of  the  theory  of  linear  differential  equations — ^by  Horn,  Jacobsthal, 
and  others.  Horn  has  also  considered  the  question  as  to  the  nature  of 
the  places  in  which  the  integrals  of  the  equations  assume  assigned  values, 
and,  in  particular,  of  their  zeroes,*  but  his  approximations  are  much  less 


*  OrtlUf  Bd.  oxx.,  p.  1. 

2  D  2 
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precise  than  mine.     The  general  types  of  functions  considered  here  are, 
of  course,  not  solutions  of  linear  differential  equations  at  all. 

I.  Thb  Region  D  (r>i?o,   O<0<i7r— 5). 

The  Function  2  ^,  ^,^^\  ,,  «". 

T{8+n+l) 

8.  It  will  be  found  that  there  are  certain  functions  whose  behaviour 
in  D  (or  D')  can  be  specified  in  a  particularly  simple  manner.  In  the 
case  of  D  the  function 

r(s)      .««.!  .     X 


(7)    /•(^)-J,r(.+n+i)'^''-7  +  ;(H^  +  7^H^ 


(8+2) 


+... 


is  such  a  function. 

Let  as  suppose  first  that  B  (s)  >  0.     Then,  by  the  help  of  the  formula 

Jo  T{n+l+8) 

we  find  that* 

(9)  /.(a:)  =  [V(l-i^r^rft^, 

where  (1— w)*~'  =  g(«-i)iog(i-«)^  the  logarithm  being  real.     Hence 

(10)  /,  {x)  =  ^?  6-"^  o)*-^  dw  =  <Ps  {x)'-y}r,  {x) 
where 

(11)  0,  {x)  =  ^  r  c'^'w'-^dw  =  r  (5)  x"e 

{x~'  being  defined  by  j^"*  =  e"'*^*  where  the  logarithm  is  real  with  x)  and 

(12)  x/as  (x)  =  ^ )    e"^co"^  dw. 
Thus 

(13)  /,(a;)  =  r(5)x-V~6'rc-^ft)'-^dco 

when  B  (5)  >  0.  But  it  is  easy  to  see  that  the  right-hand  side  of  (12) 
represents  an  analytic  function  of  s  regular  for  all  values  of  5,  save 
negative  integral  (including  zero)  values.  The  equation  (18)  consequently 
holds  for  all  values  of  5,  with  these  exceptions.     Now,  we  find  easily  by 

*  The  term  by  term  integ^tion  is  easily  justified. 
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integration  by  parts  that 

nA^     ,/   r^^-  1  -i-^-l-U       I  {s-l){s-2)...{s-v+2) 
(14)     V«W -— +-^+-"H ^i 


+  is-lHs-2)      is-.+  l)^  re-^^-'d.. 

x'   '  Jl 


But 


Hence,  changing  v  into  v\-\, 


•'2'(s-l)(s-2)...(s-M+l) 
(1=1 


(15)  /. (X)  =  r («)x- V-  2  v«-^H«-^r^-v«-M-rx;  ^^ 


where  \^\<^' 

IT 

That  is  to  say,  the  asymptotic  expansion  of  fg(x)  in  D  is 

(16)  r(s)x  V—  — 5 — ^^ — 4 —     ' 

^     ^  X  x^  x^ 

and  tfie  asymptotic  expansion  of  6"'/,(x)  is 
(17)  T(s)x 


,— » 


simply ;   for  |6"''7«(a')— r(&)-c"*|  decreases  with  1/r  more  rapidly  than  any 
power  of  1/r. 

I  may  remark  that  the  extension  of  (18)  to  general  values  of  s^  which 
was  inferred  from  the  principle  of  analytic  continuity,  may  be  deduced 
directly  from  the  formulsB 

"«i:{«-i'->'(:)«-«''}«-»'-^»='T^^-A*#. 

(19)  r  [c-"--  i  (-)''(^\co-^da)  =  x"T(s), 

Jo  I  »'=o  v\    ) 

which  hold  for  a  wider  range  of  values  of  s  than  the  ordinary  Eulerian 

formulfiB  ;t  in  each  of  them  p  is  the  greatest  integer  in  R(— s),  which  is 
supposed  not  to  be  integral. 

*  For  an  explanation  of  my  use  of  K  see  Part  I.,  p.  336  (footnote).  By  using  K^  I  imply 
that  the  limits  of  K,  may  depend  on  y,  but  not  on  x, 

t  The  formula  (19)  is  attributed  by  Mr.  Whittaker  to  Saalschiitz  (see  Modem  Analysis, 
p.  184) ;  but  it  really  dates  from  Cauchy  (**  Sur  un  nouveau  genre  d'Integrales/'  Exereiees  de 
Math,,  1. 1.,  p.  57). 
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The  Function      er{l—uY'^\lr(l—u)du. 

4.  I  shall  now  consider  the  more  general  function 

(20)  *,(a;)  =  ^^{l-uy'^ylr{l"u)du 

where  B  {s)  >  0.     I  suppose  that  >/r(a))  is  a  function  expansible  in  a  Taylor 
series  ^  _l^     _l..     _i_ 

whose  radius  of  convergence  is  at  least  equal  to  unity,  and  that,  if 

(21)  ;^(a))  =  2|c,|co^ 

yfr  (ft))  dft)  is  convergent.* 

I  propose  first  to  show   that  under  these  circumstances  '^«(x)   can 
be  expanded  in  a  series 

(22)  ic,/,+,(x) 
convergent  throughout  D. 

5.  Consider  the  integral 

(23)  /(m,m')  =  r«*~(l-«^)'"^^2cjb(l-w)*. 

Jo  ** 

We  divide  the  range  of  integration  into  the  two  parts  (0,  e),  (e,  1).  We 
can  determine  a  positive  quantity  K,  independent  of  m  and  yu',  and 
greater  than  the  maximum  of 

I  e^(l-M)  |-^ 

in  (0,  S)^  S  being  any  small  fixed  quantity  greater  than  e.  We  can  then 
choose  e  so  small  that  the  modulus  of  the  integral  over  (0,  e)  is  less  than 
any  given  small  quantity  a- ;   for  it  is  obviously 


K  \  duI,\ck\a-uf<K  [ xlr(u)du. 
Jo        ^  Jo 


When  €  is  fixed  the  series   Xck{l—u)'^  is  uniformly  convergent  in  (e,  1). 
Hence  /m  can  be  so  chosen  that 


\i 


era —u)-^  du  2  Ck  (1 — M)* 


<<r 


*  A  more  Btringent  condition  than  that  which  merely  asserts  the  ab9ohUe  conTergenoe  of 
^  ^  (»)(^. 
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for  all  values  of  fx'  >  ft.,  and  henee  so  that 

IICu.m')!  <2a 
for  all  values  of  n'  ">  fi.     It  follows  that 
(24)  ^.(a;)  =  2  cJ.oW, 

by  a  deduction  so  obvious  that  I  need  not  set  it  out  in  detail. 


6.  Again,  if  fi  is  any  positive  integer  and 


(25) 


(26) 


<ir,{x)  =  x/r.,^(x)+  [^"ii-uy-'duicdi-uY. 

Jo  " 


Let  us  divide  the  range  of  integration  into  the  two  parts 

(0, 1-s),      a-s,  1) 


where 
Then 

(27) 


s  =  i 


-k 


(0 


1). 


r 

JO 


Jo 
Moreover,  it  is  plain  that  throughout  (1—^,  1) 


00 


Sctd— m)*  I  <  K(l—ur  <  <s^  =  ^-\ 

1^ 


and  so 

(28) 


Ke^i"^. 


!-« 


r.i 


l-x 


Thus 

(for  sufficiently  large  values  of  r),  or 

(29)  <  K 

since  $>  Kr  throughout  D. 


K(^{e-^    +t^)  <  K(fi'^ 


*  Generally,  if 

for  any  c  >  0,  we  may  replace  «  by  0  if  (i.)  6  is  oontinuonB  up  to  A,  and  (ii.)   I    ^(tf)  <fo  Lb  con- 

▼ergent,  where  ^  («)  »  2  |  ^n  («)  |* 

This  set  of  snfficient  conditions  for  the  integration  of  an  inAmte  series  is  often  useful  in  practice^ 

as  it  ooTors  oertaio  cases  which  frequentiy  occur  and  are  excluded  by  the  ordinary  tests. 
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Again,  we  can  choose  B  so  that,  if  r>Bf 

where 


(80)  \p\<K^ 


x^ 


Hence  ^,{x)  =  6*  V  ^^^^^^^^  +  p, 

where  p  again  satisfies  an  equation  of  the  form  (80).  Now  X^i  tends 
to  infinity  with  /a,  and  so,  finally,  putting  m  =  [X^i], 

(81)  %ix)=  ifi^J:^±^+p 

where  |/a|  <  K^  |a;"~e*|.  It  is  easy  to  see  that  we  can,  if  we  like, 
replace  this  last  inequality  by  |  p  |  <  -CC«  |  x'^'+^+^V  | :  and  we  may  sum 
up  the  result  by  saying  that  tJie  function 

x^e'^'^M 
possesses  an  asymptotic  expansion 

(32)  2  S^L^±I!l 

a;" 

valid  throitghout  D. 

Extension  to  General  Values  of  s, 

7.  Throughout  §§5,  6  it  was  supposed  that  B(5)  >  0.  In  fact  the 
integral  by  means  of  which  "^six)  was  defined  is  evidently  divergent  when 
B(^)  ^  0.  We  might  generalise  our  result  by  the  use  of  contour  integrals 
instead  of  line  integrals,  but  for  my  present  purpose  it  is  more  convenient 
to  proceed  as  follows  : — 

We  shall,  in  the  sequel,  be  occupied  with  functions  ^tix)  which 
(i.)  are  analytic  functions  of  s  for  all  values  of  s  save  (possibly)  negative 
integral  or  zero  values ;  (ii.)  are  expressible,  when  B(s)  >  0,  in  the  forms 
(20)  and  (22). 

Now  suppose  S(s)  <  0.  We  can  choose  k  so  that  5(5+ A;)  >  0. 
This  being  so,  it  can  be  shown,  by  the  method  of  §  §  5,  6,  that  the  series 

(88)  ^fHx)  =  i  c^fs^Ax) 
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is  convergent,  and  that  x^e'^iff^ix)  possesses  the  asymptotic  expansion 

k 

Moreover,  it  appears  that  the  function  (88)  is  an  analytic  function  of  8 
for  all  values  of  s  for  which  E(s+/t)  is  positive.     The  equation 

is  therefore  valid  for  all  such  values  of  s  save  0,  —1,  ...,  —  (A;— 1).  Prom 
this  it  follows  at  once  that  the  conclusion  of  §  6  holds  for  the  function 
"if^tix)  for  all  values  of  s  save  zero  or  negative  integral  values. 

Exaniples, 

8.  Before  proceeding  further  I  shall  illustrate  this  result  by  some 
examples. 

(i.)  Suppose  that  we  write  a  for  s,  and  that 

xlrd-u)  =  u^'^  =  {l~(l-w)}^-^ 

where  B(^  >  0.     Then 

_(l~i8)(2~i8)...(»/~i8) 
1.2  ...1/ 

It  is  easy  to  see  (by  a  glance  at  a  figure)  that,  however  small  k  may  be, 

after  a  certain  value  of  v.  Hence  it  follows  that,  after  a  certain  value 
of  V,  I  Ck  I  is  less  than  the  coefficient  of  x*'  in  the  expansion  of 

if(l-a:)-t^+*-*^W. 

Now  K  can  be  so  chosen  that  l+/c— R08)  <  1,  in  which  case 


Cy  = 


P  dx 

J  (l-x)t^+«- 


o)j 


is  convergent.     The  condition  of  §  5  relative  to  yjriu)  is  therefore  satisfied. 
We  find  easily  that 


*'^*^        T(a+B)  r^l.(a+fi)''^1.2.(a+i8)(«+ 


x«+...' 


{a+^  [     '   l.(a+)8)      '    1.2.(a+)8)(a+/8+l)  "M 

and  the  asymptotic  expansion  of  e~*'^.(a;)  is 

provided  that  B(/8)  >  0,  and  that  neither  a  nor  a+fi  is  a  negative  integer. 
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The  first  restriction  is  easily  removed  by  the  help  of  an  obvious  recurrence 
formula  for  "if^aM,  unless  /3  is  a  negative  integer.  The  cases  in  which  fi 
or  a+fi  is  a  negative  integer  are  obviously  trivial.     If  a  is  a  negative 

integer,  the  function  1+  - — ^j-^  x+.,,  may  be  easily  reduced  to  the  form 


x"" 


2P  W  ^, 


1/! 


where  P(v)  is  a  polynomial.  This  is  one  of  a  class  of  functions  which 
may  be  reduced  to  the  product  of  e*  by  a  polynomial. 

The  asymptotic  expansion  found  for  yfraix)  in  D  has  been  otherwise 
obtained  by  W.  Jacobsthal  *  from  the  point  of  view  of  the  theory  of  linear 
differential  equations. 

9.  (ii.)  Suppose  that 

(84)  ^(.)  =  (i_.)-Mlog(^)}'-\ 

a  and  s  having  their  real  parts  positive.     Then 

(85)  ^.(.)  =  j;^u-|log(l.)}-^i«=  i  fl}\--(log(l)}-'.^ 

if  i^«  =  e^i«««  and  \log{llu)\"^  =  e^'''^^^^^'^^'''\  \ogu  and  loglog(l/w) 
being  real,  while  (i/+a)'  is  defined  as  in  §  2.  If  a  and  s  are  real,  it  is 
almost  obvious  that,  from  a  certain  v,  c^  is  positive.  Otherwise  it  may  be 
verified  by  an  extension  of  the  argument  used  in  the  preceding  section, 

that  the  condition  concerning  i/r  (o))  is  satisfied.  Thus  we  find  the 
asymptotic  expansion 


(36) 


x" 


where  c„  is  the  coefficient  of  co"  in  (1— co)""^  —  log!:; )[      ;  so  that, 

I  ft)        M — ft)/ ) 

in  particular, 

(37)  Co=l,     Ci  =  i(l+s)— a,     .... 

This  is  valid  throughout  D  if  the  real  parts  of  a  and  $  are  positive.     This 

*  **  AH3nnptoti8ohe  Darstelliing  von  losimgen  linearer  Diff.-gleichuogeii,**  Math.  Annalen^ 
Vol.  LVi.,  p.  129.  ,      .  . 
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restriction  is  not,  however,  essential.  The  restriction  as  to  s  may  be 
removed  by  an  argument  similar  to  that  of  §  7,  notwithstanding  that  the 
coefficients  c,,  depend  upon  s.  The  restriction  as  to  a  may  be  removed  if 
we  choose  k  so  that  B(a-(-A;)  is  positive,  and  consider  the  function 

(88)     JPa. .  ix) -  '2  T-^tV-I  =  r  {^"  -  '2  ^"^ j-  U^-'  \ log  (j^)  }  '"'  du. 

But  I  do  not  propose  to  go  into  the  details  of  this  here  ;  for  when  I  come 
to  consider  the  region  E,  which  it  is  difficult  to  deal  with  satisfactorily 
by  the  comparatively  simple  and  direct  methods  of  this  part  of  the  paper, 
I  shall  have  to  apply  to  the  function  Fa^g(x)  a  different  and  less  elementary 
treatment  which  leads  with  greater  ease  to  the  desired  extension.  The 
only  exceptional  cases  are  those  in  which  a  or  s  is  zero  or  a  negative 
integer,  the  cases  which  were  indicated  as  exceptional  in  §  2. 


10.  When  x,  a,  and  s  are  real  and  x  positive,  the  dominant  terms  in 
the  asymptotic  equations  for/, (a;),  Fa,t{x)  may  be  deduced  very  easily  from 
a  formula  given  by  M.  le  Boy,  who  has  proved  *  that,  if 


00 


0 

where  ^  (n)  is  a  positive  function  such  that  it  and  its  first  derivate  ^'  (n) 
tend  steadily  to  oo  f or  n  =  oo ,  while  ^"  (w)  tends  steadily  to  0,  then  for 
large  values  of  x  ^(O-^ii) 

where  i  is  defined  by  the  equation  0'  (^)  =  log  x. 

11.  The  general  form  of  the  coefficient  Un  in  the  Taylor's  expansion  of 
^,  (x)  is  easily  seen  to  be 

_   *  T{s+p) 

Thus,  for  instance,  in  the  first  example  of  §  8, 

"^    r(i-i8),ror(n-,/)r(a+n+i^+i) 

=  ^7-X^^^(l"-'^'  «'  a+n+1,  1). 
i  (a+n+1) 


-  •  J^ulU  dst  Seimtcei  Math.,  t.  xxiv.,  p.  246. 
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We  saw  otherwise  that 

_        r(a)r08+n)        . 

and  the  two  results  agree  in  virtue  of  a  well  known  property  of  the 
hypergeometric  series.*  A  more  general  form  of  a«  which  we  might  take 
would  be  p/  X 

i  (a+n+1) 

corresponding  to  i/r  (1 — t^)  =  1 1  —  ^  (1 — i^) }  ^"^ 

12.  Instead  of  starting  with  the  function /<  (a;),  we  might  have  started 
with  the  function 

''•*^"'  ~     «(s+l)...(s+«)<(<+l)...(<+») * 
defined,  when  B  (s)  and  B  (t)  are  positive,  by  the  double  integral 

e^-d— tt)-M— «)'-'iMd» ; 


a 


10  JO 

or  from  other  more  general  functions  which  suggest  themselves  im- 
mediately.! But,  as  I  said  in  §  2,  I  shall  content  myself  for  the  present 
with  indicating  these  generalisations. 

13.  Before  leaving  this  part  of  the  subject  I  may  point  put  an  inter- 
esting application  of  these  results  to  the  theory  of  multiform  functions, 
defined  by  Taylor's  series,  with  finite  radii  of  convergence. 

Application  to  tJie  Function  (h(x)  =  1  +    ~[  ^  x+  ,T^!,TJ  x^+  .... 

a+1  (a+l)(a+2) 

If 

e~^  t^fa(tx)  dx 

if  I X  I  <  1  and  22  (/3)  >  —  1.  If  a;  approaches  x  =  1  along  any  path  which 
does  not  meet  the  circle  of  convergence,  tx  =  u  approaches  infinity  along 
a  path  lying  entirely  within  the  region  D  in  the  u-plane.     Hence 

where  \B\<K. 


*  Forsyth,  Differential  Eqtudwnny  p.  199. 

t  The  dominant  term  of/,,  t  {x)  is  easily  proved  to  be  F  («)  T{t)  jc*'-'  e*^ 
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Now,  if  )8— a+l  has  its  real  part  positive, 

Moreover,  I   e~*^Bdt 


I  Jn 

It  follows  that 

where  Q(x)  remains  numerically  below  a  finite  limit  as  x  approaches  a;  =  1 
along  any  path  lying  inside  the  circle  of  convergence.  This  result  may  be 
verified  by  means  of  the  relations  between  the  particular  integrals  of  the 
hypergeometric  diflFerential  equation. 

The  condition  R^S)  >  0  may  be  removed  without  difiiculty,  either  by  a 
recurrence  formula  or  by  the  use  of  a  contour  instead  of  a  line  integral. 
If  R(/8—a+l)  <  0,  the  series  for  0(1)  is  convergent.  If  R()8— a+1)  =  0, 
the  result  still  holds  unless  )8— a+1  =  0,  in  which  case  the  part  of  <l>(x) 
which  becomes  infinite  is  easily  found  to  be 

And,  obviously,  similar  results  may  be  obtained  for  such  functions  as 
(41) 


x"" 


n=o  (n+a)'' 

It  is  not  difficult  to  determine  the  limit  of  6  (x)  in  (40),  and  of  the  corre- 
sponding term  in  the  similar  formula  for  the  function  (41);  but  to  enter 
into  this  would  carry  me  too  far  from  my  subject. 

II.— The  Region  D'  (r  >  Bq,    iir+S  <  0  <  tt). 

14.  The  functions  which  we  have  been  considering  belong  to  a  class 
of  which  it  may  roughly  be  said  that  they  exhibit  their  most  characteristic 
behaviour  in  the  region  D ;  and,  notably,  for  real  positive  values  of  x. 
An  obvious  illustration  is  provided  by  the  function  e'—Pix),  where  P 
is  a  polynomial.  The  dominant  term  of  all  such  functions  is  the  same 
in  D ;  in  D'  it  depends  on  the  particular  polynomial  chosen.  It  is  then 
not  to  be  expected  that  the  easy  analysis  of  I.  will  be  be  equally  effective 
now. 

In  this  section  I  shall  consider  the  function  $a,«(^)  defined  (when 
R(a)  and  R(9)  are  positive)  by  the  equation 
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(42)  *a.,W  =  £ ^u--^  jlog  (-i-)  }'""V(^)  d^^ 

where  ^(le)  is  a  function  of  u  subject  to  certain  conditions.  I  shall  not, 
however,  treat  the  function  in  its  most  general  form,  but  I  shall  consider 
only  two  cases :  (i.)  the  case  in  which  ^(w)  =  1,  (ii.)  the  case  in  which 
s  =  1. 

The  Function  \  e^u'^^-^iuidu. 

15.  I  shall  consider  first  the  function  which  is  defined,  when  R(a)  >  0, 
by  the  equation 

(48)  ^a(x)  =  ?  eru^'-^xlrMdu, 

where  ^(t^)  is  a  function  satisfying  the  same  conditions  as  ^((0)  in  §  4. 
The  simplest  case  is  that  in  which  y/riu)  =  1,  i.e., 

(44)  ^a(x)  =  I  .  ^\    ,  =  FaM^); 

this  function  more  or  less  fulfils  the  role  of  "  simple  element "  fulfilled 
by  /,(»)  in  I. 

It  is  evident  that 


(45) 


Fa,Ax)  =  T^a-  r  e^u^-'du 
{—xf       Ji 


where  (—a;)"  =  e"^*^*^"*^  the  logarithm  being  real  for  real  negative  values 
of  X ;  and  this  formula  holds  for  all  values  of  a  save  negative  integral 
values  (including  zero).     We  easily  find  that 


(46) 


r  ^""vJ^-^du  =  e'xix) 


where  x(^)  ^^  ^  function  which  possesses  the  asymptotic  expansion 

X  Xi  X 

so  that 

(48)  F,,,(x)  =  ^„+p 

where  |  /o  |  is  for  suflBciently  large  values  of  r  less  than  any  power  of  1/r ; 
in  other  words,  we  may  say  that  the  complete  asymptotic  expansion  of 

^•.^(^>  ''  (-x)-r(a). 
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16.  Now  consider  the  more  general  function  $o(a^)  of  (48).     We  can 
prove,  as  in  §§  5,  6,  that,  if  /a  is  a  sufficiently  large  positive  integer  and 

(49)  *„,^(x)  =  ''2  c.F„^,,i(a:), 

then 


(50) 


Jo  ^ 


1 V  r(/3+.)r(i-a+v) ,    V  .^., 

L~a)^       rT;;+i)       ^  ""^     • 


We  divide  the  range  of  integration  into  the  two  parts  (0,  S),  (S,  1)  where 

S  =  (-^)-^         (0  <  X  <  1), 
and  we  prove  by  analysis  similar  to  that  of  §  6  that 

Jo  I  I  Jo  I  J« 

finally    deducing  that,    throughout  D',    ^ai^)  possesses  the  asymptotic 

expansion 

r^1^  yj^CyTja+v) 

^^^^  ^  (-x)«-  • 

Thus,  for  example,  if  a  =  ^,  and 

where  R(a)  >  0,  we  obtain  for  the   function  (i.)   of  §  8  the  asymptotic 
expansion 

ra-a)"-        r(».+i) 

In  particular,  if  ^  =  1,  we  obtain  for  the  function /a  (a;)  the  expansion 

^  (1  — a)(2— g)...  {v  —  a) 

This  again  agrees  with  a  result  of  Herr  Jacobsthal's,*  and  the  restriction 
on  a  is  easily  removed. 

The  Function  Fa^gix), 

17.  I  come  now  to  the  question  of  the  behaviour  of  Fa,,(a;)  in  D' ; 
and  it  is  at  this  point  that  we  begin  to  feel  the  need  of  more  powerful 
analytical  machinery. 

I  start  from  the  equation 

*    L.e, 


416 


Mb.  6.  H.  Habdt 


[Nov.  10, 


valid  when  the  real  parts  of  a  and  s  are  positive.    To  obtain  a  formula 
for  Fa,,{x),  valid  for  other  values  of  a  and  s,  I  consider  the  integral 


(62) 


\ ^W^-^  {log  (1-)]'-' du 


taken  round  the  contour  in  the  plane  of  u  =  o-e^  formed  by  (i.)  the 
positive  real  axis  from  p  to  l—p  and  from  1+p  to  B,  p  being  small  and 
B  large;  (ii.)  the  radius  vector  0  =  tt— 0,  from  <r  =  JS  to  a- =  p  ; 
(iii.)  arcs  of  circles  whose  centres  are  at  the  origin  and  whose  radii  are 
p  and  B ;  (iv.)  a  small  semicircle  of  radius  p  described  around  and  above 
the  point  u  =  1  (see  Fig.  1). 


Fio.  1. 


It  is  easy  to  see  that  the  contributions  of  all  the  curvilinear  parts  of 
this  contour  tend  to  zero  when  p  tends  to  zero  and  B  to  iniSnity. 
We  start  from  p  towards  l— /o  with 


W 


0-1  ^  ^(o-l)logu 


-log  (i.\y  ^ = ^-i)iogiog(w 


log  u  and  log  log  (1/w)  being  real.     If  ti  =  1— pc**, 


log 


1—pe 


jr  =  /oe**+...,  log  log  (— )   =  log  p+i\lr+...  . 


When  t^  is  at  1— /o,  V^  =  0,  and  as  u  goes  round  the  small  semicircle 
>/r  decreases  to  —  tt.  When  u  is  at  1+p,  loglog  (1/w)  =  log/o— i7r+..., 
and  so  the  value  of  {log(l/w)}'""^  along  the  line  (1+p,  B)  is  defined  by 


.  log  (— )  }  '  '  =  e-<'-^>'<aog  tiy'\ 


where  (logi^)'"^  =  6(»-i)>"R^«««, 

log  log  u  being  real.     Thus  the  contribution  of  (i.)  is  ultimately 

(53)        r  6^u«-^  { log  (~)  I  "^  du+e'^'-^^''*  T  eTu""^  Oog  uy^du, 
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with  the  above  assumptions  as  to  the  values  of  the  many-valued  func- 
tions involved. 

Again  it  is  easy  to  see  that  the  contribution  of  (ii.)  is 

(54)  -.c«(— •)<  r  e-^a^-^  I  log  [^  \ '"'  Ar, 

where  the  path  of  integration  is  real,  a^"^  =  6<«-^)i<««^,  log  <r  being  real,  and 

j  log  Ll^i  l'~'=  g(.-l)logC-loga+i(«-»)3^ 

that  branch  of  log  {— logo- +i(0—7r)}  being  taken  whose  imaginary  part 
is  very  small  with  o-.  Thus,  by  Gauchy's  theorem,  we  arrive  at  the 
equation 

(56)    T(s)Fa,»{x)=     «»<'-•>*(    c-'^cr^-M -log  (r+i(0-7r)} -^do- 
Jo 

=     ««<'-•>*  r-«  r  e-'if'^  {logr-log  <+i(0-7r)}'-^ 

_^-(,-iM  r  e^  (1 + Q«-i  { logd  +  ty^  ]  dt, 

on  transforming  the  two  integrals  by  the  substitutions  <rr=t  and 
u=  1  +  ^.     This  formula,  which  I  shall  write  in  the  form 

(56)  r  is)  Fa,s(x)  =  e»<'~*>*r-M  -e-C-i)**  J5, 

is  valid  if  the  real  parts  of  a  and  s  are  positive. 

Introduction  of  Loop  Integrals. 

20.  This  formula  is  easily  generalised  so  as  to  cover  all  values  of  $ 
save  negative  integral  values.     For  consider  the  integral 

jc^(l+««'Mlog(l+«}-^ei^, 
taken  round  the  contour  C  shown  in  the  figure  (Fig.  2),  including  the 


dt 


2.    ▼0L.2.    HO.  877.  2    B 


I 
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positive  half  of  the  real  axis,  but  excluding  the  point  <  =  —  1.  The 
values  of  the  many-valued  functions  are  to  be  so  chosen  that,  if  t  moves 
along  pp\  they  assume  at  p^  the  values  already  assigned  to  them  in  B. 
Then,  if  R  (s)  >  0,  the  contour  C  may  be  transformed  into  the  limit  of 
the  contour  C  (see  the  figure)  and  it  is  easy  to  see  that 

(67)  (     =  {l-6-2»*<-^)}B, 

J(C) 

{log(l  +  0  f'""^  being  multiplied  by  e^'<<»-^>  by  a  positive  circuit  round  the 
origin.     Thus 

(58)  T(s)Fa,Ax)  =  6»<'-^>^  r-M  -  ^^J-^l'^-i)  j^^ 

=  6*<'-*  V-M— e'-<*-^>'^B',  say. 

This  formula  is  valid  for  all  non-integral  values  of  s ;  while  (56)  is  valid 
for  all  values  of  s  whose  real  part  >  0.  Thus  ot?€  of  (56)  or  (57)  is  valid 
for  all  values  of  s  save  negative  integral  or  zero  values  of  s.  In  both, 
however,  R  (a)  >  0. 

21.  Now  it  is  easy  to  see  that  throughout  D' 

(59)  \B'\<  K(--i)\ 

where  y  is  a  real  constant.  For,  if  we  take  C"  to  be  formed  by  two  lines 
practically  coinciding  with  the  real  axis,  and  a  small  circle  of  radius  p, 
then  along  the  circle 

\e-^\<  e-^         I  (1  +  f)-''  I  log  (1  +  ^) }  -1  I  <  Kp'''\ 

where  s'  =  R(s) ;  so  that  the  modulus  of  the  contribution  of  the  circle  is 
less  than  Kp'er^f,  If  we  take  p  =  —  1/^,  this  is  less  than  Ki—i)"''. 
Again,  the  contribution  of  the  rectilinear  parts  is  in  absolute  value 

Jp 
where  8  is  any  small  quantity  >•  p.  It  is  easy  to  see  that,  if  we  take 
J  =  log(— ^)/(— ^),  the  first  of  these  terms  is  less  than  K( — ^^"^  and 
the  second  less  than  K/i—^).  Hence  the  second  term  of  (58)  is  in 
absolute  value  less  than  iCe^(— ^)'^,  or,  what  is  the  same  thing,  less  than 
Ke^ry. 


22.  Again 

log  ^'~'^'' 


Jo  I  logr         I 

and  it  is  easy  to  see  that  the  limit  of  this  integral  for  r  =  oo  is 

e-'if-^dt  =  Via). 


r 
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I  omit  the  formal  proof  of  this,  which  is  a  little  tedious,  and  in  no  way 
particularly  interesting.  Hence  we  arrive  at  the  following  conclusion : — 
for  all  values  of  6  such  that  Jx+i  <  0  <  -tt 

(60)  Fa, .  (X)  =  ^^  (-a:)-«  Oog  r)-^  (1  +€^ 

where  €«  is  a  function  of  x  which  tends  to  0  f or  r  =  oo ,  and  that  uniformly 
for  all  values  of  d  in  question,  being,  in  fact,  numerically  less  than 
JC/log  r.    Here  (—«)"*  =  r-«c"<'-*>*, 

which  is  real  for  0  =  tt.  Again  (log r)*~^  =  {log  (— a:)}'"^ (1+c).  Finally, 
from  the  uniformity  of  the  convergence  of  lim  e«,  we  infer. that  the  equation 
(60)  is  valid  also  f or  d  =  tt  (as  may  be  proved  independently).  We  have 
thus  proved  theorem  II.  of  §  2  with  the  sole  restriction  that   B  (a)  >  0. 

This  last  restriction  also  may  be  removed  unless  a  is  zero  or  a  negative 
integer.  For,  if  x^  is  a  fixed  point  in  D'  and  |  x  |  is  large,  and  the  path  of 
integration  is  rectilinear. 


«o  0  (»'+l)!(i'+a)' 


I 


where  C  is  independent  of  x.    Now 
(-x)-'{\og{-x)\'-'^dx 

The  first  term  may,  if  0  <  B  (a)  ^  1,  be  pat  in  the  form 

while  the  second  is  in  absolute  value  less  than 

K  \  r-«  Oog  rY'Hr  <  Kr^'*'  Gog  r)-«. 

J  To 

Finally,  it  is  easy  to  deduce  from  the  inequality  |  e^  |  <  ^'/log  r  that 

<  JTr^-^  aog  ry-K 


II 


(-X)-'{l0g(-x)\-'€,dx 

«0 


Thus,  finally,    Fa.i,.(ic)  =  ^^^^(-a?)^-«aogr)-Ml+€a). 

If  we  write  a  for  a— 1,  the  range  of  (60)  is  extended  to  all  values  of  a 
other  than  a  =  0,  for  which  R(a)>— 1.  Repeating  this  process  of 
extension,  we  arrive  finally  at  the  complete  proof  of  II. 

2  8  2 
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III.   The  Bbgion  E  :   The  Zeroes  of  Fa,»{x), 

28.  It  follows  from  the  results  of  I.  and  II.  that  there  are  infinitely 
many  zeroes  of  Fa, six)  within  the  region  E.  In  order  to  determine  them 
more  precisely  it  is  necessary  to  determine  an  asymptotic  formula  for 
Fa, six)  valid  within  this  region.     We  must  distinguish  three  cases — the 

cases  in  which  ^  ==  0. 

The  case  ^  <  0. 

24.  The  analysis  which  led  to  (58)  assumed  only  that  ^  <  0,  and  the 
formula  is  therefore  valid  for  all  such  points  of  E.  The  same  is  true  of 
the  reduction  of  the  first  term  on  the  right-hand  side  of  (58)  to  the  form 

Tia)i-x)-^{logi-x)\'-Hl+er). 

But  we  must  now  consider  the  second  term  more  precisely.     We  therefore 
turn  our  attention  to  the  integral 


(61) 


I=[    el^H  +  O^-^logil+oy-'dt. 

J(C) 


The  real  part  of  x  being  negative,  it  is  easy  to  see  that  we  may  replace  the 
contour  of  integration  by  a  similar  contour  Ci  enclosing  the  origin  and  the 
straight  line  for  which      ^  _     i^  ,  _     __g 

This  contour  we  replace  by  a  contour  C[  similar  to  the  contour  C  of  §  21, 
taking  the  radius  of  the  small  circle  to  be  1/r.     Now 

J(cri)  i—xY 

where  (— aj)'  =  r'e^^'"^'^  and 

(62)  B={     e^  [(1  + 1)^''  \  log  (1  +  ^) }  *-^  -  tf'^]  dt. 

J(c,) 

We  can  prove,  as  in  §  21,  that  the  absolute  value  of  the  contribution  of  the 
circular  part  of  the  contour  is  less  than  Kr'''"^,  The  absolute  value  of 
the  remaining  part  of  B  is  less  than 

kT  e'^\  il+re"^)^'^  log  (l+Te^)'-^-T«-ie<'-^>^  I  dr  =  -S:  f   +  f 

Jl/r  J  1/r        J« 

where  S  is  less  than  unity.     The  first  term  is  less  than 

k['  ^dT<KiS'^^-r-''\ 

Jl/r 

and  the  second  than  Ke'"^. 
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If  we  take  S  =  ic  log  r/r,  where  k>s'+1,  both  terms  are  small  in 
comparison  with  r""*',  and  so 
(63)  lim  7^B  =  0, 


r=oo 


and  that  uniformly  for  all  values  of  x  whose  real  part  is  negative.  Hence 
(64)  Fa,six)  =  ^(-a:)-«{log(-^)}-ni+ex)+  ^d+^x) 

where  (—«)"**  =  6-«i<>«(-*),  and  x'  =  e""'*°*^*\  the  logarithms  being  real 
on  the  negative  and  positive  halves  of  the  real  axis  respectively,  and  6x,  el 
are  quantities  which  tend  uniformly  to  zero  with  1/r  for  all  values  of  x 
whose  real  part  is  negative.  Owing  to  the  uniformity  of  the  convergence 
of  the  limit  in  (63)  the  formula  is  also  valid  when  '&(x)  =  0.  The 
extension  to  values  of  a  whose  real  part  is  less  than  0  is  much  the  same 
as  before.     We  have  only  to  make  the  almost  obvious  additional  remark 

that  when  r  is  large  rj.  ^  - 

^d.r  =  ^,(l+e.)  +  C 

Jxo  X  X 

where  C  is  independent  of  x. 

The  case  ^  >  0. 

25.  It  is  of  importance  for  our  present  purpose  to  prove  that  the 
formula  (64)  is  valid  also  for  those  points  of  E  whose  real  part  is 
positive.  The  proof  of  this  is  so  similar  to  the  precedicig  analysis  that 
I  shall  merely  indicate  the  principal  steps  in  it. 

We  start  from  the  formula 


(65) 


V{s)Fa,,{x)  =  (f^  e-^iX-uT'^  jlog  (j3^)}'  ^du. 


valid,  like  (35),  so  long  as  the  real  parts  of  a  and  s  are  positive ;   and 
we  consider  the  integral 


je— (i-z,)-i  {log  (^)}-"'di. 


taken  round  a  contour  which  only  differs  from  that  of  §  17  in  that  the 
radius  vector  (ii.)  is  defined  by  ^  =  —  d  and  that  the  semicircle  (iv.)  is 
turned  downwards.  By  arguments  similar  to  those  of  §  17,  we  arrive 
at  the  formula 

(66)     T{s)F^,{x)  =  e«-^  j*  6--(l-(r6-*0*-^  jlog  (^_^^-i^)f  ^ 

_^+(a-i)iri  r  e-'»(u-l)«-M  -log(t6-l)-xt}-^dtt 
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where  in  the  first  integral   (1— o-e-*^"-'  =  e<**-^>^^<^— "**>,   the  logarithm 
vanishing  for  o-  =  0,  and 


wherein 

^^8  {i^^^-ie)  =  o-e<*+ . . . ,     log  log  (^_^^,i^)  =  log  (T— 10+ . . . 

when  (T  is  small;   while  in  the  second  integral  {u—lf'^  =  ^«-i)i<«(«-i)^ 
the  logarithm  being  real,  and 

{— log(M— 1)— Tri}'-^  =  exp[(s— l)log]— log(w— 1)  — xi}], 

log(t^— 1)    being  real  and    log  {— log(tt— 1)— Tri}    having  its  imaginary 
part  small  w^hen  (w— 1)  is  small. 

We  transform  each  of  these  integrals  as  in  §  19,  obtaining 

(67)     Vis)  F,^  Ax) 

Jo  \         r         /        (  «       -^j_ 

re' 


■■r'-"-(-i«-")-ff>»<7fT)] 


dt 


Jo 


where  in  the  first  integral  the  last  bracket,  when  expanded  in  powers  of 
ty  starts  with  the  term  1  +  — 

The  first  of  these  integrals  must  be  replaced  by  a  loop  integral  when 
R(s)  <  0,  as  in  §  20.  Finally,  by  arguments  similar  to  those  of 
§§  22-24,  we  arrive  at  the  asymptotic  formula  (64). 

The  Zeroes  of  Fa^a(x). 
26.  We  have  then  the  asymptotic  formula  * 

(64)  Fa^s(x)  =  ^^-^)--ilog(-x);-^(l+e.)+ Jd+c;^, 

valid  for  all  points  of  £,  and  all  values  of  a  and  s  other  than  negative 
integral  values.     It  x  =  i+irj  is  a  zero  of  Fa,»(x), 

ei^i^-'^r-'  =  -^^(iogrY-'r-'-e-^'-^^'^O+e). 

i  {s) 


*  In  this  secticm  I  suppose,  far  siinplioily,  that  a  and  «  are  real.   Th,e  neoesB^iy  n^odifications 
when  they  are  not  are  easily  made. 
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Now   r  =  j;  (1  +e),    log  r  =  log  ly  (1  +e),  and    6  =  ^Tr+e.     Hence 

(68)  ^^+i,-4..t-.i  ^  _  -J^aog  fjy'fi'-^e^'^a+e). 

1  (sj 

Equating  the  moduli  of  the  two  sides,  we  find 

(69)  e*  =  f^^aog,)-V-{l+e). 

(70)  i  =  is-a)  log  ,+(s- 1)  log  log  .,+log ^  +e. 

Dividing  (68)  by  (69), 

(71)  e(i-4"-0i  =  —ei^, 
or 

(72)  ;;  =  i(rt  +  s)x+(2*  +  l)ir+€, 

A;  being  a  positive  integer.  From  (70)  and  (71)  we  deduce  the  asymptotic 
formula 

(73)  ^  ^  "  ^'"""^  ^""^  (2A;7r)+(5-l)  log  log  A+log  ^  +£, 

Thus,  the  zeroes  of  Fa^a(x)  are  associated  with  some  or  all  of  the  points 
obtained  by  giving  k  any  large  positive  integral  value  in  the  above 
formulae.  The  real  part  of  the  zeroes  is  therefore  ultimately  positive  if 
s>a,  negative  if  5<a.     If  s  =  a,  its  sign  depends  on  that  of  «— 1. 

and  the  zeroes  are  all  purely  imaginary. 

27.  It  still  remains  to  be  proved  that  one^  and  only  one,  zero  of  Fa^a(x) 
corresponds  to  each  of  the  points  (78).  The  proof  of  this  is  not  difficult, 
though  a  little  tedious.  I  shall  only  indicate  the  argument  briefly ; 
it  is  as  follows : — 

In  the  first  place,  it  is  easy  to  show  that  the  function 

(74)  ea..{x)  =  f^(-^)-''{log  (-«)|-'+^ 

* 

vanishes,  when  k  is  large,  once,  and  only  once,  in  the  immediate  neighbour- 
hood of  each  of  the  points  (78).  To  prove  this,  we  h^we  only  (following  a 
line  of  argument  which  I  have  employed  on  several  occasions  in  the 
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papers  already  referred  to)  to  draw  the  portions  of  the  curves 


T{a) 


3f 


am^^  (_x)-{log(-a:)}->  =  am  (-^). 

which  lie  in  the  part  of  the  plane  in  question,  and  to  satisfy  ourselves  that 
there  is  in  fact  just  one  intersection  near  each  of  the  points  (78). 

Now  let  ^  be  a  fixed,  but  fairly  small,  positive  quantity  (such  as  ^^). 
Let  us  surround  each  of  the  points  (78)  by  a  closed  contour,  say  a  square 
with  its  sides  parallel  to  the  coordinate  axes  and  all  at  unit  distance  from 
the  point.     First  we  prove  that  for  all  points  on  this  square 

(75)  |ea..(a:)  I  >  &  I  ^(-a:)-«  |iog(-a:)[-^ 

Then  we  have  only  to  show  that  for  points  on  the  square  the  ratio  of 
the  moduli  of  the  two  terms  of  Oa,<(a;)  lies  between  certain  fixed  limits  in 
order  to  satisfy  ourselves  that  along  the  contour  of  the  square 

(76)  Fa,.(ic)=e«,,(a:)(l+€), 

where  €  is  small.  It  follows  that  Fa, « (^)  has  within  the  square  the  same 
number  of  zeroes  as  6a,  <(^),  that  is  to  say,  (me. 


The  Zeroes  of  the  Two  Simple  Functions  fgix)  and  Fa,  i(x). 

28.  When  «  =  1  we  obtain,  for  the  zeroes  of  the  function  Fa,i(x)  which 
served  as  "  simple  element "  in  D',  the  asymptotic  formula 

(77)  i  =  (1-a)  log  (2A7r)+log  r(a),        17  =  (2k+l)ir+i(a+l)ir. 

29.  The  corresponding  investigation  for  the  function  /«(x),  which 
served  as  our  simple  element  in  D,  is  simpler,  and  I  shall  not  set  it  out  in 
detail,  as  the  formula 

(78)  fs(x)  =  r(8)x-'(f(l+€)-x-Hl+€) 

is  already  known.*     From  this  we  deduce  the  asymptotic  formula  for  the 
zeroes,  viz., 

(79)  i  =  («-l)  log  (2i7r)-log  r(s),         >7  =  2kir+i  (s-Dtt. 

It  may  be  shown,  as  above,  that  one  and  only  one  zero  is  associated  with 
each  of  these  points. 

*  ScL'  r.y.,  Jacobethal,  loe.  eit. 
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SO.  I  do  not  propose  to  attempt  a  similar  discussion  for  the  more 
general  functions  considered  in  I.  and  II.  It  is  obvious  that  in  order  to 
apply  the  preceding  methods  assumptions  would  have  to  be  made  not  only 
as  regards  the  behaviour  of  the  arbitrary  functions  ^  along  the  line  (0,  1), 
but  also  as  regards  their  analytic  nature  for  complex  values  of  u.  To  take 
a  simple  example,  consider  the  function  defined  by  the  integral 


Ga(x)  =  r  e^u^-^x/^{u)du    {a  >  0) 


and  its  continuation  in  the  a-plane»  \fr  (u)  being  real  and  expansible  in  a 
Taylor's  series  which  converges  for  i^  =  1.  Then  the  dominant  terms 
of  the  asymptotic  expressions  for  Ga{x)  in  D  and  D'  respectively  are 
a;"V^(l)  and  r(a)(— a;)~''>/r(0)  respectively.  It  is  natural  to  suppose 
after  what  has  preceded  that  in  E 

Ga(x)  =  ^xlra)a+e)+T(a){-x)--ylrmi+e\ 

in  which  case  the  zeroes  are,  when  a  is  real,  given  by  the  points 

(1-a)  log  (2i7r)+log  r(a)+log  |^  +i  {(2i+l)  7r+J(a+l)7r}. 

But  I  do  not  intend  now  to  attempt  to  investigate  the  conditions  re- 
garding ^  (u)  which  are  sufficient  to  establish  the  truth  of  this. 


The  case  i/n  which  s  =  1  a/nd  a  is  a  Positive  Integer. 

81.  If  s  =  1  and  a  is  a  positive  integer,  we  can  obtain  an  easy  and 
interesting  verification  of  our  results.     In  fact,  in  this  case, 


(80) 


KMx)  =  [e-u^'^du  =  ^  2^  (-r(a~l)...(a-.)       (-r(a-l)! 
Jo  X     0  a;"  x" 


as  is  easily  found  by  repeated  integration  by  parts.     In  the  first  place,  this 
verifies  the  formula  (64).     Again,  the  equation  Fa, ,  (x)  =  0  takes  the  form 

^  =  (-.)«-!  (a-l)!/x«-^-..., 
and  it  follows  from  results  which  I  have  proved  elsewhere*  that  the 


*  Qmrterfy  Journal^  Vol.  zzzv.,  p.  261. 
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asymptotic  solution  of  this  equation  is  given  by 

^=  (l^a)log(2A:7r)+logr(a),         fi=  (2k+l)ir+i{a+l)ir, 

which  is  in  agreement  with  the  general  result.     The  case  in  which  a  =  1 
has  been  already  disposed  of  (§  26,  end). 


IV. 

82.  I  shall  conclude  this  paper  by  a  short  discussion  of  one  or  two 
points  of  a  miscellaneous  character. 

The  Function  Fa,  -n  (x). 

In  all  the  preceding  analysis  it  has  been  assumed  that  neither  a  nor  s 
is  a  negative  integer.  If  a  is  one,  Fa^gix)  is  no  longer  defined.  But  the 
case  in  which  5  is  a  negative  integer  —  n  is  of  considerable  interest.  In 
fact,  in  this  case  Fa,i{x)  reduces  to  the  product  of  c*  by  a  polynomial  Pn(x) 

of  degree  n.     For  ^  L,A.nV^  r^ 

Fa^  ..(X)  =  2  ^I±^ 

0  v! 

is  the  coefficient  of  t^  in  the  expansion  of 

n\  S^     ,        =  n!  e^'-''  ; 

80  that  ^«.-"(-)  =  [(|)"^"'^"'L' 

which  is  easily  seen  to  be  of  the  form* 

(81)  e^Pn(x). 

From  the  method  of  formation  of  the  polynomials  Pn  it  is  easy  to  deduce 
the  recurrence  formula 

(82)  Pn^iix)  =  (x+a) Pn(x)+x  '^^^  ; 

so  that 

(83)  Po(x)  =  1,       Piix)  =  x+a,       P^(x)  =  x^+{2a+l)x+a^  ... . 

If  a  is  real  and  positive,  the  roots  of  Pn(x)  are  all  real  and  negative,  and 
separated  by  those  of  Pn-i  {x).     This  is  easily  proved  by  induction. 


*  A  result  subetantially  equivalent  to  this  was  projioBed  as  a  problem  in  the  ICathematica 
Tripos  for  1903. 
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Another  interesting  property  of  these  polynomials  is  that 
(84)  r    e'Pn{x)dx  =  (a-l)\ 

The  Eqtcation  Fa,  six)  =  c. 

88.  The  question  is  naturally  suggested  whether  the  functions  Fa, « (x) 
possess  the  property  that  for  one  value  of  the  constant  c  the  distribution 
of  the  roots  of  Fa^six)  =  c  is  abnormal.  It  is  easy  to  see  that  in  certain 
cases  they  do,  though  the  peculiarity  is  far  less  marked  than  in  the  case 
in  which  8  =  0  (or,  more  generally,  s  is  a  negative  integer).  Suppose,  for 
simplicity,  that  s  =  1,  and  that  a  and  c  are  real.  Then  we  have  to 
satisfy  the  equation 

—  (l+e)  +  r(a)(-x)-«(l  +  e)  =c. 

X 

It  is  easy  to  infer  from  this  that  ^  must  be  positive  and  large  (though 
small  in  comparison  with  rj),  whatever  be  the  value  of  a.  If  a  <  0,  we 
approximate  to  the  roots  by  taking 

e'=T(a){^xy-m+e), 

and  the  value  of  c  is  indifferent.     But,  if  a  >  0,  we  must  take 

e'  =  ex  (1+e), 

i.e.,  i  =  log  (2A:7r)+log  c+e,         j;  =  (2ft+i)  tt, 

unless  c  =  0,  in  which  case  the  approximation  (77)  still  holds.  Thus  the 
case  of  c  =  0  is  abnormal,  provided  a  >  0  [and,  more  generally,  pro- 
vided B(a)>0]. 


The  Function  Fs(x)  =  2  -7-: . 

1  n'ni 


84.  In  the  case  in  which  a  is  zero  or  a  negative  integer  the  definition 
of  Fa^^ix)  by  means  of  a  series  fails.  But,  if,  for  instance,  a  =  0,  it  is 
natural  to  define  F^ix)  =  Fo^^ix)  as 


CO     ^n 


(85)  lim{i^a..(x)-a-}  =^:^,^ 

a=o  I  n  ni 

If  E  (s)  >  0.  r(s)  F.  (x)  =  r  ^^^^  1  log  ( J-)  ]  '"'  du 

Jo      u        I         \u /  ) 

and  r(«)F.(a;)  =  ^.(f*  |  log  (~j  ]■"'  du  =  T{s)  Fi.  .(x). 
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The  asymptotic  expressions  in  D  and  D'  for  J?i, , (x)  are 

,-V     and     -    1     {H(--)}'-\ 

1  (S)  X 

and  it  may  be  shown,  in  the  first  place,  that  the  dominant  terms  in  the 
expressions  for  F.i^)  are  dominant  terms  in  the  integrals  of  these 
expressions,  namely 

x-e'     and     -  Oog(-^)i'  • 
«   e*     and  ^^^_^^^     , 

and,  in  the  second  place,  that  the  equation  F,{x)  =  0  is  equivalent  to 

j.-y^   {log (-3;) I'         ,y 

•^  '^        r(s+i)    ^^^*^' 

from  which  we  deduce  as  an  asymptotic  formula  for  the  zeroes 

(86)  i=s  log(2Air)+s  log  log  A— logr(s+l),       t,  =  (2k+^8)-ir. 
In  the  particularly  interesting  case  in  which  s  =  1,  so  that 

(87)  F,{x)  =  i  -^,  =  U (c^ -log (-x)-Y, 

where  y  is  Euler's  constant,  the  asymptotic  expressions  are* 

(88)  (fix,     -log  (-a:), 
and  the  formula  for  the  zeroes  is 

(89)  log(2A:7r)+log  log  k+im+^)ir. 


Fmictions  analogous  to  the  Sine  Function. 

35.  All  the  functions  which  have  been  considered  so  far  are  in  many 
ways  analogous  to  the  ordinary  exponential  function.  Their  increase  is 
substantially  that  of  e^y  and  the  distribution  of  their  zeroes  is  substantially 
similar  to  that  of  the  zeroes  of  ef—c{c^O),  Even  in  the  case  of  those 
functions  whose  zeroes  have  not  been  approximated  to  by  the  methods  of 
Section  III.,  the  asymptotic  expressions  obtained  in  I.  and  II.  show  that 
the  zeroes  ultimately  lie  inside  any  small  angle  issuing  from  0  and 
including  the  imaginary  axis. 


•  SeeBamee,  *'0n  Integral  FanctioDB,'*  Phil.  Tram,  (A),  Vol.  199,  p.  411,   and  Horn, 
Orelle^  Bd.  oxx.,  p.  1,  where  complete  asymptotic  expansions  of  this  function  are  obtained. 
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By  means  of  combinations  of  these  functions  we  can  form  a  variety  of 
functions  similarly  related  to  the  simple  function  sin  x. 
Consider,  for  instance,  the  function 

(90)       ylra(x)  =  r  Bm(xu)u'"^du     [B(a)  >  0] 

2i  *    ^  n=o  (2n+l+a)(2n+l)! 

We  easily  find  that  in  the  domain  Dj  for  which  O<^^0^7r— ^<7r 

(91)  ylra{x)  =  -^{l+€), 

while  within  the  corresponding  domain  below  the  real  axis 


(92)  ylra(x)  =  -  ^a+e). 

Thus  ylra(x)  possesses  the  property  of  sinx  that  its  modulus  tends  to 
infinity  along  any  line  issuing  from  the  origin  and  going  to  infinity  save 
along  the  real  axis. 

On  the  other  hand,  if  i  and  ^/i;  are  large  and  i  positive,  ^a(^)  niay  be 
expressed  in  the  form 

^^^^  "  ^^^zf'  ^'^'^'^'^^  {(-a:i)-"-(a^r*f  (1+e), 

where  (— aji)""  has  an  argument  nearly  equal  to  J«aand  (ajt)""  one  nearly 
equal  to  —^Tria.  From  this  formula  an  asymptotic  formula  for  the  zeroes 
may  be  deduced.  If,  e.g.,  a  is  real,  positive,  and  less  than  unity,  ^,  17, 
and  i/fi  are  all  large  and  positive  and 

e"*^'*'''  _  r(a)  sin  JTra  .^  ,    v 

and  so 

(94)      i  =  2kTr+€,       17  =  (1  -a)  log  (2A;7r) +log  { T (a)  sin  iwa  \  +€. 

In  the  special  case  in  which  a  =  1, 

1— cosx 


\lr^(x)  =1    si 


sin  xudu  = 


X 


so  that  all  the  zeroes  are  real ;  in  fact,  ^  =  ikw,  17  =  0,  which  agrees  with 
the  general  result.  The  close  analogy  between  ^a  ix)  and  sin  x  is  now 
apparent. 
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ar" 


Functions  analogous  to  the  Function   2  ttt — —r-zr 

^  0  r(an+l) 

86.  Prof.  Mittag-Leffler  has  defined  a  function 


EM  =  2 


X* 


7  r(an+l)' 

and  has  summarily  indicated  some  of  its  properties,  which  are  in  many 
ways  analogous  to  those  of  the  exponential 

It  is  natural  to  suppose  that  the  function 


-Fa.a..(a:)  =  2 


x"" 


0  {n+ayT{m  +  l) 

would  be,  to  some  extent  at  any  rate,  amenable  to  analysis  similar  to  that 
of  this  paper.  But,  as  Prof.  Mittag-Leffler's  extended  memoir  on  the 
subject  has  not  yet  appeared,  I  shall  not  discuss  this  question  further  at 
present. 

Conclusion. 
87.  The  behaviour  in  D  of  the  series 

where  Cn  =  .    ,    v,  {6o  + "^ +-t +•••)» 

{n'\'ay  \  ^       n        n^  I 

the  series  &o'f~^i/^'f~-**  being  convergent  for  n^  1,  may  be  determined  in 
certain  cases  by  means  of  the  results  of  Section  I.  But  the  corresponding 
investigations  for  D'  and  E  seem  to  present  serious  difficulties,  the  nature 
of  which  I  have  to  some  extent  already  indicated.  And,  if,  instead  of 
postulating  the  entire  analytic  nature  of  the  coefficients  c^,  we  confine  our- 
selves to  the  information  furnished  by  inequalities,  however  precise,  we 
find  at  once  that  very  little  progress  can  be  made.  Suppose,  for  instance, 
that  we  consider  the  function 

F{.x)  =  2c^^ 

71! 
1  J(. 

where  Cn=— j— +pn,         I  P»  I    ^ 


Then  l^(«)  =  -Pa.i(»)+0(a:) 
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where 


Thus  at  a  zero  of  F(x) 


e" 

^                       {n'\-cCfn\ 

r"- 

1 

which,  if,  e.g.,  i>0,  gives 

y<K^.        ^<K+r-logr, 

an  inequality  which  conveys  very  little  information  indeed.  And  this  is 
only  as  it  should  be.     Consider,  for  instance,  the  case  in  which 

n+a      (w-far 

The  modulus  of  this  function  becomes  exponentially  infinite  when  x 
approaches  infinity  along  any  radius  vector  situated  in  the  angle 
iiir^S,  ^TT+S)  ;  and  its  zeroes  are  distributed  over  the  plane  in  a 
manner  entirely  different  from  that  of  the  zeroes  of  Fa,  i  (x). 
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ON   GROUPS   OF  ORDER  p*g^ 
(Second  Paper) 

By   W.    BURNSIDE. 
[Beoeived  NoTomber  nth,  1904— Bead  December  8th,  1904.] 

Hayino  shown  that  all  groups  of  order  p'^q^  are  soluble,  the  enquiry 
naturally  suggests  itself  as  to  whether  any  general  law  can  be  laid  down 
with  respect  to  the  orders  of  the  self-conjugate  sub-groups  of  such  groups. 
I  have  here  shown  that,  subject  to  certain  specified  exceptions  when  the 
order  is  even,  a  group  of  order  p'^q^  {p^  >  q^  must  have  a  characteristic 
sub-group  of  order  j?*,  where  a  satisfies  the  inequality  p^>p''q^^.  The 
exceptions  are  interesting,  as  emphasizing  the  marked  distinction  that 
may  exist  between  groups  of  even  and  groups  of  odd  order. 

Lbmka. — If  p,  q  are  primes,  and  a,  j8  positive  integers,  such  that 
jj«  >  q^,  then  jj*  cannot  be  a  factor  of 

(g-1)  (?«-!). ..(?^-l) 

unless  (i.)  j?  is  2  and  q  is  of  the  form  1+2**",  or  (ii.)  g  is  2  and  p  is  of  the 
form  2^*— 1. 

Let  m  be  the  index  to  which  q  belongs  (mod  p),  and  let 

q"^  =  l+j/j)'     (y  ^  0,  modi)). 

Then  p  will  divide  ?'— 1  only  when  ^  is  a  multiple  of  m ;  and,  if 

t  =  kmp*     {k  ^  0,  mod  p), 

p^^'  is  the  highest  power  of  j?  which  divides  g'— 1. 

Let  Y^^fi<(y+l)ni, 

p 
so  that  the  only  terms  in  the  product  !!(}'— 1)  y/hiohp  divides  are 

(3~-l),  (?^~-l),   ...,  (j^-l). 
Further,  let  y  =  ao+^l>+^aP*+  •  •  •  +^l>^ 
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where  the  a'a  are  zeroes  or  poBitive  integers  less  than  p.    Then,  in  the 
product   II(^""— 1)  there  are  just 

a,+pa.+i+...+p'-'ar—(a,+i+pa,-n+...+p'—^ar) 
terms  which  are  divisible  by  jf*'  and  not  by  pi'*'*^.    Hence,  if  p^  is  the 
highest  power  of  p  which  divides  the  product,  then 

d  =  2  [a,+pa,+i  +  ...+p'-'ar—(a,+i+pa,+s+..-+p'~'~^ar)'](x+s) 

Now  p'<c^ 

if  i)-**<H-Srp' 

Of  ^[l((P-in(«v/«  <  (j|p*H)l-">Y).«^p-'-Ti/fl)p«I-,.'l>{p-l)]. 

Since  j3  ^  iray,  the  right-hand  side  is  greater  than  y,  and  the  left-hand 
side  is  not  greater  than  ji''"'"''.  But,  if  p  and  3  are  both  odd  primes, 
y  cannot  be  leas  than  2,  and  p'tp-"  <  2,     Hence,  when^  and  q  are  both 

odd,  the  highest  power  of  p  which  divides  11(9*— 1)  i^  '^^^  ^^^^^  9^  and 

the  same  holds  if  either  ^  or  cf  is  2,  and  y  is  greater  than  unity. 

It  remains  to  consider  the  two  cases  in  which  either  p  or  q'\a  2,  and  at 
the  same  time  y  is  1. 

If  p  is  2,  m  is  unity,  and  therefore,  when  y  is  unity,  9  is  a  prime  of 
the  form  1  +  2*".  That  this  gives  an  exception  to  the  lemma  may  be 
verified  at  once  by  considering  a  particular  ease.     Thus 

p  =  %      3  =  6,      1  =  2,      y  =  \,      /3  =  8 
give  d  =  7, 

and,  in  fact,  2'  >  5'. 

It  q  is  2,  and  y  is  unity,  then  z  must  be  unity,"  and  j)  is  a  prime 

*  That  2'—  1  oannot  be  a  pover,  higher  thao  the  first,  of  an  iatt^er  may  be  proved  aa 
foEom: — 

then  a(2-'-l)-y-l  -  Cy-l)0.-'+j.-»+..,-H). 

Henoe  z  miut  ba  odd,  Dnoe  the  leoimd  laotor  cm  the  right  ia  not  diTuible  by  2.     Bat,  if  x  U  odd, 

2"-p'  +  l-(ptl){p-i-y-«+...  +  l). 
Hence    ;.  +  l  -  2- (»  <  «J,    and    2"-I  -  (2'-l)". 
It  z  U  greotw  than  unity,  Utia  givea 

2"-  2''-*.2'''-"+... +«.2', 
■md  theiefoie  f  =  D  {mod  2],  in  ounbadietim  to  the  taot  Ukat « ii  odd. 

m.  2.  VOL.  2.  HO.  878.  2  P 
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of  the  form  2*^—1.     In  this  case,  if  ^  be  taken  equal  to  my+1, 

a  =  y    ^  ^  — 


and  p^  >  2^ 

or  if  pp/(p-i)  >  (1  ^p)  2}'yp^'Mr-i)\ 

Now  pP'^P-^^>l+p, 

and  therefore  in  this  case,  by  taking  y  (and  therefore  13)  large  enough,  it 
can  always  be  insured  that  ^,^^ 

This  case,  again,  then  gives  an  exception  in  which  the  lemma  is  not 
necessarily  true. 

Corollary. — If  p  and  q  are  primes,  the  highest  power  of  p  which 
divides  <«< 

is  less  than  9 '  ' ,  with  the  same  exceptions. 

Let  (z  be  a  group  of  order  p'^q^,  where  p  and  q  are  primes  and 
^*  >  q^f  while  p  and  q  do  not  come  under  either  of  the  above  two 
exceptional  cases.  Since  G  is  soluble,  it  must  have  a  self -con  jugate  sub- 
group whose  order  is  a  power  of  either  p  or  q.  Suppose  that  H,  of  order  jp*, 
is  a  self -conjugate  sub-group  of  G,  and  that  G  contains  no  self -conjugate 
sub-group  whose  order  is  a  greater  power  of  p  than  p'\  Then  either 
pa  -^  p'^lqP  or  the  factor  group  G/JT,  of  order  p*"''^^,  where  j>"~"  >  q^,  has 
no  self -con  jugate  sub-group  whose  order  is  a  power  of  ^. 

We  are  led  therefore  to  consider  the  case  in  which  a  group  G  of  order 
p'^q^,  where  j>"  >  q^,  has  a  self -conjugate  sub-group  whose  order  is  a 
power  of  q.  If  this  is  the  case,  let  K,  of  order  g^,  be  the  greatest  self- 
conjugate  sub-group  of  G  whose  order  does  not  contain  p  a,s  a,  factor. 
Then  G  has  a  sub-group  G'  of  order  j?*?^,  containing  K  self-conjugately  ; 
and  every  operation  of  a  sub-group  of  order  ^*  in  G'  gives  an  isomorphism 

of  K.  Let  Ky  Kif  ...,  Kn,  1,  of  orders  g^  q^\  ...,  q^",  1,  be  a  characteristic 
series  of  K.  Every  isomorphism  of  K,  whose  order  is  relatively  prime 
to  g,  which  transforms  every  operation  of  each  of  the  factor-groups 

K/Kif  KJK2,   ...,  Knf 
into  itself,  is  the  identical  isomorphism.* 

♦  TTifory  of  Groups,  p.  249. 
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Now  the  order  of  the  group  of  isomorphisms  of  Ki/Ki+i  is 

Hence,  the  greatest  power  of  p  which  can  be  the  order  of  a  group  of 
isomorphisms  of  K  cannot  exceed  the  greatest  power  of  p  which  divides 

*ff(g-l)  (?«-!).. .(?'•-'•*>-!); 

and,  by  the  corollary  to  the  lemma,  the  greatest  power  of  p,  say  p^,  which 
divides  this  product  is  less  than  g^.  Hence,  the  isomorphisms  of  K,  given 
by  the  operations  of  a  sub-group  of  G'  of  order  jj",  must  be  alike  in  sets  of 
J?*"'*',  where  d^  ^d;  and  every  operation  of  some  sub-group  of  order  p*"''' 
must  give  the  identical  isomorphism  of  K,  i.e.,  must  be  permutable  with 
every  operation  of  K.     Now 

p^<:P^<q^<q^ 

and  therefore  there  must  be  a  sub-group  of  (?,  of  order  |)",  where 
pa  -v^  p*/j^,  every  one  of  whose  operations  is  permutable  with  every 
operation  of  K.  Let  a  represent  the  greatest  number  for  which  this  is 
true.  The  totality  of  the  operations  of  G  which  are  permutable  with 
every  operation  of  K  constitute  a  self -conjugate  sub-group  1  of  G.  The 
order  of  this  sub-group  is  p^q^'^%  where  q^'  is  the  order  of  the  sub-group  L 
of  K  formed  of  its  self -con  jugate  operations  and  c  ^  0.  The  greatest  sub- 
group common  to  /  and  K  is  L.  If  /  has  a  self-conjugate  sub-group 
whose  order  is  a  power  of  q  greater  than  g^,  let  it  be  U  of  order  q^'^^\ 
where  c^  is  as  great  as  possible.  Then  U  is  a  self-conjugate  sub-group 
of  G,  and  {if,  L'}  is  a  self -conjugate  sub-group  of  G  whose  order  is  a 
higher  power  of  q  than  q^.  No  such  sub-group  exists,  since  it  was 
supposed  above  that  q^  is  the  highest  power  of  q  which  is  the  order  of  a 
self -con  jugate  sub-group.  Hence  IjL  has  no  self -con  jugate  sub-group 
whose  order  is  a  power  of  q.  It  must  therefore  have  a  self-conjugate 
sub-group  of  maximum  order  p^^.  This  is  necessarily  a  characteristic  sub- 
group, and  I  therefore  contains  a  characteristic  sub-group  of  order  p**»  q^'. 
This  is  the  direct  product  of  L  and  a  group  of  order  ^"^ ;  and  the  latter 
therefore  is  a  self -con  jugate  sub-group  of  G. 

Finally,  then,  G  must  in  any  case  have  a  self -con  jugate  sub-group 
whose  order  is  a  power  of  p ;  and,  since,  when  p^  <  p^jq^,  the  same 
reasoning  may  be  applied  to  the  factor  group  of  order  ^""^g^,  G  must 
have  a  self -conjugate  sub-group  of  order  jj",  where  p^  >  p^jq^^ 

If  j9*^  is  the  greatest  power  of  p  that  is  the  order  of  a  self- 
conjugate  sub-group  of  G,  then  G  has  a  characteristic  sub-group  G^  of 

2  F  2 
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order  ^*^  Similarly,  G/Gi,  of  order  p'^'^^q^  has  a  characteristic  sub- 
group of  order  q^\  where  q^^  is  the  greatest  power  of  q  which  is  the 
order  of  a  self -con  jugate  sub-group  of  GjGi.  Thus  G  has  a  characteristic 
sub-group  Hi,  of  order  p'^^q^K  The  system  of  characteristic  sub-groups 
of  orders  p''^  p^'^q^^  p'^'^'^'q^',  p^'^^^'q^'^^, ,..  and  the  indices  aj,  jSj,  oj, /8j,  ... 
corresponding  to  them  may  be  extended  till  G  itself  is  arrived  at. 

When  p  and  q  are  odd,  or  when,  one  of  them  being  2,  the  other  is  not 

of  the  form  2*--l  or  2^+1,  these  indices  are  subject  to  a  system  of 
inequalities,  materially  limiting  the  extent  of  the  system  of  characteristic 
sub-groups.     It  has  already  been  proved  that 

\P*'  >     «  and         Q^'  >  -^  • 

Now  in  G/Gi  there  is  a  characteristic  sub-group  of  order  (f\  and  no  self- 
conjugate  sub-group  whose  order  is  a  power  of  p.  Every  operation  of 
G\Gx  gives  an  isomorphism  of  the  characteristic  sub-group  of  order  g^s 
and,  uuless  j9*~"'  <  j^^,  there  will  be  a  sub-group,  whose  order  is  a  power 
of  J9,  every  one  of  whose  operations  is  permutable  with  every  operation  of 
the  characteristic  sub-group.  But  this,  as  shown  in  the  preceding  para- 
graph, would  involve  that  G\Gx  had  a  self -con  jugate  sub-group  whose  order 
was  a  power  of  p^  which  is  not  the  case.     Hence 


q^x  5>  j)»-«». 

and,  taking  this  with 

it  follows  that 

A  >  i/8. 

Similarly  it  may  be  shown  that 
and  generally  that 

Again,  since  G/Gi  has  a  characteristic  sub-group  of  order  p"»}^^  and  no 
self -con  jugate  sub-group  whose  order  is  a  power  of  p^ 


^t    <    g^l. 

Similarly 

q^  <  i>-». 

and  so  on. 

Thus     A  >  jSa  >  •  ••     aiid     oj  >  ag 

but  it  cannot  be  inferred  that  a^  >  o^,  since  G  may  have  a  self-conjugate 
sub-group  whose  order  is  a  power  of  q. 

It  is  not  without  interest  to  show  how  these  results  lend  themselves  to 
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the  discussion  of  possible  types  of  groups  when  the  order  is  given.  As  a 
very  simple  illustration,  I  take  the  case  of  a  group  of  order  3^.5^.     Here 

q8 

3   <-^<8  , 

so  that  there  must  be  characteristic  sub-groups  of  order  3'  and  3'5^,  i 
being  not  less  than  6.  The  factor  group  of  order  6^3^~*  must  be  such 
that  in  it  no  operation  whose  order  is  a  power  of  3  gives  the  identical 
isomorphism  of  the  group  of  order  5^.  Hence  i  must  be  either  7  or  8. 
If  i  is  7,  the  group  of  order  5^  is  non-cyclic,  and  the  factor  group  of 
order  5^.3  has  no  self -con  jugate  sub-group  of  order  6.  Hence  the 
characteristic  sub-group,  of  order  3*^.  5^,  can  have  no  sub-group,  character- 
istic within  itself,  of  order  5.  But,  if  there  were  3*  sub-groups  of  order  5^, 
there  would  be  such  a  sub-group  of  order  5.  Hence  the  group  must  either 
contain  5^  sub-groups  of  order  3®,  with  a  self -con  jugate  sub-group  of 
order  3''.  5^,  which  is  a  direct  product ;  or  it  must  contain  a  self -conjugate 
sub-group  of  order  3®.  To  push  the  discussion  further  would  be  foreign 
to  the  subject  of  this  paper. 

Finally  it  should  be  remarked  that  for  the  two  exceptional  cases  noted 
in  the  statement,  the  theorems  proved  above  are  not  necessarily  true. 
Thus,  although  2"  is  greater  than  5*,  a  group  of  order  2^^ .  5*  may  have 
no  self-conjugate  sub-group  whose  order  is  a  power  of  2.  In  fact,  an 
Abelian  group  of  order  5^,  whose  operations  are  all  of  order  5,  admits  a 
group  of  isomorphisms  of  order  2".  Similarly  a  group  of  order  2^^ .  7®, 
though  7®  is  greater  than  2^S  may  have  no  self-conjugate  sub-group 
whose  order  is  a  power  of  7. 
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1.  In  the  present  paper  it  is  proposed  to  investigate  the  nature  of  the 
functions  defined  by  linear  difference  equations  of  the  first  order.  The 
three  main  questions  to  be  considered  are  (i.)  the  existence  of  a  solution, 
(ii.)  its  analytical  expression,  (iii.)  its  place  among  transcendental  functions. 
These  questions  are,  of  course,  bound  up  with  one  another :  the  first  is 
obviously  contained  in  the  second ;  and  the  third  has  already  formed  the 
subject  of  a  separate  paper,*  in  which  the  general  results  here  obtained 
were  assumed. 

Linear  difference  equations  arose  historically  in  arithmetical  investiga- 
tions connected  with  the  theory  of  interpolation  and  with  the  necessarily 
discontinuous  nature  of  physical  experiments.  And,  in  consequence,  until 
recently  such  equations  have  been  considered  only  in  cases  where  the 
variable  is  a  real  number.  References  to  many  investigations  of  this 
nature  are  given  by  Boole,  t  The  first  investigation  where  the  variable 
was  supposed  to  assume  all  complex  values  appears  to  have  been  given  by 
Guichard.l  By  means  of  Hermite's  coupures  he  proves  that  there  exists 
a  holomorphic  solution  of 

f{x+\)-f{x)  =  n{x) 

*  Froc.  London  Math.  Soc,  Ser.  2,  Vol.  2,  pp.  280-292. 
t  Boole,  Finite  Differences^  Third  Edition,  pp.  232,  263. 
X  Guichard,  Annales  de  VEcole  NormaU  Suptrieure  (1887),  Ser.  3,  T.  iv.,  pp.  361-380. 
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when  fx  {x)  is  holomorphic.     He  further  gives  a  criterion  for  the  nature  of 
the  holomorphic  function  v  {x)  that 

f{x+l)^v{x)f{x)=iO 

may  admit  a  holomorphic  solution. 

Appell^  was  the  next  to  give  an  expression  for  the  holomorphic 
solution  of  /(^+i)_/(^)  =  ^(^) 

when  m(^)  is  holomorphic. 

Then  Mellin,f  starting  from  a  result  in  the  theory  of  gamma  functions 
due  to  Prym,t  considered  the  nature  of  the  solution  of 

f{x+\)''T{x)f{x)^8{x) 

where  r{x)  and  s{x)  are  rational  functions  of  x. 

More  recently  there  has  appeared  a  paper  by  Hurwitz.§  Some  of  his 
results  anticipate  those  of  the  present  investigation  ;  they  are  indicated  in 
the  text.  Hurwitz  solved  independently,  but  by  substantially  the  same 
method,  the  problem  considered  by  Appell,  and  showed  how  to  solve  the 

equation  <l>{x)f{x+l)-x(x)f{x)  =  yjr^x) 

where  0(aj),  x(^)»  ai^d  yfrix)  are  meromorphic  functions. 

2.  The  linear  difference  equation  of  the  first  order  may  be  written 

i>{z)f{z+w)-x(z)f{z)  =  V^(4 

where  we  assume  <f>{z),  x^^)^  *^^  V^^-^)  *^  ^®  analytic  functions  of  z.     It  is 
at  once  evident  that  we  may  reduce  this  equation  to  two  others  of  simpler 

and  A{z+a>)^Mz)  =  'l^Mz),  (B) 

and  that  then  f{z)  =  ^t^- 

fiiz) 

For,  substituting  fi(z)f(z)  for  /a(-2f)  in  the  second  equation,  we  have 

A{^+<^)Az+<o)-A{z)f(z)  =  ^/i(^) ; 


«  Appell,  LUmvilU  (1891),  S4r.  4,  T.  vii.,  pp.  157-219,  especially  chapter  i. 

t  Mellin,  Acta  Mathematiea,  T.  zv.,  pp.  317-384. 

X  Prym,  CreUt^  Bd.  lxxxii.,  pp.  166-172. 

{  Hurwitz,  Acta  Mathetnatica  (1897),  T.  xz.,  pp.  285-312  ;  T.  xgu.,  p.  243. 
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so  that,  by  the  first  equation, 

which  is  the  equation  from  which  we  started. 

We  may  then  regard  (A)  and  (B)  as  the  two  fundamental  equations. 
Although,  by  taking  logarithms,  we  may  reduce  these  to  a  common  form, 
yet  it  is  convenient  to  consider  each  separately.  By  so  doing,  we  not  only 
avoid  the  deviation  from  uniformity  introduced  by  the  logarithm,  but  we 
obtain  two  expressions  representing  solutions  of  either  equation  which 
correspond  in  some  degree  to  the  expression  by  the  theorems  of  Weierstrass 
and  Mittag-Leffler  of  a  uniform  transcendental  function. 

8.  We  propose  to  limit  ourselves  to  the  case  when  the  coefficients  in 
the  difference  equation  are  uniform  functions  with  a  single  essential 
singularity  at  infinity.  It  is  obvious  that,  with  such  a  restriction,  we  may 
take  <p(2),  xC-sf)*  and  ylr{z)  to  be  integral  functions  (holomorphic  functions — 
fonctions  entieres). 

In  three  papers  *  recently  published  I  have  analysed  integral  functions 
and  introduced  certain  definitions  which  it  is  convenient  to  repeat  here. 

A  simple  integral  function  is  a  function  which  may  be  expressed  as  a 
single  Weierstrassian  product,  whose  n-th  zero  an  depends  solely  upon  n 
and  certain  definite  constants,  and  which  is  such  that  the  law  of  dependence 
of  a„  upon  n  is  the  same  for  all  but  a  finite  number  of  zeros.  The  function 
is  called  a  non-repeated  function  if  the  n-th  primary  factor  of  Weierstrass's 
product  does  not  correspond  to  a  zero  of  order  depending  upon  n.  If  there 
is  such  dependence,  it  is  called  a  repeated  simple  integral  function. 

Functions  of  multiple  linear  sequence  are  functions  whose  general  zero 
is  of  the  type  /(a+m,a.,+  ...+m,«.). 

the  m's  being  the  integers  which  define  the  particular  zero. 

The  order  of  a  simple  non-repeated  integral  function  is  a  real  positive 

quantity  p  such  that    2  t — rr^  converges  and    2  t — r—  diverges,  how- 

n=l |^n|  «=1 l^»l 

ever  small  the  real  positive  quantity  e  may  be.     When  p  is  dependent 
upon  n  the  function  is  of  infinite  order. 

Analogous  definitions  can  be  given  for  th6  order  of  repeated  functions 


*  (1)  "A  Memoir  on  Integral  Functions,''  Phil,  Tram.  Roy,  Soc.  (A),  Vol.  199,  pp.  411-600  ; 

(2)  *'  The  Claflsification  of  Integral  Functiona,"  Camh.  Phil.  Trans.,  Vol.  xnt.,  pp.  322-366  ; 

(3)  *'  The  Asymptotic  Expansion  of  Integ^l  Functions  of  Multiple  Linear  Sequence,''  ibid.^ 
Vol.  XIX.,  pp.  426-439. 
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and  functions  of  multiple  linear  sequence.     For  them  I  may  conveniently 
refer  to  the  papers  cited. 

Suppose  now  that  we  have  the  equation  (A), 

fi{z+^)  _  4>{z) 
Mz)         xW 

where  <f>{z)  and  x^^)  ^^^  simple  non-repeated  integral  functions  of  finite  or 
infinite  order.     The  equation  may  be  written 


fl(Z  +  a))  _     o(j)  ,=iL\  On/  J 


where  G(z)  is  an  integral  function. 
Now  it  is  evident  that  a  solution  of 

fl(z  +  (o)  _      Giz) 

A(z)     "" 

is  6^^^*^  where  G^^z)  is  a  solution  of  f{Z'\'<jo)—f{z)  =  G{z),  which  is  of  the 
foim  of  equation  (B). 

We  limit  ourselves  then  to  the  case  when  the  quotient  ^^ ,  expressed 

as  a  quotient  of  two  Weierstrassian  products,  involves  no  extraneous 
exponential  factor. 

4.  In  the  first  place,  we  consider  the  equation 

where  <t>iz)  is  a  holomorphic  function  of  finite  order  with  no  extraneous 
exponential  factor  whose  zeros  are  all  negative  with  respect  to  w.  By  this 
we  mean  that,  if  we  draw  a  line  from  the  origin  to  the  point  w,  the  zeros 
all  lie  in  the  half  plane  which  is  on  the  other  side  from  co  of  the  perpen- 
dicular through  the  origin  to  Ow.  This  part  of  the  plane  is  shaded  in  the 
figure  (p.  442). 

When  expressed  as  a  Weierstrassian  product 


where  p  is  the  integer  next  greater  than  the  order  of  the  function,  and 
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— ^,  ...,  — ^,  ...    form  a  series  of  quantities  whose  real  parts  are  positive 

and  whose  moduli  are  arranged  in  non-decreasing  order  of  magnitude. 
Take  the  simple  modified  gamma  function* 

rr'w  =  ^-'"ey^-zn  [(1+ — ) c-'""!- 

Bi^iLV        WHO/  J 

which  satisfies  the  difference  equation 


As  usual,  we  write 

V''."W  =  |;logr,W 

CoQsti-uct  the  product 

P«  = 

."L  r,(a.) 

where  o-  is  an  integer  to  be  presently  determined. 

The  first  k  —  1  terms  of  thia  product  for  P(z)  are  evidently  convergent 
ao  long  aa  P(z)  is  finite.     If  we  suppose  that  |  £■  |  <  |  uj.  | ,  we  may  expand 

log    p  — p-  by  Taylor's  theorem  and  write  the  remaining  terms  in  the 

product  for  P(z)  in  the  form 

exp[i^   i  ^*"'(a„)il]. 

■  Thu  funation  U  chosen  with  form  given  on  accoont  of  its  atudogj'  with  multiple  gamma 
tunetiona.  Its  theory  was  worked  out  by  the  author  in  the  Me'ungtr  of  Mathtuuilici,  VoL  xsix,. 
pp.  04-128. 
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Now  ^<^\^)  =  -JL  +  ]2&J^-JL-  i   f     1 J_l 


and  therefore,  if  5  >  1, 


z+mo)     mw)  * 


>Ai%  =  (-)'(s-l)!   2        ^ 


m 


^o(z+mwY' 


The  remaining  terms  in  the  product  for  P(z)  may  therefore  be  written 
(assuming  that  cr  >  1) 

exp     2    2     2     /  .  ^    ,,    =  exp  Z,  say. 

Consider  first  the  double  series 

(-zY 


OD  00 

2     S 


,=,  »=o  s(an+nuo)' 

Each  series    2      ,      .    — r;,  being  equal  to  ^i  (aj— r,  is  absolutely  con- 

111=0  sian+nuoY  ^    ^  "^  si 

vergent  for  all  values  of  s. 

Again,   since    —  a»  is  negative  with  respect  to  co,  we  may  use  the 

asymptotic  expansion  for  ^^'HoJ,  and  we  see  that 


oo         oo 


2     2     /   ,       ,.    converges  with     2  — r  ^^ —  \  i       > 

and  is  thus  absolutely  convergent  if  |  zjon  |  <  !• 

For  when  |  ^s^  |  is  large  and  not  near  the  line  of  poles  of  yfr^^Hz)    we 
have  asymptotically* 

V'f ' (z)  =  -i-  log  ^+  (-^  -  -f  )  T  +  2   ^'  B.+.  (a,) 

and  xlri  (z)  =  -^ — ^-~ri — -  +  smaller  terms. 

Hence,  by  a  result  due  to  Cauchy,f  the  double  series  is  equal  to 

(-zy 


00  00 

«=o  *=<r  s{an+ma>Y* 


We  may  therefore  write 

Z  =  2     2     2 


00  «  00  (  — ^)* 


*  Xo0.  ci^.,  Part  it. 

t  Analyu  Algibrique,  Note  vii.  ;  Rhum€4  Analytiquu,  }  8. 
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and  therefore 
\Z\ 


J.  i    i    i  ^±11^, 

<r  »_i  «=o  .=<r  I  a,-|-«t«  I 


<—  2    2 


ill 


a-  n=fc  111=0    a»+mft) 


/{- 


an-^-VHa 


provided  |^/(a»+mft))|  <  1,  that  is  to  say,  remembering  the  distribution  of 
the  points  On,  provided  |  ^  |  <  ofc. 

If  now  /i  be  the  minimum  value  of  1—  |  -?/(a«+mo))  | ,  we  have 


\z\ 


(T         OD 


00 


2     2 


M*'    »=fc  «=o  I  On  +  mo)  I*'  * 


It  is  necessary  now  to  investigate  series  of  this  type. 


5.  We  proceed  to  prove  that,  if 


«1,     Og, 


>      ^7l» 


Pv    P2*    •••»    Pn9     ••• 


form  two  series  of  quantities  whose  graphic  representations  lie  within   a 
quadrant  of  the  Argand  diagram,  and  whose  moduli  form  in  each  case  a 

GO  1  00  1 

non-decreasing    series,    and    if     2   j — r;  and    2   j  ^   [^  are    absolutely 

n=l   I  ^n  I 


n=l 


I3n 


convergent,  then  is 


ot         00  i 

n=l   TO=1   {cin'{'Pm)^ 


an  absolutely  convergent  series,  provided  s  is  equal  to  or  greater  than  the 
greater  of  the  two  quantities  2p  and  2a-. 

Since  the  quantities  an  and  j8«  lie  within  a  quadrant  of  the  Argand 
diagram,  we  readily  see  from  a  figure  that 


where 


dn  —   \Cln 


and     bn=\  fim\' 


In  the  limiting  case  when  the 
quantities  lie  respectively  on  the 
arms  of  the  quadrant  this  inequality 
becomes  an  equality. 

The  modulus  of  the  series  to  be 
investigated  is  therefore 


00      00 

2  2 


„=i «:,  iai+bDi"- 
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Now  o^+ij,  ^  '2a,  ia  ;  hence  the  moduluB  is 

"^ .?, .!,  (Sa?  "^  25  J,  sr  I,  w 

Thus  the  series  is  absolutely  convergeDt,  in  any  of  the  four  ways  in  which 
we  may  sum  it,  and  converges  to  the  same  definite  limit  provided  s  is 
greater  than  or  equal  to  the  greater  of  the  two  quantities  2p  and  %r.  The 
proposition  is  therefore  established. 


6.  Return  now  to  the  series    2     2   -, — j r; ,  which  arose  in  5  4. 

The  only  restriction  which  we  have  so  far  imposed  upon  (t  is  that  it  is 
greater  than  1.  The  quantities  a^,  ....On,  ■■■  were  taken  to  be  positive 
with  respect  to  the  u>'s,  which  is  equivalent  to  saying  that  the  o'e  lie  in 
the  Argand  diagram  within  an  angle  of  90°  on  either  side  of  the  positive 
direction  of  the  axis  of  en. 

and    we    know    that 
2    i rrr-  is  conversent,  it  e  >  0. 

Hence  the  series  2  2  - — j^^ — ^  is  absolutely  convergent,  pro- 
vided o-  >  2p  and  o-  >  2. 

With  these  limitations  on  tr  we  see  that  Plz)  is  absolutely  convergent 
at  all  points  of  the  plane  except  the  poles  of  the  functions  Ti(z+a^. 
P(z)  is  therefore  a  one-valued  meromorphic  function  of  z  with  these  poles 
and  no  zeros. 


7.  Consider  now  the  quotient  P{«+iD)/P(z). 
Since  Ti(z+a>)  =  siTiiz),  we  evidently  have 


IT    I   /»_l \^      •-! 

P(») 


^fe±;^=n[<.+aO 


xfih{;r-^(6-:f:^K'+"'-'-^ii 

Now  P(z+w),  P(z)  and  the  first  product  on  the  right-hand  side  are  e 
absolutely  convergent.      The  second  product  on  the  right-hand  side  is 
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therefore  absolutely  convergent  and  may  be  written 


expf—  2   c^zA 


where  the  c's  are  definite  finite  functions  of  the  a's* 
We  have  now 

Hence  the  function  P(^)exp     2  CnSm(z)  L  where  Sm(^)  is  the  BemouUian 

Lm=0  J 

function  of  :s,\  satisfies  the  difference  equation  with  which  we  started  in 
^^'  /{z+^)-i>{z)f(z)  =  0. 

The  general  solution  of  this  difference  equation  is  the  particular 
solution  multiplied  by  a  simply  periodic  function  of  z  of  period  w. 

The  principal  solution  is  a  meromorphic  function  with  no  zeros,  all 
of  whose  poles  are  at  the  points 

Z  =  —  Qn— Wft)     (m  =  0,  1,  ...,  oo), 

the  zeros  of  <f>{z)  being  at  the  points  ^r  =  —  On. 

We  propose  to  say  that  the  poles  of  the  particular  solution  are  at  the 
points  negatively  congruent  to  the  zeros  of  </>(z).  These  points  are  the 
doubly  infinite  series  formed  by  sequences  of  points  stretching  out 
negatively  at  intervals  o)  from  the  points  ^  =  —  on  as  in  the  diagram. 


*  In  certain  special  cases  I  have  evaluated  the  c*8  by  means  of  asymptotic  expansions.  See 
"The  Theory  of  the  Double  Gamma  Function,"  Fhil,  Trans,  Roy.  Soc.  (A),  Vol.  146, 
pp.  265-387,  }§  40  and  41 ;  and,  for  the  extension  to  multiple  gamma  functions,  Camb.  Fhil, 
Trans,,  Vol.  xix.,  pp.  374-426,  Part  3. 

t  Vide  Messeftger  of  Mathematics,  Vol.  xxix.,  pp.  64-128,  Part  2. 
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The  reciprocal  of  the  particular  solution  is  a  non-repeated  integral 
function  of  double  sequence. 

In  the  course  of  the  proof  we  have  imposed  on  <f>(z)  the  limitation  that 
all  its  zeros  should  be  negative  with  respect  to  a>.  But  it  is  evident  that, 
in  general,  a  finite  number  may  be  at  finite  points  on  the  positive  side  of 
or  actually  on  the  perpendicular  through  the  origin  to  0(a.  For,  corre- 
sponding to  such  points,  we  have  in  general  a  finite  primary  gamma 
factor  multiplying  the  solution  obtained.  The  exceptional  case,  which 
may  be  readily  treated,  occurs  when  —(an-^-niw)  is,  for  some  values  of  m 
and  n,  identically  zero. 

8.  We  will  consider  next  the  solution  of  the  difference  equation 

f(z+w)-i>(z)f(z)  =  0, 

where  <f>(z)  is  a  simple  non-repeated  integral  function  of  finite  order 
without  extraneous  exponential  factor,  and  all  but  a  finite  number  of  its 
finite  zeros  lie  on  the  positive  side  of  the  perpendicular  through  the  origin 
to  Oo). 

Neglecting  the  exceptional  zeros  which  may  be  treated  separately,  we 
may  put 


*'"  =  .?,[('-k)^'-' ■'•■'']• 


where  p  is  the  integer  next  greater  than  the  order  of  the  function  and 
fija),  ...,  ^rt/o),  ...  form  a  series  of  quantities  which  have  their  real  parts 
positive,  and  are  arranged  so  that  their  moduli  are  in  non-decreasing  order 
of  magnitude.     We  construct  the  product 

The  terms  of  P(z)  after  the  first  (A:— 1)  are  equal  to 

r  , 

provided  I  -8^  I  <  w+iSfc- 

Therefore,  if  o-  >  1,  we  see,  as  in  §  4,  that  they  may  be  written 

-  2    2     2      ■    ,a, — T.    =  exp    -  2    2    2  -^^ — rj  . 
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Exactly  as  in  §  6,  we  can  now  demonstrate  that  the  product  P(z)  is  ab- 
solutely convergent,  provided  o-  >  2/o  and  a-  >  2.     Now 

»=1      s*  -J 


=  ^(;8r)exp  \  —  2  dsz' 


««0 


where  the  quantities  d  are  finite  functions  of  the  )8's.     Thus  a  solution  of 

f(z+a>)'-</>(z)f(z)  =  0 


is 


P  (z)  exp 


/  <r-2 


2  dsSM 


y  »=o 


and  the  general  solution  consists  of  this  function  multiplied  by  an  arbitrary 
simply  periodic  function  of  z  of  period  o).  The  particular  solution  thus 
obtained  is  an  integral  function  of  z  whose  zeros  are  at  the  points  posi- 
tively congruent  to  the  zeros  of  ^(^),  these  zeros  excluded. 

When  ft)  =  1  our  restriction  is  that  all  but  a  finite  number  of  zeros  of 
<l>(z)  should  lie  to  the  right  of  the  imaginary  axis,  in  order  that  a  particular 
solution  of  f{z+l)  =  <f>(z)f{z)y  where  </>iz)  is  holomorphic,  should  itself 
be  holomorphic.     It  may  be  compared  with  Guichard's  result.* 


9.  It  is  now  evident  that  there  exists  a  meromorphic  solution  of 

f(z+w)^fjiiz)f(z)  =  0 

where  fi  (z)  is  a  meromorphic  function  of  z  which  is  a  quotient  of  two 
simple  non-repeated  integral  functions  of  finite  order  which  when  ex- 
pressed as  Weierstrassian  products  involve  no  extraneous  exponential 
factor. 

Under  the  specified  conditions  we  may  write 

^      sat 


00 


m(^)=  n  \ 

n  =  l 


[[('+7J'"''^=][('-r)-'<'-']J 


*  Loc.  cit.f  §  1,  p.  376.     See  abo  Hurwitz,  he,  eit,,  p.  312. 
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where  p,  <t,  t,  v  are  integers  next  greater  than  the  orders  of  the  respective 
products,  and  ai/a>,  ...,  an/o),  ...,  and  the  three  corresponding  sequences 
form  series  whose  real  parts  are  positive  and  whose  moduli  are  arranged 
in  non-decreasing  order  of  magnitude. 

And  now,  from  the  results  of  §§  7  and  8,  a  solution  of 

jg   5  I L  r,(an)      ^^        JLri(a)+)8n-^)  ^ J , 

IL  ri(yo  JLri(c.+<Jn-^)^  J  J 

Xexp  j  2  d^Sn.(z)^, 

where  p\  a-',  t',  v'  are  integers  such  that  p'  >  2p  and  /o'  >  2  and  corre- 
sponding inequalities,  and  S  is  the  greatest  of  /o',  o-',  r',  v'.  The  general 
solution  is  this  meromorphic  solution  multiplied  by  a  simply  periodic 
function  of  z  of  period  unity. 

The  particular  solution  is  a  meromorphic  function  with  (1)  sequences 
of  zeros  proceeding  positively  from  but  excluding  the  points  jBn,  (2)  se- 
quences of  zeros  proceeding  negatively  from  and  including  the  points  —  yn, 
(8)  sequences  of  poles  proceeding  negatively  from  and  including  the  points 
—On,  (4)  sequences  of  poles  proceeding  positively  from  but  excluding  the 
points  Sn. 

10.  We  have  now  to  consider  the  solution  of  the  equation 

f{z+^)^^{z)f{z)  =  0 

when  fjL  (z)  is  a  meromorphic  function,  as  in  §  9,  except  that  the  Weier- 
strassian  products  are  of  infinite  order.  The  investigation  can  be  briefly 
indicated :  it  is  an  almost  obvious  extension  of  the  process  previously 
employed.     Take  first  the  equation 

f(z+a>)'-</>(z)f(z)  =  0 

where  <f>(z)  is  a  similar  function  to  that  considered  in  §  4,  but  of  infinite 
order.     We  may  put 

.  2.    TOL.  2.    NO.  879.  2   G 
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*    1      • 
where  /o»  is  an  integer  infinite  with  n  such  that  the  senes     2  —     is 

absolutely  convergent.    (As  is  well  known,  it  always  suffices  to  take  />n  =  w.) 
Construct  the  function 

Neglecting  a  finite  number  of  factors,  and  taking  |-8r|<|a;:|,  we  see  that 
P{z)  converges  with 


exp  r  i  i   i     (~^)'   1 

^  Ln=fc  ,=<r„  m=0  s(an+mwyj 


By  exactly  the  same  process  as  before,  we  prove  that  this  expression  is 
convergent  if  i<rn  >  Pn  and  a-n  >  2.  The  second  of  these  criteria  is 
included  in  the  first,  and  we  see  that  we  must  have  a-^  >  2/)n- 

Proceed  again  as  before,  and  we  see  that 

where  0{z)  is  an  integral  function  which,  when  written  in  the  form 

Giz)=  ^anz^, 

n=0 

has  its  coefficients  a  definite  functions  of  the  quantities  a.     Before,  then, 

we  can  completely  solve 

f(z+w)-<f,{z)f{z)  =  0 

we  must  solve  fi^+(^)^e^^'^f{z)  =  0, 

an  equation  whose  solution  is  6^^-^  where  Gi(z)  is  a  solution  of 

fiz+w)-f(z)  =  G(z). 

This  equation  belongs  to  the  type  (B)  of  §  2.   We  now  proceed  to  consider  it. 

11.  I  have  previously  investigated*  the  extended  Riemann  f  function, 
which,  when  3BI  (z/w)  is  positive,  can  be  represented  by 

c.  .       <r(l— s)  f     e-y'     ,       ,,  ,^ 


*  X'x?.  cit.y  §  4,  Part  ni. 
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The  integral  is  taken  along  a  contour 
extending  along  the  axis  of  l/a>  from 
-f-Qo/o)  round  the  origin  and  back  again 
to  +Qc>/ft>,  as  in  the  figure,  the  contour 
containing  no  infinities  of  the  subject  of 
integration  except  the  origin.     That  value 

^'       (-y)-!  =  exp  {(«-l)  logi-y)} 

is  taken  which  has  its  principal  value  with 
respect  to  the  axis  to  1/co. 

The  function  is   fundamental   in   the 
theory  of  simple  gamma  and  Bemoullian  functions,  and,  as  Mellin*  has 
shown,  can  be  represented  by  a  series  of  functions  valid  for  all  values  of  z. 

When  5  is  a  positive  integer  greater  than  1 

and  when  «  is  a  negative  integer 

Also,  qtui  function  of  s,  ^(«,  z,  to)  is  finite  for  all  values  of  s  except  s  =  1. 

Further,  f  («,  z+ta,  w)— f  (s,  z,  o))  =  — ar"', 

the  principal  value  relative  to  the  axis  of  —  o)  being  taken  when  s  is 
not  an  integer.  Thus  for  all  values,  real  or  complex,  of  8,  except  «  =  1, 
— f  (— «>  ^>  «)  is  a  solution  of  the  diflference  equation 

f{z+w)-f(z)  =  z'.  (1) 

Not  only  so,  but,  if  ^k(s,  z,  at)  denotes  the  function  defined  as  above  when 
Viiz/u))  is  positive,  except  that  the  contour  of  the  integral   includes  2k 
of  the  poles  of  the  subject  of  integration  besides  the  origin,  —  fjt(— s,  z,  «) 
is  equally  a  solution  of  the  difference  equation  (1). 
Suppose  now  that  we  have  the  equation 

/(^+«)-/(^)  =  0(z) 
where  G{z)  is  the  integral  function   2  an-?*.      A  formal  solution  will  be 

00 


*  MeUin,  Aeta  Soe.  Set.  Fennieet,  T.  xxiv.,  No.  10,  Part  i.  MeUin's  fanotlon  is  obtained  by 
putting  «  ->  1.  I  have  generalized  it  and  extended  the  theory  to  the  case  of  r  parameters  in  my 
memoir  on  the  multiple  gamma  function. 

2  o  2 
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and  this  solntion  will  be  valid  provided  the  series  of  fnnctions  is  absolutely 
convergent  at  all  finite  points  of  the  plane.  Suppose,  in  the  first  place, 
that  G(z)  is  of  finite  non-zero  order  p.  Then*  \an\  behaves  when  n  is 
very  large  like  (1/n!)^^^  to  a  first  approximation.     And  therefore 


00 

—  2  a»f  (— n,  z,  a») 

n=0 


behaves  like 


27rJl-6-«^.to  ^  ^        27rJ     1-^-^      y 

where  the  contour  of  integration  includes  the  origin,  but  no  other  zero  of 
1-e— ,  and  where  . /i\        |;  (-rannl 

^\yl     n=o      y"" 

When  /o  <  1,  |(— r^nw!!  behaves  to  a  first  approximation  like  (n!)"^"'*^^, 
and  therefore  yfrds)  is  an  integral  function  of  order  pfiX—p).  Thus,  when 
p  <  1,  a  solution  of  y (^+^)_y (^)  =  q  (^) 


27rJ     1- 


This  integral  defines  a  solution  for  all  values  of  z  and  o).  For  the  integral 
taken  along  the  prescribed  contour  may  be  at  once  reduced  to  an  integral 
taken  round  a  circle,  centre  the  origin,  and  radius  less  than  1 27ri/c()  | . 

12.  We  have  thus  found  a  solution  of 

A^+a))-/U)=G(^) 

where  the  order  of  G{z)  is  less  than  unity. 

If  the  order  of  G(z)  is  not  less  than  unity,  one  of  two  things  may 
happen:  yfr^z)  may  still  be  a  function  convergent  within  a  circle  of  finite 
radius  X,  or  the  series  for  \jr  (z)  may  diverge  absolutely.  In  the  first  case 
our  course  is  evident :  we  take  the  previous  integral  round  a  circle  of  radius 
>  1/X,  and  thus  obtain  a  solution  of  the  difference  equation.  In  the 
second  case  the  series  for  yfriy)  is  truly  asymptotic,  i.e.,  of  zero  radius  of 
convergence,  and  the  solution  breaks  down.  But  in  this  case  the  formal 
solution  which  we  have  found  is  not  altogether  nugatory.  For  G{z)  and 
\lr(z)  are  what  Borelf   has  called  associated  functions,  and,  as  may  be 


*  See  the  author \s  ' '  ClasaificAtion  of  Integral  FunctioDs**  (loc,  eit.  §3),  §  35,  p.  349,  where 
referencefl  to  the  work  of  Hadamard,  Borel,  and  others  are  given. 

t  Borel,  Annales  de  V BeoU  NormaU  Supei-ieure  (1899),  pp.  1-136,  espeoially  pp.  89  et  *eg. 
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deduced  from  the  theory  of  asymptotic  series,*  the  divergent  series  for 
\l^(y)  may  be  used  to  determine  a  function  which  possesses  the  properties 
which  are  required  to  build  up  by  the  method  indicated  a  solution  of  the 
difference  equation. 

By  means,  however,  of  a  series  of  modified  functions  fm(— ^^^>  ^,  o^)  we 
may  formally  give  a  convergent  expansion  for  this  solution. 

Let  fm  (— w,  z,  o))  denote  the  integral 


im\  f     e"^ 
2ir  Jl-c" 


dj^ 


taken  round  a  circle  of  radius  (2m+l)  tti/w,  so  that  the  subject  of  integra- 
tion has  2m  poles  inside  the  contour  in  addition  to  the  origin.     At  the  pole 

ikirilu)  the  residue  is 

— m!  e"^^''-'^ 

(a 


(-^) 


The  function   fm(*— w,  z,  co)   therefore  differs  from  f  (— w,  -?,  co)  by  a 
function  of  z  which  is  simply  periodic  of  period  o).     We  have 

f«(— m,  z+u),  0))— f«(— w,  z,  w)  =  —;?'», 


00 


and  hence  —  2  a^fnC— n,  -?, «)  is  a  formal  solution  of  the  difference  equation 

n=0 

f(z+^)-f{z)  =  G(z). 
Now,  when  n  is  large,  t 


I  ^ni—n,  Z,  O))  I 


^(2n+l)yt 

n!  e 


K 


(2n+l)  ^ 

(a 


where  K  is  the  minimum  value  of    |1— e"**^!    on  the  circle  of  radius 
(2n+l)'5ri/a),  and  is  therefore  >  0. 


Thus  |fii(—n,  ^,  (i))| 


e 


K 


2in 


approximately. 


Now,  since  G(z)  is  an  integral  function,  |  v^a^l  tends  to  zero  with  1/n. 
Hence  |v^{a»f„(— n,  Zy  oi)]  \  tends  to  zero  with  1/n,  and  therefore  the 

formal   solution     ^  antni—Hy  z,  ta)    is  a   series  of  functions  absolutely 

11=0 

convergent  for  all  finite  values  of  \z\.     It  therefore  represents  an  integral 


*  See  the  author's  Memoir  on  Integral  Functional  §  29,  &c. 
t  Forsyth,  Theory  of  Functions  (1900),  }  15. 
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function  of  z.     Therefore  there  exists  a  solution  of 

/(^+co)-/W  =  G{z\ 

where  G  {z)  is  any  integral  function  of  z^  which  is  an  integral  function : 
the  general  solution  is  obtained  by  adding  to  this  particular  solution  an 
arbitrary  simply  periodic  function  of  z  of  period  o). 

The  substitution  of  the  function  fn(— n,  z,  on)  for  f  (— n,  z,  co)  is 
substantially  the  same  as  the  process  employed  by  Mittag-Leffler  in 
his  well  known  theorem.  It  is  from  this  point  of  view  that  the  matter 
has  been  considered  by  Hurwitz,  who  has  anticipated  the  results  just 
obtained. 

IS.  We  see  now  that  we  have  the  means  of  completing  our  solution 

of  the  equation  ^/    •    x        /  \  r/  \       r, 

^  f{z+w)—iuL{z)/{z)  =  0 

for  all  cases  in  which  /jl(z)  is  a  meromorphic  function  of  infinite  order 
with  simple  sequences  of  non-repeated  zeros  and  poles. 

A  particular  solution  is  a  meromorphic  function  of  z  which  may  be 
expressed  in  the  form 


6^' 


(.)    n    r^hJt^     ^S,n(z)l 


where   JF(z)   denotes  a  primary   gamma   factor,   and  where    Giiz)   is  an 
integral  function  which  reduces  to  a  polynomial  when  the  orders  of  the 

integral  functions  <p(z)  and  x(^)  whose  quotient  ^7— forms  iul(z)  are  finite. 


00 


The  products  H  [ffr,n(z)]       (r  =  1,  2,  3,  4) 

n=l 

are  constructed  from  the  integral  functions  (p(z)  and  x^^)-  I^  such 
construction  there  is  an  element  of  arbitrariness  as  regards  the  finite 
zeros  of  <p{z)  and  xi^)*  correspondining  to  the  fact  that,  since 

T,{z)T,(w^z)  =       .^     .   , 

(t)  Sm  TTZ/OD 

we  may  take  either  F^  (z)  or  =7- as  the  basis  of  the  primary  factor. 

1^(00— z)  ^  -^ 

But  ultimately  the  infinite  terms  of  the  products  must  be  such  that, 
corresponding  to  zeros  of  <l>(z)  and  xi^)  negative  with  regard  to  «,  we 
must  have  sequences  of  poles  and  zeros  respectively  of  the  solution 
negatively  congruent  to  and  including  these  zeros,  while,  corresponding 
to  positive  zeros  of  (piz)  and  x(^)>  we  must  have  sequences  of  zeros  and 
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poles  respectively  which  are  positively  congruent  to  but  exclude  the 
corresponding  points. 

From  a  diagram  the  rule  for  congruent  zeros  is  evident  :  the 
sequences  from  zeros  or  poles  of  ii{z)  whose  moduli  are  very  large  must 
not  cross  the  finite  part  of  the  plane.  And  this  geometrical  point  of  view 
explains  the  restriction  introduced  by  the  analysis ;  if  this  phenomenon 
did  occur,  we  should  get,  in  general,  critical  points  of  the  solution  at  all 
points  in  the  finite  part  of  the  plane,  so  that  this  part  of  the  plane  would 
be  a  lacunary  space  for  the  function.  In  special  cases  the  distribution 
of  the  zeros  and  poles  of  ix{z)  may  be  such  that  they  lie  on  a  finite  number 
of  lines  parallel  to  the  axis  of  co,  and  then  we  should  get  lines  of 
singularity  in  the  finite  part  of  the  plane  ;  except  in  the  case  when  these 
sets  of  zeros  and  poles  are  all  congruent  with  regard  to  co,  when  isolated 
essential  singularities  would  arise. 

The  previous  investigation  may  be  readily  extended  to  cases  when 
IX  {z)  has  repeated  zeros  or  poles  or  is  of  multiple  sequence.  After  the 
previous  investigation  a  discussion  of  these  cases  would  be  tedious :  a 
single  example  will  be  given  later. 

14.  It  is  possible  to  express  the  principal  solution  of 

/(^+a))-/x(0)/(^)  =  0 

in  two  other  forms.  We  proceed  first  to  write  it  as  a  doubly  infinite 
product  of  strict  Weierstrassian  form.  As  before,  we  express  ij.(z)  as 
a  quotient  of  two  pairs  of  integral  functions,  each  with  its  ultimate 
sequence  of  zeros  all  positive  or  all  negative  with  regard  to  co,  so  that 
a  typical  factor  is  the  function 

defined  as  in  §  10. 

The  solution  of  f,x\     ^  /  x  r/  x       n 

f(z+w)'-<l>^{z)f{z)  =  0 

has  been  shown  (§  10)  to  be 

where  a-n  ^  2/On  when  /o^  depends  upon  n,  and  where  a-  ^  2/o  and  a-  >  2 
when  /o,  the  integer  next  greater  than  the  order  of  ^(^er),  is  finite. 

Consider  now  the  product 

QAz)  =  n    n  \{l-\ r — )  e  •-«''"'«» -^'^-M. 
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It  converges  with 

expfi  i  i  -  — (-^^)'1. 

those  terms  (finite  in  number)  being  omitted  from  the  summation  with 

regard  to  m  and  n  for  which  | a»+7wa)|  ^\z\. 

By  an  extension  of  the  process  employed  in  §§  4  and  5,  we  see  that 

this  expression  is  convergent  if  t»  ^  2pn  (a  detailed  proof  for  a  more 

complicated  case  is  given  in  §  16).     If,  then,  we  put   Tn  =  a-n,  we  see 

that  Pi{z)Qiiz)  is  a  function  with  no  zeros  or  poles,  and  therefore  of 

the   form    e^^'^  where    0(2)   is   an  integral   function.       Therefore    the 

principal  solution  of  y-/    •    x     ^  ,  \^/  \       r, 

^        ^  f{z+w)'-if>i{z)f(z)  =  0 

may  be  written 

aWn     n    [(l+—i—)e'^^    s\a.^nu.ll 

I  n«i  i»-o  L\        an-tmw/  J 

A  solution  of  f{Z']r^^i>^{z)f(z)  =  0 

where  ^W  =  &  [(l" #)«'■"  'U/J 

and  the  real  parts  of  fiijao,  ... ,  )S„/a),  ...  are  positive  is,  similarly. 


gO,(«) 


n  n  r(i ^^)^'-^  AJ.^n^n 

n=l  m=l  L\  mw+PJ  J 


where  a-n  ^  2/On  if  Pn  depends  upon  n,  and  a-n  ^  2p  and  a-  >  2  if  ^g  (^r)  is 
of  finite  order.     Solutions  of 

f{z+u>)'-f{z)lxi{z)  =  0,         /(-er+a>)-/W/xa(^)  =  0 
can  be  written  down  in  similar  manner,  and  the  principal  solution  of 

f{z+a>)^f,{z)f(z)  =  0 

will  be  the  product  of  all  four  of  such  solutions. 

We  see  that  the  products  Qiiz),  ...  which  arise  are,  in  the  notation 
to  which  reference  was  made  in  §  3,  functions  of  double  sequence,  linear 

OO  CO  H 

with  respect  to  one  of  the  sequences.      If    2    2  -- — ; -rjrr-  is   con- 

OO  CO  1 

vergent  and    2    2  r- — ; -i^--  is  divergent,  we  say  that  the  order  of 

^  n=l  in=0  [(a^j+mo))  I""'  o  .7 

the  function  is  R,  this  being  the  natural  extension  of  the  definition 
of  order  for  functions  of  double  linear  sequence.  With  this  definition  we 
see  (§  5)  that  the  order  of  Qi{z)  is  at  most  2  or  2/o',  where  />'  is  the  order 
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of  the  function  </>i(z)  from  which  Qiiz)  is  derived,  whichever  be  the  greater 
of  these  two  quantities. 

16.  We  proceed  to  write  the  solution  just  obtained  in  yet  another  form. 
Take,  as  before,  the  equation 

f{2+a>)-<l>,{z)f(2)  =  0 

and  consider  the  product 

fn^oLtpiiz+nuio)  J 

where  xf^  (z)  =  —  log  ^i  (z) . 

Since  au  is  positive  with  respect  to  «,  we  have  |a»+wko|  >  \mw\t  and 
therefore,  for  values  of  z  inside  a  circle  centre  the  origin  and  radius  |  kw  |, 
log<l>i{z+mw),  where  m  >  k,  can  be  expanded  in  an  absolutely  convergent 
series  of  powers  of  z.  Hence  each  term  of  Bi(z)  after  the  first  k  terms 
can  for  such  values  of  z  be  written  in  the  form 


exp  f-  i  7^  x?^ (fnw)]. 


We  may   choose  r^  so  that   the   series  inside  the  bracket  is  as  small 

oo 

as  we  please,  let  us  say   <  e^.      We  choose  the  r's  so  that     Z  e^   is 

absolutely  convergent,  and  thus  ensure  the  convergency  of  Bi(z). 

But   Biiz)  has  the  same  poles  as   Piiz),    and  neither  function  has 
any  finite  zeros.     Hence  the  solution  of 

/(z+w)-<h{z)f{z)  =  0 
may  be  written 


m^oL<l>i{z+mw)  S 


where  Gi(z)  is  an  integral  function  of  z. 

We  may  now  prove  that  it  is  sufGicient  to  take  Xm  equal  to  the 
quantity  o-  of  §  6  in  the  case  when  the  order  of  ^i(^)  is  a  finite  quantity. 

For,  for  values  of  z  such  that  |'2^|<|^a>|,  the  product  Bi(z)  is  con- 
vergent with  r     «     «    ^  n 

Now 
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so  that  Bi(z)  is  convergent  with 

When  pn  is  finite  and  equal  to  p,  the  integer  next  greater  than  the 
finite  order  of  <pi(z),  the  summation  in  the  bracket  vanishes  when  s^  p. 
The  series  last  written  becomes 

(-)V 


2     2     2-,       .„ 


and  will  be  convergent  when  |  ^  |  <  |  ^{kw)  \  if  we  take  t«  =  o-  (a  quantity 
independent  of  m)  and  such  that  o-  >  2/o  and  o-  >  2.  For  in  this  case  the 
series  of  moduli  is 


QO  00  OO  y   »  i 

2    2    2      ■    ' 

1    S  Ul"  * 


-  2  r 


2    2 


I  «=<r  n=l  I  Ct»  I 


\/(?W<i)) 

provided  |  ^  |  <  |  \/(A;a))  |.  And  therefore  within  the  circle  defined  by  the 
inequality  last  written  the  product  is  absolutely  convergent  provided 
0-  ^  2/0  and  o-  >  2.  Since  we  may  make  |  ^(kw)  \  as  large  as  we  please,  the  pro- 
duct must  be,  when  r^  =  a-,  absolutely  convergent  for  all  finite  values  of  |  ^  | . 

16.  As  has  been  stated,  the  investigation  of  the  solution  of 

f(z+io)-^(z)f{z)  =  0 

can  be  extended  to  cases  when  /x  {z)  is  a  function  with  repeated  zeros  or 
poles  or  of  multiple  sequence.     Suppose,  as  an  example,  that 

'•<'>=°[('+3""-i'":?.7(~)'i]= 

so  that  iul(z)  is  a  function  with  repeated  zeros.  The  function  will  be  of 
finite  order  p  if  we  can  choose  for  an  a  number  a-  independent  of  n  and 

such  that  a->/o>a— 1,  where    2j — ^^^    is  convergent  and    2     ^''^ 

is  divergent,  however  small  the  positive  quantity  e  may  be.      In  other 

z 
an 


cases  we  must  take  o-„  such  that    2  ^i;^ 

n=k 

finite.      Since  the  sequence  ao,  aj,  ...,  a^,  ...   tends  to  infinity,  this   is 


•'ii 


is  convergent  when  |  'S^  |  is 


oo 


l^n 


equivalent  to  saying  that    2  -, — \^  must  be  convergent. 

If  now  the  quantities  Un  be  positive  with  respect  to  w,  we  may,  to 
obtain  a  solution  corresponding  to   the   second  of   the   three  preceding 
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types,  form  the  product 


T.-l 


This   product   will   be  convergent   for  values  of  z  such  that  \z\   is 
sufficiently  small  if    exp    —222  —  ( — ^r^—]       is   convergent,   those 

terms  (finite  in  number)  being  omitted  from  the  summations  with  regard 
to  m  and  n  for  which  I  On+nua  \^\z\.     The  series  is  convergent  with 


a§ 

Z 

^H 

00    00  /*n 

an-\''fflfji> 

n    tit  ^ 

z 

ai^-\''mM 

and  therefore  with 


00     ao 


2  2  /<„ 


n    in 


an-\'flUi) 


Suppose  now  that     |  Zw  |  >  |  ^  |  >  |  (Z— l)ft)  |,     I  ajk  |  >  U  I  ^  |  ajk_i  |. 
Then  the  double  series  is  less  than 


00  X 


fc  — 1         flO  I  — I         00 

2    2  +  2    2  +  2    2  At, 

n=0  «i=0        TO=0  n=0       «=i  n=fc 


0^  +  ^^^ 


The  first  set  of  single  series  is  finite  for  all  finite  values  of  A;  if  T;i  >  1 
for  all  values  of  n.  The  second  set  of  series  is  finite  for  all  finite  values 
of  Z  if  Tn  ^  (Tn-     The  third  double  series  is  less  than  (§  5) 


00  00 

2      2    /Un 
ia=l  n=k 


00 


2 


Z 
ItUiD 


2    fJLn 

n=k 


M 

2a„ 


where  Tjk  is  the  value  of  t^  when  n  =  k,  this  value  being  less  than  any 
succeeding  value  for  sufficiently  large  values  of  k.  Thus  the  third  double 
series  is  convergent  if  t^  >  2,  t„  >  2(7n.  Finally,  then,  the  original 
product  is  absolutely  convergent  for  all  finite  values  of  U I  if  Tn  ^  2<rn, 
Tn  being  >  1  for  all  values  of  n.  When  ar^  is  independent  of  n*  and 
equal  to  <r,  say,  we  must  have  t  ^  2(7  and  t  >  2. 

The  reciprocal  of  the  product  multiplied  by  a  function  of  the  type  e^*^*^ 
is  a  solution  of  the  difference  equation. 

The  method  of  extension  to  cases  of  more  complicated  integral  or 
meromorphic  functions  is  now  obvious. 

We  have  the  general  theorem  that  a  solution  of  the  linear  difference 

equation  /(.+«) -^  (.)/(.)=  0 


*  An  example  is  given  in  the  author's  '*  Memoir  on  Integral  Functions,"  §  81. 
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where  /ii  (z)  is  a  meromorphic  function  of  z  can  always  be  obtained  as  a 
meromorphic  function  with  sequences  of  poles  and  zeros  of  the  same  order 
as  the  corresponding  poles  or  zeros  of  /jl  (z).  This  solution  can  be  written 
in  three  different  forms.  In  each  the  sequences  of  zeros  proceed  positively 
from  but  exclude  the  positive  zeros  of  /jl  {z)  and  negatively  from  and  include 
the  negative  poles  of  /n  (z),  while  the  sequences  of  poles  proceed  positively 
from  but  exclude  the  positive  poles  of  /<  (z)  and  negatively  from  and  include 
the  negative  zeros  of  fxiz). 

17.  We  have  now  to  consider  equations  of  the  type  B  (§  2),  that  is  an 
equation  f(z+a>)-f(z)  =  Mz) 

where  M^)  is  a  meromorphic  function  of  z. 

For  this  purpose  we  express  /jl  (z)  by  Mittag-Leffler's  theorem,  just  as 
to  solve  f(z+a,)-^(,)Az)  =  0 

we  expressed  /n  (z)  as  a  quotient  of  Weierstrassian  products. 

Briefly  recapitulated  Mittag-Leffler's  process  is  as  follows.  When  the 
poles  of  /ii  (z)  are  arranged  in  order  of  non-decreasing  moduli,  let  the  r-th 
pole  Or  be  of  order  kr  and  let  the  expansion  of  /jl  (z)  in  its  vicinity  be 


a- 


«=i  (z—ar)  8=1 


(X> 


=  Wr{z—ar)+bQ+  2  bsiz—OrYy    Say. 
So  long  as  I  ^  I  <  |  a,.  |  we  have  the  expansion 


oc 


WriZ  —  Or)   =     2     rCm-a?'". 

m=0 

Take  now  FAz)  =  Vriz—ar)—   2    rC^tZ"^  ; 

m=0 

SO  that,  when   \z\  <  \ar\ 

Fr{z)=    2   ^«^^ 


ir  I  » 

00 


WI  =  Wl^ 


Choose  now  a  value    of  nir  sufficiently  large  and  we  shall  have,   when 


00 


z\  <i\ar\t  \Fr{z)\  <  €rt  wherc  the  series    2  er  is  absolutely  convergent. 

r=l 


oo 


And  now  /^{z)  =    2  Fr{z)+G{z)  where  G{z)  is  an  integral  function  of  z. 


r=0 


To  solve  the  equation    /{z+co)  —f(z)  =  /jl  (z), 


1904.]       The  linear  differenob  equation  of  the  first  order.  461 

divide  the  poles  of  /jl{z)  into  two  sets  oo,  aj,  ...,  an,  ...  and  ^q,  jSj,  ...,  j8n» ... 
respectively  negative  and  positive  with  respect  to  co. 

We  know  that  7 rr-;  ^1  (z)  is  a  solution  of 

(s— 1)! 

/U+a))-/(2r)  =  -p-, 
and  therefore  we  take  a  function  (/>r{z)  corresponding  to  l§r  (z—ar),  and  such 

Then,  since  Imco— Orl  >  |ar|,  we  shall  have,  when  \z\  <  |ar|,  the  ex- 
pansion 00 

<f>r{z)  =      2    ,C«^^ 

111=0 


18.  We  now  need  the  following  lemma : — 
If  </>{z)  he  SL  solution  of  the  difference  equation 

/(-^+co)-/(^)  =  f(^-a), 

where  Viz— a)  can,  within  a  circle  of  radius  \a\  and  centre  the  origin,  be 

00 
expanded  in  a  convergent  series     D    c^z^^y  so  that  when  m  is  large  to  a 

m=0 

first  approximation    |Cw|  =  ll\a\^,    then,  if  |  a(27r£/ft))|>  1/c,  we  shall 
have,  within  a  circle  of  radius  p  given  by 


an  expansion  for  ff>(z)  of  the  form 


27n 


00 


tsr(^,  a,  ft))—    2    c^fmC— w,  ^»  «), 

m=0 

the  series  being  absolutely  convergent  so  long  as  |^|</o  and  m{z,a,  w) 
being  a  simply  periodic  function  of  z  of  period  w. 

Consider  the  series    S  Cmfm(— w,  z,  co).     By  the  results  of  §  12  it  is 

m=0 

convergent,  provided 

ft) 

t.e.,  provided  |  -?  |  <  /o,  as  above  defined. 

We   note   that   p    always    exists    as    a    positive    quantity    provided 
I  a  (27r£/ft))  I  >  l/e,     Again  p  is  less  than  |  a  | .     For,  putting  1 2^1/ co  |  =  ©,  ^  is 
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defined  by  the  equality  ^_i  _  i     i  ^ 

Now,  if  X  be  real  and  positive,  or  real,  negative,  and  <  1, 

e'>  1+x; 
therefore  p  <  |  a  | . 

Farther,  we  note  that  p  increases  to  infinity  with  a. 

Assume   now   that    |  a  |  >  c"^  |  coI^tti  \ .      Then,    within   a   circle   of 


00 


radius  p,   2  c»fm(— w,  z,  a>)  is  convergent.     Therefore  within  this  circle 

00  00  oo 

2  c«f«(— m,  z,  ft))—  S  CfnZ"^  =    2  c«f«(— m,  z+oo,  a>) 

m=0  «i=0  m=0 

00 

is    convergent.      Hence,   provided    |  ^  |  <  p,      2  c^f^C— m,  z,  w)     is    a 
solution  of  the  difference  equation 

f(z+o,)-f{z)  =    i  c«^*, 
or  /(^+,«)-./(^)  =  f(^_a). 

And  the  general  solution  will  be 


111=0 


00 


TSt{z,  a,  ft))—     S    C^fm(— W,  ^,  ft)), 

m=0 

where  tsr(^,  a,  co)  is  a  simply  periodic  function  of  z  of  period  ft). 

We  note  that,  if  </>  (z)  has  no  singularities  within  the  circle  I  ^  |  *<  p, 
neither  has  m  {z,  a,  co)  singularities  within  the  same  circle.  The  lemma  is 
thus  established. 

Corollary. — We  can  deduce  an  interesting  result  in  the  theory  of  the 
expansion  of  an  arbitrary  function  in  a  series  of  functions. 

Let/(-8r)  be  an  arbitrary  integral  function.  Then  /(z+coi—fiz)  is  an 
integral  function  and  therefore  capable  of  expansion  in  the  form 

00 

m=0 

The  general  solution  of  the  equation 


00 

m 


f(z  +  a))''f{z)  =     2    CfnZ 

msO 


00 


is  tsr(^,  ft))—   2  c«f«(— m,  ^,  ft)), 


m=0 


the  series  being  valid  for  all  finite  values  of  |  -?  | . 
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Hence  any  integral  function  of  z  can  be  expanded  in  the  form 


00 


m(z,  0))—  S  c,„f«(— m,  Zy  «), 

m=0 

where  m(Zy  a>)  is  a  finite  simply  periodic  function  of  z  with  no  finite  poles, 
and  the  expansion  will  hold  for  all  finite  values  of  \z\. 

19.  Take  now  the  function 

^r       (  —  )*-!  (,) 

<l>riz)   =     2     /g^Dl^'^l    i^  —  Clr). 

If  I  Or  (27r£/ft))  I  >  l/e,  which  will  be  the  case  for  suflBciently  large  values 
of  r,  since  /j.  (z)  is  meromorphic  and  consequently  the  sequence  of  its  poles 
tends  to  infinity,  we  may  expand  ff>r(z)  in  the  form 


OS 


tSTr(Zy  Or,  ft))—      2    T^mfm(— W,  ^,  Co), 

the  expansion  being  valid,  provided  |  -ar  |  <  pr,  where  pr  tends  to  infinity 
with  I  Qr  I  and  therefore  with  r. 
Let  us  take 

*r(-8f)   =   ih(^)  —  mr{z,  ar,  ft))+     2    rCmfin(— W,  ^,  «)  ; 

msO 

then,  so  long  q,s\z\  <  pr,  we  have 


oc 


*rW  =  —     2     rCmfm(— W,  2r,  ft)), 

and  the  modulus  of  this  series  may  for  sufficiently  large  values  of  fXr  be 
made  as  small  as  we  please. 

We    choose    ^tr    such    that,    when     |  ;8f  |  <  pr,    \^r{^)\  <  €r,    where 

OB 

2  €r  is  absolutely  convergent. 

r=l 


OS 


Then,  for  values  of  \z\<  pr,  the  series    2  ^«(^)  is  absolutely  con- 

OD  *  =  »• 

vergent,  and  hence   2  ^«  (z)  is  a  series  convergent  at  all  points  of  the 

plane    except    the    points   negatively   congruent    to   and   including   the 
poles  Or.     And  we  have 

*;(^+«)-*r(^)  =    2    —^-"2     rCn.Z^=     2    rC^^*, 

»-i   \Z — ar)        «.o  w=^ 

by  §  17,  when  \z\  <  ar. 
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20.  For  the  poles  fir  of  m  {z)  we  proceed  in  an  analogous  manner. 

By  the  fundamental  difference  equation  for  the  gamma  functions 
\l/^Ha>—z)l(s—l)\  is  a  solution  of  f(z+a))—f{z)  =  1/^*,  when  s  is  an 
integer. 

If  near  its  r-th  pole  fir*  positive  with  regard  to  a>,  /ji.(z)  admit  the 
expansion 

fi(z)=:  2   ' — '-QTM+eo+ei(z—l3r)+..,, 

,=1    (Z—Pr) 

we  construct  the  function 

y/rriz)  =    i    ^-^,    yf^\a>+fir-'Z). 
,.1  (5  —  1)! 

Then,  when  |^|  <  o-r,  where  o-r  tends  to  infinity  with  jSri  we  have  the 
absolutely  convergent  expansion 

00 

Xfrriz)   =  Vt{Z,  j8r,  ft))—     2     r^fm(— m,  Z,  ft)). 

m-0 

We  take        ^rC-?)  =  y}rr(z)—m{z,fir,  ft>)+   2  r^fm(— w,  -?,  ft)), 

w=0 


and,  by  choosing  »/,.  sufficiently  large,  we  can  ensure  that    S  "^jC^)   is  a 

«=i 

series  convergent  at  all  points  of  the  plane,  except  the  points  positively 
congruent  to  but  not  including  the  poles  fir- 

00 

And  now    2  [*,(^)+'*'«(-^)]  will  be  a  meromorphic  function  satisfying 

the  difference  equation 

f{z+^)-f{z)  =Ati(^), 

where  /aj  {z)  —/jl  (z)  is  an  integral  function  which  may  be  expanded  in  the 

00 

series    S   emz"^,  valid  for  all  finite  values  of  \  z  \. 

m=0 

Finally,  then,  a  solution  of  the  equation  f{z'\-w)^f{z)  =  /aU)  is  given 

by 

2  [*.(^)+^,(^)-e,f,(-«,^,  ft))], 

and  the  general  solution  is  this  function  plus  an  arbitrary  simply  periodic 
function  of  z  of  period  ft). 

The  form  of  the  principal  solution  just  obtained  can  be  modified  as 
regards  sequences  proceeding  from  the  poles  of  iii{z),  which  are  in  the 
finite  part  of  the  plane. 
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21.  It  is  possible  to  give  two  other  forms  to  the  solution  just  obtained. 
Retaining  the  notation  of  §  20,  consider  ff>r(z).     We  have 


K 


00 


r^  —  2  a,    2 


,=2       m=o  {z—ar+mwY 

fy-loga,^_J_^    «    / 1 J_X] 

I        ft)  ^— ar       «=i  U— ar+Wft)      m  /J 

a* 

Therefore  2  #,(^)  has  its  sole  poles  at  the  points  negatively  congruent  to 

the  as  (these  points  included),  and  each  pole  congruent  to  ar  is  an  infinity 
of  exactly  the  same  nature  as  the  infinity  ar  of  — /x  (z). 

Hence,  if  /niz)  =  fJLai^)+i^p{^)f  the  two  meromorphic  functions 
possessing  respectively  the  sequences  of  poles  negative  and  positive  with 
respect  to  a>,  we  see  that 

the  functions  g{z)  being  integral  functions  of  z,  will  have  poles  exactly 
like  those  of  2  ^g{z). 

8=1 

We  can  chose  the  functions  g{z)  so  that  the  series  just  written  shall 
be  convergent.  For  the  poles  of  /jLa(z+mw)  {m>k)  will  have  moduli 
greater  than  |  km  |,  and  hence,  when  |  ^  |  <  |  Zro)  |,  we  shall  have  the 
expansion  «,      . 

1=0    s\ 

If  then  we  take 

Maiz+mo))  =  —  fjLa,{z+inco)+   2    —  Aii'^(mft)), 

»=o    SI 

we  shall  have,  when  |;2r|  <  |A;ft)|, 

Ma(z+ma>)  =  —  2   —r  K^imw) ; 

so  that,  by  choosing  s^  sufficiently  large,  we  may  make  \Ma{z+rnM)) \  <  ^^ 

00 

where    2  e^  is  absolutely  convergent. 

Then    2  Ma{z+nuja)   is  absolutely  convergent  except  at  the  poles  of 

00 

2  ^«(^),  and  only  differs  from  the  latter  series  of  functions  by  an  integral 
function. 

UBB.  2.     YOL.  2.     HO.  880.  2    H 


AAaU+Wft))  =  2  —  fjS^Hmw). 
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Repeating  the  same  argament  for  the  /S's  and  constructing  the  series 
of  analogous  functions 

we  see  that 

2  lMa{z+mm)+Mp{z-{m+l)i0}'\+G(2) 

is  a  solution  of  f{z-\'U>)—f{z)  =  ijl(z). 

It  is  a  solution  analogous  to  this  which  Hurwitz  *  has  given. 

22.  We  may  now  express  the  solution  in  a  third  form.      We  take, 
as  before, 

r=l  L«=l   {Z  —  Or)  m=0  J 

CO      p    ir  I,  "r-1  -1 

+  2      2  —?!=--    \rd^z-^\+G{z\ 

r=l  L*=l   (Z  —  Pr)  «=0  J 

the  a  poles  being  negative  and  the  ^  poles  positive  with  regard  to  w. 
And  we  construct  the  function 

^ (^^  =  -  Jo  r?i  .?! ""'  U^-a.+ma>)'  +(")'"'  ,?o   V       ^       )  (a,-L,)'^M 

Consider  the  first  series.     If  those  values  of  m  and  r  be  omitted  for 
which  \z\  ^  lor— wkt)|,  the  series  converges  with  the  group  of  series 

5?,iCT')s;=s5^    (.  =  1,2...,*.). 


•"r 


Now,  when  r  is  very  large,  y        ,       j    behaves  to  a  first  approximation 

like  TVTT^"^  when  5  >  1.      Hence,  by  the  same  method  of  proof  as  that 

employed  in  §  16,  the  series  are  absolutely  convergent  provided  ^r  >  ^Pr 
for  all  values  of  s  and  r,  where  pr  is  the  integer  next  greater  than   the 


*  Hurwitz,  Acta  Maihematiea,  T.  xx.,  pp.  308-311. 
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order-number  of  the  sequence  oj,  oq,  . . . ,  <ir, When  the  order  of  the 

sequence  is  finite,  so  that  pr  =  /o,  we  may  take  ^r  to  be  a  finite  quantity 

o"  ^  55/0     and     o"  >  1. 

Similar  remarks  apply  to  the  second  series. 

The  function  Q  (z)  is  a  meromorphic  function,  and,  by  suitable  choice 
of  the  integral  function  G{z),  we  may  make  Q{z)+G{z)  a  solution  of  the 
difference  equation  -,    ,    .     j,,  .  ,  . 

^  t{z  +  U))—f{z)    =   fA{z). 

In  each  case  the  particular  solution  which  we  have  obtained  of  this 
equation  is  a  meromorphic  function  whose  poles  are  two  series  of  points, 
those  negatively  congruent  to  the  poles  of  fjL(z)  negative  with  regard  to  w 
(these  poles  being  included),  and  those  positively  congruent  to  the  poles  of 
M  (z)  positive  with  regard  to  oo  (these  points  being  excluded). 

28.  We  have  now  completed  the  solution  of  the  two  fundamental 
subsidiary  equations  (A)  and  (B)  of  §  2.  Let  us  then  consider  the  nature 
of  the  solution  of  .  /  x  //^i    \       f„\  ff„\  _  ,i  i„\ 

We  have  f{z)  =  ^J 

where  /i(^+co)-  ^/i(xr)  =  0 

and  Mz+i^)-Mz)  =  "l^fiiz). 

Let  the  n-th  positive  and  negative  (with  respect  to  u>)  zeros  of  ff>(z), 
X  (z),  and  xfr  (z)  respectively  be  a„  and  a'„  ^^  and  jS'^,  y^  and  y'n.  We  have 
seen  that  we  may  take  fiiz)  to  be  a  meromorphic  function  with  poles  at 
the  sequences  ^,^_^       ^^+(^^.1)^     (m  =  0.  1,  ...,  oo) 

and  zeros  at  the  sequences 

these  poles  and  zeros  being  of  the  same  order  as  the  corresponding  zeros 
of  <l>(z)  and  x{z). 

Hence       ^-r  f\  iz)   has  poles  at  the  sequences 

a^—nua,       fi^+mw     {m  =  0,  1,  ...,  oo), 
these  poles  being  of  the  same  order  as  the  corresponding  zeros  of  (/>{z)  and 

2  H  2 


468  Rev.  E.  W.  Barnes  [Nov.  10, 

Consider  now  the  solution  of 

A(z+<c)-Mz)  =  ±^Mz). 

A  particular  solution  will  be  a  meromorphic  function  with  its  sole  poles  at 
the  sequences  a^^may,      fi^+{m+l)u>     {m  =  0,  1,  ...,  oo). 

These  poles  will  be  of  the  order  of  the  corresponding  zeros  of  </>  {z)  and 
X  {z)f  but  not  of  the  same  type,  i.e.,  the  coefficients  in  the  expansion  near  a 
pole  will  in  general  be  different. 

Finally,  the  particular  solution  f(z)  =  «^^(  of  the  difference  equation 

0('2^)/('2^+«)— x('2^^/('^)  =  ^(^^  ^1^  ^  ^  one-valued  meromorphic  function 
whose  sole  poles  are  at  the  sequences 

(1)  ^^—nua     (m  =  0,  1,  ...,  00), 
each  of  the  order  of  the  corresponding  zero  ^^  of  x^^)  5 

(2)  an+(w  +  l)ft>     (m  =  0,  1,  ...,  CO), 

each  of  the  order  of  the  corresponding  zero  On  of  0(2r). 
The  general  solution  of  the  difference  equation 

4>{z)f{z+w)--X^z)f{z)  =  ylr{z) 

is  /(z)+^{z,(»)lfi{z) 

where  vr  {z,  w)  is  a  simply  periodic  function  of  z  of  period  u). 

It  may  be  noticed  that,  unless  m  {z,  w)  has  finite  poles,  this  solution 
has  its  only  poles  at  the  sequences 

It  must  be  distinctly  understood  that  we  have  given  the  nature  of  the 
general  solution  on  the  assumption  that  tpiz),  x('2^)>  ^^d  "^^z)  ^^^  arbitrary 
integral  functions  of  z.  And  the  solution  given  may  admit  of  reductions 
which  will  simpUfy  its  character  when  there  are  relations  between  the 
zeros  of  these  functions. 

24.  As  a  single  example  of  the  general  theory  we  may  mention 
Prym's*  solution  of  ^/    i    \       rr  \ 

which  is  f(z)  =  ce^'-  2     ,  ^7?''. :• 

n=on\  (tr(z+noi)) 

Here  a^,  a^,  j8„  are  non-existent,  and  ^^  =  0. 


♦  Prym,  Crettt,  Bd.  txxxn.,  pp.  166-172. 
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Other  examples  are  furnished  by  the  6-function,*  the  multiple  gamma 
functions,  and  the  functions  constructed  by  Mellin.t 

As  an  example  of  the  very  different  form  which  may  be  sometimes 
given  to  the  general  solution  we  may  mention  that,  if  0(^),  xi^)*  ^^^  V^W 
are  all  simply  periodic  functions  of  z  of  period  w,  the  solution  of 

0(^)/(^+«)-X(^)/(^)  =  ^(^) 
may  be  written  ^(^Z^)  +^  (^'  -)  [^J" 


*  See  a  paper  by  the  author,  Quarterly  Journal  of  Mathetnaties,  Vol.  xxxi.,  pp.  264-314. 
t  Mellin,  Aela  Mathematieay  T.  xy.,  pp.  317-384. 
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where  y  is  replaced  by  x  after  diflferentiation.     This  shows  that  the  per- 
petuant  {abY  of  the  forms  f{x)  and  <f>  (x)  is,  for  all  practical  purposes, 

Exactly  similarly,  the  perpetuant  {bcY{caY{aby  of  three  forms/,  0,  yfr  may 
be  taken  to  be 

and  the  generalisation  is  obvious. 

Incidentally  this  shows  that  in  the  appropriate  symbols  of  MacMahon, 
wherein  /  =  e"*,  and  a  is  a  symbol,  the  covariants  are  of  the  type 
(a— ^)\  (/?— y)^(y— a)'*(a— ^)^  and  so  on;  and,  further,  that  the 
rules  for  writing  down  complete  systems  are  exactly  the  same  as  in 
the  ordinary  Aronhold  symbols. 

2.  The  method  for  calculating  covariants  of  a  power  series  shows  at 
once  that  all  the  covariants  have  the  same  circle  of  convergence  as  the 
original  form.  In  the  particular  cases  considered  below  the  forms 
converge  over  the  whole  of  the  finite  part  of  the  plane. 

Consider  first  the  exponential  series.  We  have  only  one  form  /=  e", 
and  the  Hessian  is 


(1-1)'""^^  =  ^     ^  =  *)' 


and,  in  like  manner,  every  other  covariant  vanishes.  This  result  is  to 
be  expected,  for  every  covariant  of  a  perfect  n-th  power  vanishes,  and 
the  exponential  function  is  the  limiting  form  of  a  perfect  n-th  power 
when  n  is  infinite. 

Conversely,  the  only  form  for  which  {abf  vanishes  is  the  exponential 
function. 


In  fact,  we  have 


(|-|)"^'-^»  =  °     ^  =  *^' 


^ 


V.&., 


dx^      \dxl 


and  therefore  /  =  Ce 

where  C  and  a  are  arbitrary  constants. 
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We  next  take  the  case  of  several  exponential  functions.     The  covariant 

(bc)^  (ca)**^  {aby  of  the  symbolical  forms  e*^,  e^,  e^  is 

(fi-yy  (y-ar  (a-iS)"  e(«+^+>)', 

and  for  exponential  forms  a,  j8,  y  are  actual  numbers.  Hence  this 
covariant  is  a  multiple  of  the  product  of  the  forms.  This  is  obviously 
true  in  general. 

Circular  functions  are  next  considered.      If  /(x)  =  <l>{x)+\lr(x\  it  is 
obvious  that  ^^^j^  ^  {<l>i>r+2  (^V)^+(V^)^ 

Hence,  if  f{x)  =  Ae^+Be"", 

and,  in  general,  (ab)^  =  2^B(»t-n)^e<'"+»>'. 


If  /(x)  =  C08X=  — 


—I* 


2       ' 

(^5^)'  =  2.i.J(2.)'e^e-'  =  -2 
and  i//)'^  =  i(20'*  =  (-1)*2**-'. 

Similarly,  if  f{x)  is  sin  x, 

(//)«  =  +2     and     (ff)^  =  (-l)*+i2*^->. 
Also 

iambcr  =  {i-^y (a^ - 1) V(^)/(j.)/(^)  (y  =  ^  =  -). 

and,  if  /  =  0+V^> 

(a6)*{6c)''  =  (^-|)'  (l^-l)"  ]^W^(y)^(^)+^W^(y)V'W+-..}. 

If  0(x)  =  ^e"^  and  ^(x)  =  Be"**,  each  term  in  the  above  expression 
vanishes  identically  except  the  terms  obtained  from  qi{x)  yfriy)  i(>{z)  and 
\lr{x)  <t>{y)  ^(2)'     These  give 

(-l)M2B(w~n)^+'^e(-»^+'^>^     and     (-l)MJB^(w-w)^+'^e<2it+m)x 

respectively.     Hence 

and  we  may  show  similarly  that 

(bc^icaTiaby  =  0. 
If  /=cosa;  =  i(6*'+e"'^, 

{aby(bcy  =  2^+''-^(^+'*>L(-i)''^'^+(-i)''^"'^]- 
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For  example,  {abf(bc)  =  —  £^2£  sin  a:  =  —  2  sin  a;       if  /  =  cos  », 

and  =  2  cos  a;  if  /  =  sin  ». 

8.  Before  proceeding  further  with  the  calculation  of  covariants  of 
particular  forms,  it  will  be  convenient  to  obtain  another  expression  for 
any  covariant. 

We  consider  l^  —  g-j  f(x)  <l>{y)        {y  =  x). 

If  we  write  x+h  tor  x  and  y—A  for  y,  this  becomes 

(D,+D^-/{x+h)<f^(y-h)     (h  =  0;   y  =  x\ 

where  Di  =  d/dh  and  operates  only  on  /,  whilst  D^  =  d/dh  and  operates 
only  on  0. 

But  this  is  exactly        f -rr  j  f{x-\-h)  </>{x—h)         (A  =  0), 

or  the  covariant  (aft)*  of  the  two  forms  /(»),  </>  (x)  is 

n\  {coeflficient  of  A*  in  f(x+h)  </>(x—h)\. 
Again,  take  the  expression 

{h  =  0;   y  =  «  =  «), 
which  becomes  IjA  /(^+*)  (^)  [0(y+A— *^)^(^— *)]        (y*»=^  =  «)> 

''''  (^)'  (^)  V(^+*)  0(^+A-A)  V^(x-A)        (A  =  ft  =  0) 

Hence  the  expression  is  equal  to 

X!/ii!  {coeflScient  of  k^h/^  in  /(a:+A;)0(a;+A— ft)^(»— A)}, 

and,  in  general,  it  is  seen  that  a  covariant  may  be  expressed  as  a  certain 
coefficient  in  the  expansion  of  a  function  which  may  be  immediately 
written  down.  As  an  example,  consider  the  covariants  of  the  Weier- 
strassian  <r  function.  Those  of  the  type  {ab)^  are  the  coefficients  of  the 
various  powers  of  h  in  the  expansion  of  (T{x+h)ar(x'—h)f  each  multiplied 
by  an  appropriate  numerical  factor. 

No,  PM-.W:.--fe+*M'-*). 


474  Mb.  J.  E.  Wright  [Nov.  10, 

Hence  (r{x+h)(r{x-h)  =  a^{h)P{h)a^{x)-a^(h)P(x)a^(x). 

The  covariants  required  are  therefore  of  the  type  a^ix)\_A+Bp{x)'],  where 
A  and  B  are  certain  constants,  A  being  the  coefficient  of  h*"  in  a^{h)ph^ 
and  B  being  the  coefficient  of  hh  in  —a^(h).  This  may  also  be  written  in 
the  form  C(r{X'\'o)(r{x—a),  where  G  and  a  are  constants. 

In  particular,  if  \  =  2,  the  covariant  is  practically  0^(2)1^(0;),  whilst, 
if  \  =  4,  it  is  g^a^ix)  X  a  numerical  factor. 

The  covariants  of  the  type  {ahYQ)cY  are  the  various  coefficients  in  the 
expansion  of  (r(a:+A)<r(a;+A:— A)<r(a?— A:). 

rsow  — ^^ — • — - — ^^ — 57-T — - — ^^ 18  an  elliptic  function,  since 

(T   \X) 

h+(k'-'h)  +  {'-k)  =  0. 

It  is  easily  seen  that  it  is  Ap{x)+Bp^(x)+C,  where  A^  B,  C  depend  on 
h  and  k  alone,  and  are  readily  determined.  The  covariants  of  this  type 
are  therefore  {apx+bp'x+c)a^{x),  where  a,  6,  c  are  constants.  These 
results  admit  of  immediate  generalization ;  for  we  are  always  concerned  with 
a  product  of  n  cr's,  a'{x+a)(r{x+l3)  ...crix+X),  such  that  a+)8+...+X  =  0. 

Hence  cr(x+a)cr(x+^)...cr(^  +  X) 

o-  (x) 

is  an  elliptic  function,  and  it  has  one  irreducible  infinity  of  the  n-th  order 
at  the  origin. 

Hence  it  is  A+BP{x)  +  Cp'(x)+Dp^'(x)+...+Kp^''-^Hx),  where 
A,  Bj  C,  ...,  K  are  functions  of  a,  /S,  ...  only.  The  corresponding  co- 
variant  is  therefore 

[a+bp(x)+cp'  (x)+..  .  +  kp^'^-'Hx)]cr-{xh 

where  a,  b,  ...,  k  are  constants. 

The  covariants  for  the  product  of  any  number  of  o-'s  may  be  obtained 
in  exactly  the  same  manner. 

4.  The  above  is  sufficient  to  show  how  the  covariants  of  any  power 
series  may  be  calculated.  We  shall  now  proceed  to  find  those  functions 
for  which  the  simpler  covariants  vanish.  The  corresponding  problem  for 
forms  of  finite  order  has  often  been  dealt  with  by  Hilbert  and  others ;  in 
the  present  case  the  only  justification  is  the  curious  character  of  the 
results.     It  will  be  seen,  in  fact,  that  the  first  class,  like 

{ab)\     (ab)Hbc), 
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lead  to  exponential  functions,  and  the  second  class, 

{ah)\    (aby(bch 
lead  to  elliptic  functions. 

5.  In  solving  the  differential  equation 

(ab)'  =  0, 

gj-^j  /«/»  =  0     iy  =  x), 

or  /A-ifJa+9/i  =  0, 

it  is  convenient  to  put  /  =  e^. 

Now,  in  virtue  of  the  foregoing,  (aft)*  is  practically  the  coefficient  of  A* 
in  the  expansion  of  fix+h),  /(x—h).     Hence  we  want  the  coefficient  of 

gtt+^i+W2I)ua...  gi*-*Mi+(A»/2!)i*2...  =  /^  .  14-  ^  h^M  ^  fi^        \ 

where  1  +  ^  A^+  ^  A* . . .  =  c2(«^/2!+h***/4!  . .) . 

whence  A^  =  2u^,     A^  =  2(t^4+6i^,     ^e  =  2(w6+80w2t^4+6(H4),     .... 

6.  Hence,  if  {abf  =  0,  we  have 

w,  =  0,      it  =  ax+ft,      and      /  =  e^«'+^>, 
as  before. 

If  (aft)*  =  0,  t^4+6i4  -  0, 

and,  putting  Wj  =  w;,  this  is    w^-^-Qw^  =  0. 
Hence  w  =  p  {i(x+c),  0,  grg} , 

c  and  ^8  being  arbitrary  constants. 

Finally,  f^iT^'^rr  {a;+c,  0,  g^\ 

for  «'  =  +  g^{log/}. 

The  equation  (a6)^  =  0  leads  to  new  functions,  and  I  have  not  yet  studied 
it  completely.     It  may  be  mentioned  that  the  subsidiary  equation 

«74+30«?«?a+60M?^  =  0 
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admits  a  solution  of  the  form 

p(ix+a,  0,  g^—p(x+IS,  0,  grg), 

a>  )3,  ^8  being  arbitrary  constants ;  further,  any  non-essential  singularity 
of  w  at  a  finite  distance  is  a  pole  of  the  second  order.  It  seems  extremely 
probable  that  any  equation  of  the  form 

(ab)^  =  0 

is  satisfied  only  by  integral  functions. 

7.  The  next  form  in  order  of  simplicity  is  {ab)^{bc). 

Except  for  a  numerical  multiplier  this  is  the  coefficient  of  h^'k  in 

which  is  that  of  h^  in 
or,  on  putting  /  =  6^ 


=  y8,2[(M21)«,^(M/40«....]    ^_A^+  ^^«|!.^^+...) 


Writing  this  /-s  (b^  A+  M  +  ^  - . . .) , 

we  have 

It  is  not  difficult  to  prove  the  general  formulae 

but  they  are  useless  for  our  present  purposes,  except  as  showing,   for 
example,  that  the  equations 

(a6)^  =  0,         {abf{bc)  =  0 

lead  to  similar  functions. 
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Returning  to  the  equations,  we  see  that  {ab)^{bc)  =  0  leads  to  nothing 
new  if  \  be  odd,  as  is  indeed  a  priori  obvious. 

Further,  (ab)^  (be)  =  0    gives    /  =  ef^+^^+'^ 

(ab)^(bc)  =  0     gives     u^+6ul  =  const., 

and  thence  f  =  e*"  =  e^+^<r  |x+c,  gr^,  g^} ; 

so  the  general  <r  function  is  obtained. 

Other  examples  could  be  easily  discussed,  e.g,f 

{ab)Hbc)Hcdf  =  0    gives    /=c«+^+c~+^ 

{ab)^{bcf  icd)^  =  0     gives    /  =  e«*+V  \x+a,  g^,0]. 

I  propose  to  return  subsequently  to  the  interesting  equation 

(ab)^  =  0. 
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ON     A    DEFICIENT    MULTINOMIAL    EXPANSION 
By  Major  P.  A.  MacMahon,  R.A.,  Sc.D.,  P.R.8. 

[Beoeiyed  Noyember  23xd,   1904.  —  Read  December  8tli,    1904.] 

Art.  1.  In  Crelle,  t.  i.,  p.  867,  there  is  given  a  generalization  of  the 
binomial  theorem  which  was  restated  by  Cayley  in  1861*  in  a  better  form. 
The  statement  is  as  follows : — 

"If  {x,+x^+x^+...]^ 

denote  the  expansion  of         (xi+x^+x^+.^.y, 

retaining  those  terms  only        Nx^xV xf  ... 

in  which  «2+a3+fl^4+...  3>'i^~"l> 

•••  •••  •••y 

then         X*  =     IX  (X+a;,)" 

+  (J)  X  {x,+x,}'  (X+x,+x^+x^ 

-  u)  X  {xj+Xj+Xg}*     (X+Xi+Xa+X8+X4)» 
4-       " 

I  •    •    •       • 

The  formula  is  curious,  and,  as  remarked  by  Cayley,  of  some  interest  by 
reason  of  the  introduction  of  the  deficient  multinomial  expansion 

I  propose  to  investigate  properties  of  the  expansion  by  the  application  of  a 
method  which  has  been  found  to  be  valuable  in  similar  questions. 

Art.  2.  We  may  first  enquire  into  the  number  of  distinct  terms  in  the 
development  of  |^^+^+...+^^|,    (j^_p). 


n-2 


-3 


*  Cayley,  Collected  Papers ^  Vol.  ii.,  p.  102. 
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A  term  Nx^^ x^  ...  x^ 

arises  when  «2+a8+---+^P  ^  ?~~1» 

Oa+.-.+Op  <  g— 2, 

•••  •••  ••• 

ap  <  ?— p+l, 

a  number  of  Diophantine  inequalities  which  may  be  replaced  by  the  set 

Oi  >  1, 

•  •  •  •  •  ■ 

and,  of  course,  ai+a3+...+ap  =  q. 

To  form  a  generating  function  for  the  number  in  question  consider 
the  case  i?  =  8  and  9^8, 

Ol  >  1, 
^i+Oa  >  2, 

and  form  the  expression 


2     8 

12 ?l£!L?!L 


^  (1— aiajag  iCi)  (1  —  0208X2)  (1"~«8^8)  ' 

where   (2  signifies  that,  in  the  ascending  expansion,  all  terms  involving 

negative  powers  of  the  quantities  a  are  to  be  rejected,  and  those  quantities 
then  put  equal  to  unity. 

From  the  construction  it  is  clear  that  x^  must  occur  at  least  once,  for 
otherwise  every  term  would  be  rejected  by  the  operation  H ;  similarly  the 
exponents  of  x^  and  x^  must  together  amount  to  at  least  two,  and  those  of 
Xi,  ^2,  and  Xg  to  at  least  three.     The  development  will  contain  every  product 

0|      Of      Oj 

X\  X^  Xi 

which  satisfies  the  given   conditions,  and  the  expansion  is  therefore  a 
representative  generating  function. 
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We  pass  to  the  enumerating  generating  function  by  putting 

•Cj    —  X^  ^—   Xa  —   Xf 

and  thence,  eliminating  ai,  uq,  og  in  succession,  we  find 


Q 


2     8 


(1  — ai  aaOga;)  (1  —  OaagarXl — agO:) 
=  Q 


2 

aa«8 


(1— OaagicrU— agO;) 
3^  x" 


( 

((l-a«a-)»   '    (l-a^xr\ 


It  is  thus  established  that  the  number  of  terms  in 

is  i{q  +  2)(q-l). 

Passing  to  the  general  case,  we  have 


2  P 


(1 — Qi  ...  a,,a:)(l— Ga  ...  apX)  ...(l^ap-iapx)il — apX) 
The  reduction  will  be  made  by  employing  the  formula 

G)+et')«+('tV+-=T^+«^+-+a^- 

The  expression  is 

X 


2  v-l 


(1  — og  ...  apa:r(l  — ag  ...  aj^a?)  ...  (1  — aj,_iaj,a;)(l— apfl?) 

5 jrH'  (2  +  3a8  ...  a;,J7  +  4a3  ...  a^x  +...) 

(1  —  Gg  ...  apX){l  —  a^  ...  ttpX)  ...  (1 — apX) 
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and  by  the  help  of  the  above  formula  this  is 


+Q 


a^ij?^  ...  c^  ^ 

(1— Og  .. 

.  a^x^iX  —  a^  ...  apX)  .. 

.  (1— Qpa:) 

a^d\,,,  ag-2 

(1  —  Og  . . .  a,,a:)'  (1  —  a^  ...  a^^x  ...  (1 — a^^  ' 


viz.,  after  eliminating  a^  we  have  two  fractions,  and  it  may  be  readily  seen 
that  after  elimination  of  a«  we  will  have  a  sum  of  s  fractions. 
Assume  the  result 

(2g— 4)! a'-^ 

^  (5-2)!  (s-1)!  «,«,%,...  qP-'^^ 

(1 — a,  ...  apx)  (1  — a,+i  ...  a-pOi)  ...  (1 — a^x) 

(2s-5)!       2  a:-^ 


_,_f^ (g--8)!(s~l)!     a8a;^i...ar'^^ 

(1  — a,  ...  aj,x)^(l— a«+i  ...  OpX)  ...  (1— apX) 


(25-6)!       g  a:-^ 


2  «P-«+l 


(1— -a, ...  apa:)*(l  — a,+i  ...  a^x)  ...  (1— a^a?) 


+  ... 

^-1 


2  ^-»+l 


+n "»Q*-n'-^ 


(1  — a, ...  apa*)'(l  — a,+i  ...  Opa;) ...  (1— Opa?) 

to  accrue  after  elimination  of  a«-i. 

It  consists  of  5—1  fractions  and  agrees  with  the  result  obtained 
when  s  =  2. 

It  will  be  shown  that  the  result  when  a,  is  eliminated  may  be  obtained 
from  the  above  by  writing  5+I  for  5. 

The  series  above  may  be  written 

(25-m-2)!    .    _ix___£l:!__ 
TO=2     t(l  —  a,  ...  apa:)"*(l — a,+i  ...  a^x^  ...  (1  —  CLpX) 


This  general  term  becomes,  on  elimination  of  a^ 

(2s— m— 2)!   ,_     ,,  f /m\  ,  /m+l\  _l      I 

jj  (5-m)!(5-l)!  ^ 


,(m-l){(^)  +  (^2^)a......ap+...[^^^^^,^^^^^ 


(1 — a,+i ...  apa;)(l — a,+2  •••  Op^)  •••  (1 — «p^) 
8I6B.  2.    vol..  2.    wo,  881.  2  I 
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and  this  by  the  above  quoted  formula  is 

(2.-^-2)!    (^_jj  a^ 


t=2         (1  — a,+i  ...  OpxY  (1— -a,+2  ...  apX)  ...  {l  —  apX)' 

Summing  this  expression  from  m  =  2  to  m  =  5,  we  find  for  the  coefficient 
of  the  fraction  whose  denominator  involves 

(1  — a^+i...  GpX)* 
the  sum 

(n-2)(^^~_^~^)+(n--l)(^^7_^^^)  +  ...  t0  5-n+2  terms  |, 


s-l 


which  by  elementary  algebra  is 


(28  —  11)1  .,_ix 


which  is  what  the  coefficient 

{2s~n-2)! 


(s-n)!  (s-l)! 


(n-1), 


which  occurs  in  the  assumed   formula,  becomes  on  writing  s-\-l  for   5. 
Hence  the  result  is  established. 

Putting  therein  s  =  p,  we  obtain 

(2p-t-4)\        (^i^a:'- 

'T'  o  ip-t-2V.{p-iyr  ^^'  a„ 

.to  (p-t-2)\{p-iv.^  '  ii-x^a-x)^^--^ a-xY^-n  ^ 

_    {2p—2)\      xv      .  g  (2p— 3)!        X'-       .        .       xP 
(p-l)\p\   l-z"*"    {p-2)]p]  il-xf'^'"'^  a-x)'" 

after  some  reductions. 

Herein  the  coefficient  of  a;'  is 

(2j3-2)! 
(p-l)\p]-~'''     ""  '  "  {p-2V.  p\   '  '  \       2       /(^-3)!j9 

to  p  terms. 
This  sum  by  elementary  algebra  is 

p-1      \    q  +  1     I  ^  (g  +  l)!(^— 1)! 


—  \)\  p\  {p  —  ^)\p\         \       2       /(»— 3)!»! 


1904.]  A    DEFICIENT    MULTINOMIAL    EXPANSION.  488 

which  is  therefore  the  number  of  distinct  terms  in 

{xi+X2+...+Xp\''    for    g  >  p. 
Denoting  the  number  m  question  by 

it  is  easy  to  prove  the  formula 

by  considering  the  coefficient  of  6''  in 

1 


n> 


(l  —  bXp-i)(l'-'bXp-iXp^^  ...  (1  — 6xp_ia;p_2 ...  Xa^i) ' 
and  then  eUminating  Xp_i. 

Art.  3.  Consider  next  the  sum  of  the  coefficients  in 

I  Xi  "7" X^  I   •  • « "r  •^p  f   • 

II  q  =  p,  we  find  from  Cayley's  formula,  by  putting 

Jx.     —^     X\     ^^    X^    —^     ...      ^—     Xp     —'      X  y 

where  C^.p  is  the  sum  of  the  coefficients  in 
From  this  relation  it  is  easy  to  show  that 

Cp.p  =  (p+ir^ 

In  general,  consider  the  expression 

Q  (1  +a?p-i +a;p-.i  j,,-2+  « -  ■  +3;p~i a;p~2  ■ » «  araXi)'^ 

_p— 1  ^p— 2  /r^/i*  * 

•*'p-l*^p-2  •••  X  X^ 

wherein  Q  as  usual  operates  by  rejecting  all  terms  in  the  development 
which    involve    negative  powers  of  the    quantities  x,  and  subsequently 
replaces  each  of  these  quantities  by  unity. 
The  general  term  under  the  operator  (2  is 

2j •'^1  **^2        •••  •'^p-l  
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and  hence  the  conditions  that  the  term  may  be  integral  are   precisely 
those  that  define  the  deficient  multinomial  expansion. 

Hence,  g  '^p,  the  expression  above  written  is  equal  to  the  sum  of 
the  coefficients  in  |^^+^^+...+^^j,, 

which  we  will  denote  by  Cp^q. 

Write  the  expression 

W.  q  —  ^^  yT-  —  ^l pli  y*  — 

=U.)"g+®"fr:+-+(i)°fe- 

Hence  the  difference  equation 

from  which  the  quantities  Cp^  q 

can  be  calculated. 

Art.  4.  There  is  a  sy zygotic  theory  of  the  distinct  terms  in 

{xi+x^-\-..,-\-Xp]\     q^p, 

of  which  I  give  an  illustration  for  /)  =  3.     The  sum  of  the  teims 

x^  z^   ...  x^ 

has  been  shown,  for  p  =  8,  to  be 

1 


2     3 

f2  «i  ^2  Qs 


{l—aia^a^x^il  —  a^a^x^il  —  a^x^ 
which  without  difficulty  may  be  given  the  expression 

Xi  aJa  ^8+^1 -^2  +  ^1  ^2  +  ^1  ^8  +  -^l  — (-^1^2  ^8+2^1  ^2  ^8+^1^^^ 
T'^1  ^2*^8"r'^l«^2*^8 

(1— a:i)(l— X2)(l— 3:3) 


which  shows  that  every  term         x'{'x.^x 


-,."1  ^«2   ,."3 


contains  one  of  the  products 

22  •>  3 

X^X^X^,        X^Xc^,        X1X2,        X^Xq,        X^f 

which  may  be  called  ground  products.     The  other  products  are  formed  by 
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multiplying  these  into  any  power  products  of  x^  x^,  x^,  but  the  numerator 
indicates  by  the  terms 

X\XtyX^f  ^X-tXn**^Oj  X-iXnj  X-t  Xn^  *^1  *^8 

six  syzygies  of  the  first  order,  viz., 

A.   ^—  Xg  \X^  X2)  ^~  Xq  \X^  Xq  X^)  ~"   yjf 
Jj    —    Xa  \X-\  (I/O/  "^  X\  \*Ci  X^  Xa)    —    U  J 

D  =  XiiXiX^—a^ixlx^      =  0, 

E   =    ^^2  (*'' 1)        ^^(XjJJg)  =:    0, 

iT  =  Xi(xIx^—Xq(x^  =  0, 

and  by  the  terms  x^x^x^,      x^x^x^ 

two  syzygies  of  the  second  order,  viz., 

XiA—x^C  =  x^C—x^E  =  0. 
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